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To Anders Lindquist

on the occasion of his sixtieth birthday




Preface

For more than three decades, Anders Lindquist has delivered fundamental contri-
butions to the fields of systems, signals and control. Throughout this period, four
themes can perhaps characterize his interests: Modeling, estimation and filtering,
feedback and robust control.

His contributions to modeling include seminal work on the role of splitting
subspaces in stochastic realization theory, on the partial realization problem
for both deterministic and stochastic systems, on the solution of the rational
covariance extension problem and on system identification. His contributions
to filtering and estimation include the development of fast filtering algorithms,
leading to a nonlinear dynamical system which computes spectral factors in its
steady state, and which provide an alternate, linear in the dimension of the
state space, to computing the Kalman gain from a matrix Riccati equation.
His further research on the phase portrait of this dynamical system gave a
better understanding of when the Kalman filter will converge, answering an open
question raised by Kalman.

While still a student he established the separation principle for stochastic
function differential equations, including some fundamental work on optimal
control for stochastic systems with time lags. He continued his interest in feedback
control by deriving optimal and robust control feedback laws for suppressing
the effects of harmonic disturbances. Moreover, his recent work on a complete
parameterization of all rational solutions to the Nevanlinna-Pick problem is
providing a new approach to robust control design.

The editors join with the authors of the research articles in this book in
congratulating Anders Lindquist on the occasion of his sixtieth birthday and on
the continuation of a prolific career.

Christopher I. Byrnes Anders Rantzer

Acknowledgement: The book editors are deeply grateful to the publisher and
all contributing authors for their efforts in meeting the tight time schedules of
this project. Moreover, Leif Andersson provided outstanding technical support in
preparation of the final manuscript. Thank you all!
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1

Systems with Lebesgue Sampling

Karl Johan Astrom Bo Bernhardsson

Abstract

Sampling is normally done periodically in time. For linear time invariant systems
this leads to closed loop systems that linear and periodic. Many properties can
be investigated by considering the behavior of the systems at times that are
synchronized with the sampling instants. This leads to drastic simplifications
because the systems can be described by difference equations with constant
coefficients. This is the standard approach used today when designing digital
controllers. Using an analog from integration theory, periodic sampling can also
be called Riemann sampling . Lebesgue sampling or event based sampling, is an
alternative to Riemann sampling, it means that signals are sampled only when
measurements pass certain limits. This type of sampling is natural when using
many digital sensors such as encoders. Systems with Lebesgue sampling are much
harder to analyze than systems with Riemann sampling, because the time varying
nature of the closed loop system can not be avoided. In this paper we investigate
some systems with Lebesgue sampling. Analysis of simple systems shows that
Lebesgue sampling gives better performance than Riemann sampling.

A. Rantzer, C.I. Byrnes (Eds.): Directions in Mathematical Systems Theory and Optimization, LNCIS 286, pp. 1-13, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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1.1 Introduction

The traditional way to design digital control systems is to sample the signals
equidistant in time, see [4]. A nice feature of this approach is that analysis and
design becomes very simple. For linear time-invariant processes the closed loop
system become linear and periodic. It is often sufficient to describe the behavior of
the the closed loop system at times synchronized with the the sampling instants.
This can be described by difference equations with constant coefficients.

There are several alternatives to periodic sampling. One possibility is to sample
the system when the output has changed with a specified amount. Such a scheme
has many conceptual advantages. Control is not executed unless it is required,
control by exception, see [14]. This type of sampling is natural when using many
digital sensors such as encoders. A disadvantage is that analysis and design are
complicated. This type of sampling can be called Lebesgue sampling. Referring
to to integration theory in mathematics we can also call conventional sampling
Riemann sampling and Lebesgue sampling Lebesgue sampling. Much work on
systems of this type was done in the period 1960-1980, but they have not received
much attention lately. Some of the early work is reviewed in Section 2. In Section
3 we will analyze a simple example of Lebesgue sampling. The system considered
is a first order system with random disturbances. It can be viewed as a simple
model for an accelerator with pulse feedback. In this case it is possible to formulate
and solve sensible control problems, which makes it possible to compare Riemann
and Lebesgue sampling. The control strategy is very simple, it just resets the
state with a given control pulse whenever the output exceeds the limits. The
analysis indicates clearly that there are situations where it is advantageous with
Lebesgue sampling. The mathematics used to deal with the problem is based on
classical results on diffusion processes, [9], [10], [11]. An interesting conclusion is
that the steady state probability distribution of the control error is non-Gaussian
even if the disturbances are Gaussian. There are many interesting extensions of
the problem discussed in the paper. Extensions to systems of higher order and
output feedback are examples of natural extensions. An interesting property of
systems with Lebesgue sampling is that the control strategy is an interesting mix
of feedback and feed-forward control that often occurs in biological systems, see
[13].

1.2 Examples of Systems with Lebesgue Sampling

Because of their simplicity Lebesgue sampling was used in many of early feedback
systems. An accelerometer with pulse feedback is a typical example, see [8]. A
pendulum was provided with pulse generators that moved the pendulum towards
the center position as soon as a deviation was detected. Since all correcting
impulses had the same form the velocity could be obtained simply by adding
pulses.

Lebesgue sampling occurs naturally in many context. A common case is in
motion control where angles and positions are sensed by encoders that give a
pulse whenever a position or an angle has changed by a specific amount. Lebesgue
sampling is also a natural approach when actuators with on-off characteristic are
used. Satellite control by thrusters is a typical example, [7]. Systems with pulse
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frequency modulation, [21], [19], [18], [24], [16], [25], [12], [22] and [23] are other
examples. In this case the control signal is restricted to be a positive or negative
pulse of given size. The control actions decide when the pulses should be applied
and what sign they should have. Other examples are analog or real neurons whose
outputs are pulse trains, see [15] and [6].

Systems with relay feedback are yet other examples which can be regarded
as special cases of Lebesgue sampling, see [26], [27] and [3]. The sigma delta
modulator or the one-bit AD converter, [17], which is commonly used in audio and
mobile telephone system is one example. It is interesting to note that in spite of
their wide spread there does not exist a good theory for design of systems with
sigma delta modulators.

Traditionally systems with Lebesgue sampling were implemented as analog
systems. Today they are commonly implemented as digital systems with fast
sampling. Apart from their intrinsic interest systems with Lebesgue sampling
may also be an alternative way to deal with systems with multi-rate sampling,
see [1].

Analysis of systems with Lebesgue sampling are related to general work on
discontinuous systems, [28], [29], [27] and to work on impulse control, see [5]. It
is also relevant in situations where control complexity has to be weighted against
execution time. It also raises other issues such as complexity of control. Control of
production processes with buffers is another application area. It is highly desirable
to run the processes at constant rates and make as few changes as possible to make
sure that buffers are not empty and do not overflow, see [20]. Another example
is where limited communication resources put hard restrictions on the number of
measurement and control actions that can be transmitted.

Design Issues

All sampled systems run open loop between the sampling instants. For systems
with Riemann sampling the inter-sample behavior is very simple. The control
signal is typically constant or affine. Systems with Lebesgue sampling can have
a much richer behavior which offers interesting possibilities. To illustrate this
we will consider a regulation problem where it is desired to keep the state of
the system in a given region in the state space that contains the origin. When the
state leaves that region a control signal is generated. This open loop control signal
is typically such that the state will reach the origin and stay there. The control
signal required to do this can be quite complicated. Under ideal circumstances
of no disturbances the state will then reach the origin and stay there until new
disturbances occur. There are thus two issues in the design, to find a suitable
switching boundary and to specify the behavior of the control signal after the
switch.

The design of a system with Lebesgue sampling involves selection of an
appropriate region and design of the control signal to be used when the state
leaves the region. In a regulation problem it is also possible to use several different
control regions, one can deal with normal disturbances and another larger region
can deal with extreme disturbances.
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1.3 A Simple Example

We will first consider a simple case where all calculations can be performed
analytically. For this purpose it is assumed that the system to be controlled is
described by the equation

dx = udt + dv,

where the disturbance v(¢) is a Wiener process with unit incremental variance
and u the control signal. The problem of controlling the system so that the state
is close to the origin will be discussed. Conventional periodic sampling will be
compared with Lebesgue sampling where control actions are taken only when the
output is outside the interval —d < x < d. We will compare the distribution of
x(¢) and the variances of the outputs for both sampling schemes.

Periodic Sampling

First consider the case of periodic sampling with period ~. The output variance is
then minimized by the minimum variance controller, see [2]. The sampled system
becomes

x(t+h) =x(t) + u(t) + e(t)

and the mean variance over one sampling period is

h
vV = %/0 Ex*(t)dt = %Je(h)
- % (Ex"Q1(h)x + 2x" Qia(h)u + u” Qo(R)u)
_ %(Rl(h)S(h)+Je(h)), (1.1)

where Q1(h) = h, Qu2(h) = h%/2, Qu(h) =h?/3, Ri(h) = h and
h t
_ 1,2
Jo(h) _/0 Qlc/o Ry drdt = h%/2. (1.2)

The Riccati equation for the minimum variance strategy gives S(h) = v/32/6, and

the control law becomes
. 13+V3

=—— x
h2+3

and the variance of the output is

3+3
6

Vi = h. (1.3)

Lebesgue Sampling

In this case it is natural to choose the control region as an interval that contains
the region. It is also easy to devise a suitable strategy. One possibility is to apply
an impulse that drives the state of the system to the origin, another is to use an
pulse of finite width. The case of impulse control is the simplest so we will start
with that. Control actions are taken thus only taken when |x(¢;)| = d. When this
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happens, an impulse control that makes x(¢;+0) = 0 is applied to the system. With
this control law the closed loop system becomes a Markovian diffusion process of
the type investigated in [10].

Let T'.; denote the exit time i.e. the first time the process reaches the boundary
|x(¢£)| = d when it starts from the origin. The mean exit time can be computed
from the fact that ¢ — x? is a martingale between two impulses and hence

hy := E(Tyq) = E(x%,,) = d*.

The average sampling period thus equals Ay = d?.
The stationary probability distribution of x is given by the stationary solution
to the Kolmogorov forward equation for the Markov process, i.e.

_19%f 10f 10f
= 5@(90) - 5@((1) x T+ ia(—d)&c.

with f(—d) = f(d) = 0 This ordinary differential equation has the solution
f(x) = (d—|x])/d? (1.4)

The distribution is thus symmetric and triangular with the support —d < x < d.
The steady state variance is
V. — d*>  hy
76 T 6

Comparison

To compare the results obtained with the different sampling schemes it is natural
to assume that the average sampling rates are the same in both cases, i.e. h;, = h.
This implies that d? = & and it follows from equations (1.3) and (1.3) that

Another way to say this is that one must sample 4.7 times faster with Riemann
sampling to get the same mean error variance.

Notice that we have compared Lebesgue sampling with impulse control with
periodic sampling with conventional sampling and hold. A natural question is
if the improvement is due to the impulse nature of control or to the sampling
scheme. To get some insight into this we observe that periodic sampling with
impulse control gives and error which is a Wiener process which is periodically
reset to zero. The average variance of such a process is

Vi —Exz—lE/heZ(t)dt—l/htdt—h (1.5)
L A TRy 2 '

Periodic sampling with impulse control thus gives
Ve
3 1.6

The major part of the improvement is thus due to the sampling scheme.
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Figure 1.1 Simulation of an integrator with Riemann (left) and Lebesgue sampling (right).

Approximate Lebesgue Sampling

In the analysis it has been assumed that sampling is instantaneous. It is perhaps
more realistic to assume that that sampling is made at a high fast rate but that
no control action is taken if x(¢) < d. The variance then becomes

The second term is negligible when h, << d? = hr. Approximate Lebesgue
sampling is hence good as long as d is relatively large.

The results are illustrated with the simulation in Figure 1.1. The simulation
was made by rapid sampling (h=0.001). The parameter values used were d = 0.1,
hrg = 0.012 and o, = Vd. In the particular realization shown in the Figure
there were 83 switches with Riemann sampling and 73 switches with Lebesgue
sampling. Notice also the clearly visible decrease in output variance.

1.4 A First Order System

Consider now the first order system

dx = axdt + udt + dv. (1.7)
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Figure 1.2 Variance Vi (h) as a function of sampling time for a = —1,0, 1 for a system with
Riemann sampling.
Periodic Sampling
Sampling the system (1.7) with period % gives
1
x(t+h) = ex(t) + = (e — L)u(t) + e(t) (1.8)
a
where the variance of e is given by
h 2ah __ 1\ 2
Je(h) = / / e drdt = (97) =R (1.9)
0 0 2a

The sampled loss function is characterized by

e2ah -1
Q= 5o
ehah — e 41
Q12 = IR
h3
Q=

The minimum variance control law is obtained by solving a Riccati equation for
S(h). The formula which is complicated is omitted. The variance of the output
is shown in Figure 1.2 for different values of the parameter a. Notice that the
increase of the variance with the sampling period increases much faster for

unstable systems a > 0.
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Figure 1.3 Mean exit time E(Tyy4) = h1(0) as a function of d for ¢ = —1,0,1 for a system
with Lebesgue sampling.

Lebesgue Sampling

For Lebesgue sampling we assume as in Section 2 that the variable x is reset to
zero when |x(¢;)| = d. The closed loop system obtained is then a diffusion process.
The average sampling period is the mean exit time when the process starts at
x = 0. This can be computed from the following result in [10].

THEOREM 1.1
Consider the differential equation dx = b(x)dt + o(x)dv and introduce the
backward Kolmogorov operator

A 1
ZZ @ip(¥ 8x8xk Z 8x,’ (1.10)

lel i=1

where h € C?(R") and a;;, = [067];;. The mean exit time from [—d, d], starting in
x, is given by hr(x), where

Ahp =-1
with hL(d) = hL(—d) =0. O]

In our case the Kolmogorov backward equation becomes

10%h,  Ohy

2 Ox? +ax dx
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Figure 1.4 Variance as a function of level d for a = —1,0,1, for a system with Lebesgue
sampling.

with hy(d) = hr(—d) = 0. The solution is given by

d Y 2_ 42
hr(x) = 2/ / e ) dt dy,
x 0

which gives
hp(0) = > 22 (—a) M (k—1)!d*/(2k)!
k=1
4 2
= &*-3d'+=d°+0(d)).

Figure 1.4 shows A (0) for a = —1,0, 1.
The stationary distribution of x is given by the forward Kolmogorov equation

o (10f 10f
- 75 (2o o) - (a5 —o+7) o

10f
+ (28x —ax )x:_d 535-

To solve this equation we observe that the equation

o (10f
= 52 <28x —axf> (1.12)

(1.11)
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Figure 1.5 Variance as a function of mean exit time T4 for a = —1,0, 1, for a system with

Lebesgue sampling.

has the solutions
X
f(x) = cre® + 62/ =)y,
0

The even function

X
F(x) =cre™ + ¢y sign(x)/ ) gy,
0

then satisfies (1.11) also at x = 0. The constants c;,cy are determined by the
equations

/d f(x)dx = 1, (1.13)
—d
fld) = 0o, (1.14)

which gives a linear equation system to determine cy, co.
Having obtained the stationary distribution of x we can now compute the
variance of the output

V5 = /Z x%f (x)dx.

The variance V7, is plotted as a function of d in Figure 1.4 for a = —1,0, 1, and as
a function of mean exit time A7, in Figure 1.5.
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Figure 1.6 Comparison of V;, and Vi for ¢ = —1,0,1. Note that the performance gain of
using Lebesgue sampling is larger for unstable systems with slow sampling.

Comparison

The ratio Vg/V; as a function of A is plotted in Figure 1.6 for ¢« = —1,0,1.
The figure shows that Lebesgue sampling gives substantially smaller variances
for the same average sampling rates. For short sampling periods there are
small differences between stable and unstable system as can be expected. The
improvement of Lebesgue sampling is larger for unstable systems and large
sampling periods.

Note that the results for other a can be obtained from these plots since the
transformation (x,t,a,v) — (a'/?x,at,a'a,a'/?v) for a > 0 leaves the problem
invariant.

1.5 Conclusions

There are issues in Lebesgue sampling that are of interest to explore. The signal
representation which is a mixture of analog and discrete is interesting. It would
be very attractive to have a system theory similar to the one for periodic sampling.
The simple problems solved in this paper indicate that Lebesgue sampling may be
worth while to pursue. Particularly since many sensors that are commonly used
today have this character. Implementation of controller of the type discussed in
this paper can be made using programmable logic arrays without any need for
AD and DA converters. There are many generalizations of the specific problems
discussed in this paper that are worthy of further studies for example higher order
systems and systems with output feedback.
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Abstract

In this discussion we present results for sound attenuation in a half plane using
arrays of micro-acoustic actuators on a control surface. We explain and use a
computational method developed in a previous paper [2]. Specifically, we carry
out computations that document the sensitivity of the overall energy dissipation
as a function of wall admittance.
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2.1 Introduction

A recent topic of much interest focuses on the use of arrays of small acoustic
sources, which could be constructed of fluidic devices [1] or piezoelectric materials,
for sound absorption. In such an array, each element would be locally reacting
by feedback of a pressure measurement via an appropriate compensator to the
elemental acoustic source.

In this paper we report on the use of a computational technique developed
in [2] that can be employed to analyze the absorption rate of acoustic arrays.
We present computational findings that suggest enhanced energy dissipation via
locally varying admittances on the boundary. These results are a continuous
effort in the development of a conceptual framework for design, analysis, and
implementation of smart or adaptive acoustic arrays to be used in noise control
in structural systems.

2.2 Problem Formulation

In this paper we consider a typical physical scenario for sound absorption or
reflection on a treated planar wall. The sound pressure p satisfies the acoustic
wave equation
272, _
D —c"Vp =0, (2.1)

and pressure and velocity are related through Euler’s equation
pv, = —Vp, (2.2)

where c is the speed of sound in air and p is the mass density of air. The vector
v = (u,v,w) is the particle velocity of air, 7 denotes unscaled time and v, = 9v/dJ7;
see [3], [5], and [6].

We consider this system in an infinite half plane bounded by an infinite rigid
wall located at x = 0 treated with an acoustic array that is finite and symmetric
about the origin, y = 0. We assume that the acoustic array is sufficiently long
in the z-direction, making the system essentially independent of z and thus two
dimensional, as depicted in Figure 2.1. We define the domain Q = {(x,y) : x >
0,y € R} for our problem.

The interaction of waves with the boundary is described by the boundary
condition

v(0,y,7) - T=u(0,y,7) = —g(¥)p(0, v, 7), —00 <y <o00,7>0. (2.3)

This boundary condition follows from the normal input admittance, which is
defined as the ratio of the particle velocity normal to the wall to the pressure
[4], where g is the interaction admittance. We observe that g = 0 in the case of a
rigid boundary, while g — oo corresponds to a pressure release boundary, p = 0.

Let ¢ be the velocity potential, v = V¢. Then from (2.2) we have p = —pg,
and one can readily argue that ¢ satisfies

Pre — C2V2¢ =0 in Q, (2.4)
0:(0,y,7) = pg(y) 6:(0,y,7), —00<y<oo,7>0. (2.5)
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Acoustic Array

/

Figure 2.1 An acoustic array in half plane acoustic domain

We scale time by the sound speed, letting ¢ = ¢z, and we define y(y) = pcg(y), so
that (2.4) and (2.5) become

¢ — V29 =0 in Q (2.6)
0:(0,v,t) = 7(y) 9:(0,3,t),  —oco<y<oo,t>0. (2.7)

The magnitude of the admittance in a given direction is a function of the
wave propagation angle. Let x and k denote the position vector (x,y) and the
wavenumber vector (%,1), respectively. Then for a plane wave, denoted ¢(x,t) =
¢, €@K%) the normalized wave admittance in the x-direction is

k k

o (2.8)

u

B = pc >
since @ = |k|. We note that 0 < || < 1 with || = 0 corresponding to a plane
wave traveling only in the y-direction and || = 1 corresponding to a plane wave
traveling only in the x-direction. In order to absorb sound at the boundary we
might choose the normal input admittance ¥ to match the normal wave admittance
p. However, in general, the knowledge of the angle of incidence of the incoming
wave is unknown. Moreover, for most fields the angle of incidence is arbitrary. For
this reason, in our model we test the absorption characteristics for a given y by
the absorption rate of an ideal reverberant sound field under the assumption that
the angle of incidence is uniformly distributed among all directions.

2.3 Frequency Domain and Approximation

To facilitate approximations and numerical computations, we reformulate equa-
tions (2.6) and (2.7) in the frequency domain. Since the spatial domain Q is the
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half plane x > 0, then without loss of generality, we use the Fourier cosine trans-
form with respect to x and full Fourier transform with respect to y. Let ¢ be the
Fourier cosine/full transform of ¢,

Sk,t) = G(k,1,1) = [ h /0 " o(x, 3. ) cos(kx) e~ dix dy. (2.9)

Then the inverse transform is given by
b(x.1) = O, y, 1) = / / (1, t) cos(kx) &Y dkdl.  (2.10)

We can readily derive an equation for ¢ (k,1,t). As detailed in [2], we obtain

Gkl t) = —(R2 + 12)G(h, 1, £) — / / b, B 7L B)dadp,  (2.11)

where

. 1
708 =2 [y Py,

(o)

Since the acoustic array is assumed to be symmetric, y(y) is an even function
and thus

70.8)= 2 [ vl cosl(t ~ B)y)dy = (212)
% || 70)leos(ty) cos(By) + sini)sin(gy)] dy.

If we further assume that the initial field is an even function of y, then the map
y — ¢(-, y,-) is even, and we only need to work with the nonnegative values of
. Moreover, the integrand y(y)sin(ly)sin(fy) in (2.12) is an odd function of S
and thus does not contribute to the integral term of (2.11) since 8 — ¢, (o, 3, ¢) is
even. As a result, equation (2.11) reduces to

Gulh1.0) =~ + D)oL - [ [ b poTO.pdadp,  (219)

where

M(LB) = 5 [ 1) cos(ty) cos(By) d: (214)

We note that this yields a nonstandard integro-partial differential equation
for g13 for which approximation techniques must be developed. We summarize a
semi-discrete finite element approximation based on piecewise constant elements
(zero-order splines) that was developed and tested numerically in [2].

For finite positive integers K and L, we consider the truncated finite domain
in frequency space

Qu={(kh1):0<k<K,0<I<L). (2.15)
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We discretize (2.13) in this finite domain.

Let0=Fky < ki <bky< - <ky=Kand0=[ly<Il1<lp<---<lIly=0L be
partitions along the k- and [-axis in the kl-plane. Let Ak, = k;—k; 1, AZJ =1li—ljq,
and R;; = (k;_1, ki] x (I;_1,1;]. Let (k;,1;) denote the midpoint of each cell Ru

In equation (2.13), we apply the (piecewise constant in frequency) approxima-
tion

o(k,1,t) ~ @V (k,1,t) = ZZ‘DMN )N (R, D). (2.16)

i=1 j=1

where
1 (k,1) € Ry,
MN(R,1) = ’ 7
Xij (k1) { 0 otherwise,

and ®}"(¢) is an approximation of ¢(ki,1;,t). Then, we evaluate (2.16) at the
midpoint of each cell R;;. This results in the system of equations of the form

N M
DYV (t) + A5 PNV (E) + (g;”,;v > Akmcbm(t)> =0, (2.17)
n=1 m=1

where

L,
A= \JB+ P2, gynwz/llr(zj,/s)d/}.

We remark that we use the superscript M N with the variables in (2.17)
since they depend on the discretization in (%,7). For notational convenience, we
shall suppress this superscript in the remainder of our discussions, whenever no
confusion will result.

We can write the system (2.17) in matrix form by introducing the ®¥ vector

D = [D11, Doy, ..., Py1, P12, Pog, ..., Pz, ..., Py, Py, Pun]”
the MN x M N diagonal matrix
A - diag(l%l,ﬂgl,.. Z’Ml’l%27ﬂ'§2""7ﬂ’%42" Zle, A’ZN""’A‘zMNL

and the damping matrix

g 912 - Jin
G- 9.21 9.22 Q%N
gn1 9Nz - gnn
We define the M x M matrix
Aky Ak -+ ARy
Aky Ak -+ Aky

Ay ) ) ) ;

Aky Ak -+ ARy
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and let D be the Kronecker tensor product
D =kron(G, Ap).
Then, the second order system (2.17) can be written in the matrix form
O (t) + DD(t) + AD(t) = 0, (2.18)

or, as a first order system by defining

D(¢
Z(t) = |— (®)
o(2)
to obtain the equation )
Z=AZ. (2.19)
Here, A is the (2M N) x (2M N) matrix defined by
A= 0 I ’
—A| =D

and [ is the (M N) x (M N) identity matrix. As in [2], we use this approximate
system in the calculations described here.

In all of our investigations, we assume that the initial sound field is random
and the spatial autocorrelation is independent of the position and phase, being a
function only of the distance between two points in space. Thus, the initial random
field ¢(x,0) satisfies

Z[(x,0) (x +1,0)] = R(Ir])

for all x, where E[-] denotes the expectation. In the frequency domain this is
equivalent to

E [(ﬁ(k,O) o(K,0)| = (27)% 5(k — K) / R(|r]) e T dr, (2.20)

where § is the Dirac delta function.
From this it follows that a natural condition to require on the approximating
random Fourier components {Z;(0)} for the system (2.19) is

E[Zi(0) Z;(0)] =0, ifi#j. (2.21)

If we then define the corresponding approximate correlation matrix
Cit)=FE[|Z(t) Z"(t)], (2.22)

we see that (2.21) implies that C(0) is diagonal. Thus, we can write

2M N

C(0) = Z wy e (eM)’, (2.23)
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where e(*) is the unit vector in R2¥Y and W = (w,) is the vector of the initial
field discrete power spectral densities.

We then see that the 2M N x 2M N matrix function C(¢) satisfies the matrix
Lyapunov differential equation system

C(t) = AC(t) + C(t) A”, (2.24)

which is a large system of coupled equations with dimension (2M N)2.
The solution of (2.24) can be obtained in superposition form (see [2] for details)

2MN
T

ct)=3 w FV () (F<V>(t)) , (2.25)
v=1

where the vector F(")(¢) for each v satisfies
FI) =AFY 1),  FY(0)=e". (2.26)

When considering fields with compact support Fourier components (such as
those with finite bandwidth), as done here, the superposition formula (2.25)
coupled with (2.26) is especially efficient.

2.4 Instantaneous Total Energy and Damping

Since our primary interest is to study attenuation provided by the acoustic array
as we change the local admittance (as manifested in the shape of y in (2.7)) it is
most useful to have a measure of the total energy in the field.

We can define an approximation to the total energy for (2.6)-(2.7) by employing
the total energy of system (2.18)

E"(t) = EXN(¢) + EXV(¢), (2.27)
where the “kinetic” energy and “potential” energy are given, respectively, by

1 1
BP0 = [I90° 0P ax. B0 = [ 1o o) dx

and ¢"V(x,t) is the inverse Fourier transform of ®""(k,t) defined in (2.16). By

Parseval’s theorem, we have

E,(t) = %CDT(t)A(D(t), E,(t) = %(bT(t) D(t), (2.28)

where again we shall suppress the M N superscripts.
Now, by multiplying (2.18) by @, defining E(¢) = E,(¢) + Es(¢), and using
(2.28), we can argue that

E(t) = —®"(t) D ®(t) < 0. (2.29)
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Figure 2.2 Acoustic array and the admittance function y(y) = 7(wn)(¥)-

It is immediately apparent from (2.29) that the system is dissipative for any
positive y.

One can further argue (see [2]| for details) that the expected energy can be
approximated by

E[E()] = % L[07 (1) A B(r) + D7(£) (£)] = % trace[LC(H) L. (2.30)

where the matrix L is defined by

VA |0
0 | I

L=

Thus for a given ¥, we can integrate (2.26) to obtain F(*)(¢) and use (2.23),
(2.25), and (2.30) to determine the decay rate of a field composed of the group of
modes determined by a given bandwidth.

2.5 Computational Results

We turn finally to computations for a family of acoustic arrays using the method-
ology outlined in the previous sections. We consider a family of periodic acoustic
arrays of length 2L, in the y-direction and symmetric about the origin as depicted
in Figure 2.2.

The arrays consist of elements each of width w and maximum height h. Due
to symmetry, we only need to consider the upper half (y > 0) of the arrays. The
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Figure 2.3 The set Y of the initial discrete modes.

number of elements in a given half array is
N,=L,/w.

For n=1,...,N,, each nth element occupies the interval I, = [(n — 1)w, nw].

In each element we take the function y(y) to be a symmetric triangle curve of
height h as shown in Figure 2.2. Thus we have

_ 7" (), y € I,
y(y) = { 0 v L. (2.31)

where
n _ %y - 2(’1 — 1)h, yE [(n — 1)W, (n _ 5)W],
7 (y) = { —2hy + 2nh, y € [(n — 5)w,nw]. (2.32)

For our example calculations we used L, = 4 meters along with various admit-
tance widths w and heights h. Thus the family of admittance functions ¥ = y(yn)
are parameterized by (w,h) as in (2.32).

Moreover we chose K = L = 10 and uniform partitions Ak; = Al; = 1. This
implies that M = N = 10 and that A in (2.19) has dimension 200 x 200. We
calculated the entries of the matrix G by using the midpoint approximations

4 La
gjin ® AlLT(1;,1,) = = Al/o v(y) cos(ljy) cos(l,y)dy, (2.33)

and then a quadrature Trapezoidal rule.
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Figure 2.5 Energy dissipation for fixed width .01 and various heights € #

For our examples, we considered the bandwidth 3.5 < |k| < 4.5. The discrete
modes that belong to this bandwidth are shown in Figure 2.3 where the dashed
lines represent curves of constant |Kk|.

The set of these modes is

Y= {(ki.lj) = (i— 5. = 5): (i) = (4,1),(4,2),(3,3), (4.3), (1.4), (2.4), (3. 4)}.

We assume that the initial field consists only of the velocity field. Thus for the
modes in Y the corresponding set of v =i+ 10(j — 1) values is

N = {4,14,28, 24,31, 32,33},
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Energy Dissipation

height

Figure 2.6 3-D plot of energy dissipation with various widths and heights.

and for the coefficients w, we have

wy, =0, veE N,

while w,, v € N\, are given magnitudes that describe the initial field. For simplicity
we considered a uniform initial energy distribution of magnitude one for each mode
v € N. This leads to the instantaneous correlation matrix given by (see (2.25)

and (2.26))
=S wFY@ (FUQ)
veN

and the corresponding expected instantaneous total energy EN given by
1
E[EXN@)] = 5 trace[ L CN(¢)L]. (2.34)

Following the procedures given above and in [2], we computed the energy
dissipation for a given admittance y(wn). We did this for a range of values of
width w € W = {.01,.02,.05,.1,.2,.5,1,1.333,2,4} with fixed values of h and also
for a range of values of height h € H = {.1,.2,.5,1,2,5,10} with fixed values of
w, and plotted the normalized energy dissipation Eyy at scaled time ¢ = 20 given
by

L [E(1)]

E20 =10 10g T [EN(O)]
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Examples of our findings are plotted in Figure 2.4, where we depict dissipation
for fixed height h = 2 and various widths w € 7/ , and in Figure 2.5, where width
was fixed at w = .01 and h € #.

These results are quite typical of our findings in which the energy dissipation
exhibited much more sensitivity to changes in height than changes in width. A
plot of the energy dissipation vs. (w,h) summarizes these findings in Figure 2.6.

2.6 Concluding Remarks

The above results offer promise of the effective use of an array of micro-acoustic
actuators as an absorbing surface for enclosed acoustic cavities.

We believe the computational findings discussed here provide a strong moti-
vation for further investigations in the context of smart or active control in which
the design parameter ¥ in (2.7) is allowed to vary in time and one seeks optimal
strategies.
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Some Remarks on Linear Filtering Theory for
Infinite Dimensional Systems

Alain Bensoussan

Abstract

In this article, we complete the theory of estimation of Linear Random Function-
als, introduced by the Author, in order to extend the Kalman filter to infinite
dimensional linear systems. The objective is to show that all properties for the
finite dimensional case remain valid in the framework of Linear Random Func-
tionals (this is thanks to linearity of course).
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3.1 Introduction

The Kalman filter for Linear infinite dimensional systems has been developed for
many years, in particular in the paper of P.L. Falb [3], and the book the author
[2]. In general, this is done once the Wiener process in a Hilbert space is defined.
This unfortunately faces the following difficulty. Suppose we have defined a Wiener
process in a Hilbert space K, namely 7(¢; ), if ¢ € L%(0, T, K) then we can define
the stochastic integral

T
A(mmmm»

We expect the property

T T T
EA(meWDA(wmeD=A(AwM&wwwt

It can be proved that this makes sense only whenever the operator A(¢) is nuclear,

which means:
o0

> (A(B)ki ki) < oo,

i=1
for any orthonormal basis ki, ks ... of K. This property is incompatible with the
invertibility of A(¢) which is desirable to define the analogue of the white noise.

The author has used the concept of Linear Random Functional, which will
be recalled later in this paper, to cope with this difficulty. But then, the Wiener
process cannot be defined. Thanks to the linearity, and adapting concepts like
Least square estimate and Maximum likelihood estimate, it has been possible to
give a meaning to the Kalman filter.

The purpose of this paper is to show that the Kalman filter defined in this way
has even more natural optimality properties than expected, in particular nothing
is lost with respect to the situation of finite dimensional linear systems.

To some extent, linearity allows for full extension of the theory from finite to
infinite dimensional systems.

3.2 Linear Random Functionals

Let @ be a separable Hilbert space, and @’ its dual space. Let (2,4, P) be a
probability space. A Linear Random Functional (L.R.F.) on @’ is a family {, (@)
of real random variables, such that:

@. — {p.(®) is a.s. linear from @’ to R. (3.1)

Suppose that
the map ¢, — &, () € L(®; L*(Q, A4, P)) (3.2)

then the quantities E{, and E{, {3 have a meaning and moreover we can write:
Ely =<m,p, > meco (3.3)
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With T € L(®'; @), self adjoint and positive.

We call m the mathematical expectation and I" the covariance operator of the
LR.F. {, ().

Of course if {, () is a.s. linear and continuous from @’ to R then there will
exist a random variable { (@) with values in ®, such that:

So.(0) =< .. {(0) > (3.5)

In that case m, I" will appear as the mathematical expectation and the covariance
operator of the random variable ().

An important concept is the image of a L.R.F. on ®’ by an affine map from ®
to ¥ (an other separable Hilbert space)

u@)=w+Bep , yeV¥ (3.6)
and B € L(®;V¥). The image is defined by
@)y (@) =< ¥,y > +{py, (@) (3.7)

It is easy to check that the mathematical expectation and the covariance operator
of the image are given by:

E(ul)y. =<y + Bm,y, > (3.8)
Eu¢)y. )y, — E(u¢)y, E(uf)y. =< BTB Y., ¥, > (3.9)

An interesting case in the sequel is whenever
® = L?*(0,T; K), K separable Hilbert space, (3.10)

with a covariance operator given by:

T
<TG, >= / < A0 (t), 3. (¢) > dt (3.11)
0
where
9. = 9.(-), 9. = ¢.(-) € L*(0, T; K')

and
A(-) € L*(0,T; L(K'; K))

with A(¢), a.e. a self adjoint non negative operator from K’ to K. The operator
A(¢) can be invertible. Suppose K = K’ = R" , and suppose we have a Wiener
process 7)(t; ) with values in R", such that

min(t,s)
En(o) (s) = / A(2)dr

where 17* denotes the line vector transposed of 77, and A is the covariance matrix,
then the stochastic integral.

/T E(¢)-dn(¢) , with k(-) € L2(0,T; R")
0
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is a L.R.F. on L?(0,T; R"). If A(r) = identity, then we get the standard Wiener
processor R".

For general Hilbert spaces, L.R.F. do not reduce to stochastic integrals.

We shall say that the L.R.F. {, (@) is Gaussian, whenever the random variable
{p. is gaussian with mean < m, ¢, > and variance < I'p,, 9, >. Moreover the
covariance of the pair ({,.,{s ) is < T'y,, @, >. It is easy to check that if u is an
affine map from @ to 'V, then the image L.R.F. (v{),, (») is also a Gaussian L.R.F.
on V.

3.3 Description of the Model and Statement of
the Problem

Notation. Assumptions.
Let V, H be two separable Hilbert spaces, with

V C H , with continuous embedding. (3.12)
We identifiy H to its dual, thus denoting by V' the dual of V we have the property
VcCHCV (3.13)

each space being continuously injected in the next one. We consider a family of
operators A(¢) such that

A() e L>(0,T; L(V; V")) (3.14)

Consider next Hilbert spaces E, F' called respectively the input and the output
space. We define a linear system as follows:

dy

2+ AWy = £() + BOEQ) 515
y(0)=¢
z(¢) = C(¢)y(t) +n() (3.16)
with
f €L*0,T;V'); B € L*(0,T; L(E; V")) (3.17)
C € L™(0,T; L(V; F))
The space of data is defined by
® =H x L*(0,T;E) x L*(,T; F) (3.18)

For given data ¢ = ({,&(:),n(-)), there exists a unique solution y(-) € L%(0,T; V),
y' € L%(0,T; V') solution of (3.4)
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We next consider a L.R.F. on @', denoted by y,. (@) which is gaussian with
mean ({,&(+),0) and covariance operator:

in which { € H,&(-) € L*(0,T;E),Py € L(H;H) positive self adjoint, Q(-) €
L>(0,T; L(E"; E)),R(-) € L*(0,T; L(F'; F)).
Since the solution of (3.4) € C°([0, T]; H) we can define the map from ® to H,
by:
¢ =(¢.8().n() = ¥(T) = uzr(9). (3.19)
Of course, 17(-) does not play any role in (3.8) and is left for convenience. We next
define the map from ® to L?(0,T; F) by:

¢ =(£,6().n()) = 2(-) = v(g). (3.20)

The maps ur and v are affine continuous. Following the notation (2.7), they can
be written as follows:

ur(p) = y(T) +ur(p) (3.21)
v(g) = 2(:) + () (3.22)

in which y(-) is the solution of:

dy _
YA —
o TAWQY =1(t) (3.23)
y(0) =0
and Z is given by
z2(t) = C(t)y(¢t) (3.24)
Clearly ur,v are linear and more precisely
ur(p) =y(T) vlp)=2 (3.25)

where y(-) is the solution of

9 1 A0y = BOEW
50)=¢ (3.26)

The maps ur and v induce L.R.F.s on H ans L2(0,T; F’) respectively, denoted by
yu(T) and Z;, where h € H, f.. € L%(0,T; F'). More explicitly we have:

y(T) (@) = (ur x)n(@) (3.27)

Zs(0) = (vx)r.(@) (3.28)
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Clearly, also following (2.7)

yu(T) (@) = (h, 3(T)) + Yazn(@) (3.29)

T
Z; (0) = /0 < 3t), Fu(t) > dt + goop. (). (3.30)

The mathematical expectation of respectively y,(T), Z,, are given by

Eyy(T) = (h, y(T)) (3.31)
EZ; - / 50 ) > dt (3.32)
0
where

dy +A@t)y = f + BE

e A (3.33)
y(0)=¢

5) = C(0)5(2). (3.34)

The covariance operators of y,(T), Z,, are the following
Eyn(T)yw(T) — Eyp(T)Eyw(T) = (@rTarh', h) (3.35)

EZ;Zy —EZpEZp =< 0T fl, fo > . (3.36)

More explicit expressions will be given later.
Let
B =0(Z,Vf. € L*(0,T; F)). (3.37)

The estimation (filtering) problem we are interested in is to compute:
yu(T) = E[yx(T)|B] (3.38)

the conditional expectation of the random variable y; (T'), given the o-algebra B.

The interpretation is clear. Considering the input output relationship (3.5),
(3.6) y(t) represents the state of a dynamic system at time ¢, and z(¢) is the
output, or observation process. The random character of the input ({,&(-)) and
the measurement error 7(-) is modelled through the L.R.F. x, , which induces
a random state modelled by the L.R.F. y,(T") and a random observation process
modelled by the L.R.F. Z(, . Thus (3.27) is the direct analogue of the usual filtering
problem, in this/(z)ntext.

Note that y,(T') is a L.R.F. on H, and our objective is to characterize it in a
convenient way (in particular recovering the recursivity property of the filter).

Preliminaries
We shall need the
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LEMMA 3.1
The o-algebra B is generated by the family of random variables Z,, II;, where
g1.92,...,9i,... is a orthonormal basis of F’,Vs < T', with the notation

9gi t<s
giHsEgiHs(t)E {0 t>s

O

Proof To simplify the notation, we set G = F’ and we denote by g a generic
element of G. Call

B=0(Zyn,Vi,Vs < T)

then B C B. It is sufficient to show that Zg() is B measurable Vg(-) € L2(0,T; G).
First we show that Z,q, is ‘B measurable, Vg € G. Indeed

m
9= ,,1}_{20 Z((g7 9i)9i = limy_0g™
i=1

and Zgnq, is clearly ‘B measurable. On the other hand g,,1I;(:) — g1;(-) in
L?%(0,T; G). Therefore for a subsequence

Z g, = Zgu,a.s.

since Zgny, = Zgn, in L*(Q, 4, P).
Therefore Z,q, is B measurable, Vg € G,Vs < T. Consider now any g(-) €
L?%(0,T; G). Define the approximation:

G+ E T T
g"t) =g T )x g(s)ds s <t<(j+ )N, j=0,...(n—1)
As well known
g"() = g(-) in L*(0,T; G).
Therefore
Zgi(y = Zyy in 2(Q, 4, P)
and for a subsequence
Zgnr(,) — Zg(.) a.s. (3.39)
On the other hand
n—1
Zro =3 (Zoon,,,; — Zon, )
=

which implies that Z,.( is B measurable. Thus, thanks to (3.28) Zg( is also B
measurable. 0
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3.4 Obtaining the Best Estimate

Linear filter

Let S € L(L?(0,T; F); H). We associate to S the affine map from ® to H, defined
as follows:

Fs(p) = 3(T) + S(2() — 2()) (3.40)

which we call a linear filter with kernel S. To such a map we associate the L.R.F.
on H, image of y, by ¥s, namely:

yi(T) (@) = (Fs x2)n(@). (341)

It is easy to check also that:

Yh(T)(@) = (3(T). h) + S(2(- — 2()) + xosn(®).

We see from (3.19) that y3(T) is B measurable for any S(-). We next define the
linear estimate error by:

e (T)(@) = yu(T)(@) — 35 (T)(®)

— (5(T) — HTLR) — SGO —E0) + arsom(@) D

We can easily verify that
Ee)(T) = 0.

We shall say that S is the best linear filter if we have the optimality property

E|ej (T)]? < E|ef(T)[%. VS, Vh. (3.43)
We shall prove that such S exists and is unique.

The best linear filter is the solution of the filtering problem

We want here to prove the following important result:

THEOREM 3.1
If S satisfies the property (4.5) (the best linear filter exists), then one has:

—

yi(T) = y3(T) (3.44)
O

Proof Consider, from (4.4)

et (T) = ) (T) — S(2() ~ 2()) = osn
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where we have used (3.19). Taking in (4.5) S = S + S, we deduce easily the
inequality

0 < E[S(2()) — Zsnl?

. (3.45)
—2Ee} (T)Zsn
Since S is arbitrary, this implies necessarily
EeS(T)Zsy, =0  VS,Vh (3.46)

Take g; one of the vectors of the orthonormal basis of F’ (see Lemma 3.1) and let
s < T. For any h define:

Shgisf (1) = /0 <gi,f(t) > dt|hh|2,Vf(~) € L*(0,T; F).

So Spg.s € L(L*(0,T; F); H). Moreover
Sh.gish = gills (")
as easily seen. Applying (4.8) with S = S;,,, s we thus obtain:

Ee)(T)Zgu,) =0 Vi, Vs. (3.47)

s

Since 8;? (T') and Z,, 1, are gaussian, the non correlation implies the independence,

hence €5 (T') is independent from Z,, 1, Vi, Vs. Therefore €5 (T') is independent from
‘B. This implies (4.6) which completes the proof. O

Computation of the best linear filter

It remains to prove that S exists and is unique. First for a given & and any S,
introduce the solution S(-) € L2(0,T; V), ' € L%(0,T; V') to be the solution of the
backward parabolic equation

=+ A*(t)B =—C*(t) - S*h(2)

5T — (3.48)
We shall check the property:
B(0)
(ag —0"S*)(h) = (B*(-)ﬁ(-) ) (3.49)
—S*h
Indeed let ¢ = ({,&(:),n(+)) € @, we need to check the relation
(h, (ar — So)(p)) =
(3.50)

T
= (8(0),¢) +/ < B(t), B(t)s(t) > dt — (h,Sn("))

0
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Recalling (3.14), this amounts to
(h, (3(T)) = (h, S2()) =
T (3.51)
= (8(0),¢) +/0 < B(&), B(t)g(t) > dt — (h, Sn(-))

of from (3.15)
(h, (3(T)) = (R, S(C()5())) =

T (3.52)
— (B(0).) + / < B(t). B()£(t) > dt

which is clear from integration by part properties between the equations (3.15)
and (4.10).
From (4.4) and (4.11) we can assert that

Ele (T)]? = (Po(0), B(0)) +/ < Q(t)"(¢)B(2), B*(¢)B(t) > dt
0 (3.53)

+ / . R(£)S*h(t), S*h(t) > dt

To the problem of minimizing the right hand side of (4.15) with respect to S we
associate the optimal control problem

y(T)=h
T
J(v(-)) = (Poy(0),7(0)) +/0 < B(t)Q(t)B"(¢)y(¢).y(¢) > dt -
T .
+/ < R(t)v(¢),v(¢) > dt
0
where the control v(-) € L2(0,T; F").
Assume from now on the coercivity property:
<R, fo >>7||fu]?r > 0,Vf. € F'. (3.56)

Then the optimal control problem (4.16), (4.17) has a unique solution u. Writing
the Euler equation, and introducing the adjoint system, it is standard to show
that the coupled linear system:

;. A0+ B0)RW)B(t)7(t) =0
éig)é+ SO (3.57)
“dr A* ()7 +C*(t)R(H)C(t)a =0
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has a unique solution. The optimal control «(-) is given by
u(t) = —R71(t)C(t)é(t) (3.58)

We can write

S*(t) = —RN(¢)C(1)é(?) (3.59)
which defines an element S of L(L2(0, T; F), h), by the formula

T
(Sf(),h) = —/0 < F(6),RI)C()&(t) > dt,VF (), Vh. (3.60)

Obviously S satisfies the property (4.5). Moreover

ir(l_)fJ(v(-)) = nsle|g,§ (T)? (3.61)

and since the optimal control of the problem at the left hand side of (4.23) is
unique, S is also the unique element minimizing the right hand side of (4.23).
So we have proved the following

THEOREM 3.2 )
Assume (4.18). Then there exists a unique best linear filter S defined by duality
by the formula (4.21). O

To make S more explicit, we introduce the coupled system

93 L A®3 + BOQWB ()5 =0

dt.
_Ttp +A*(0)p— C* )R ()C(t)3(t) = —C*(t)R™(t)2(¢) (3.62)
3(0) + Pop(0) =0
p(T)=0

for z(-) € L?(0,T; F) given. The system (4.24) defines in a unique way the pair
¥, p since it corresponds to the Euler equation of the control problem.

_dp * _ ® * —
5 A (t)p = —C*(t)v(t) — C*(t)R(t)2(t) (3.63)
p(T) =
T
K(v(-)) = (Pop(0), (p(0) +/ < B(t)Q(¢)B"(¢)p(¢), p(t) > dt
0 (3.64)

+ /T < R(t)v(¢),v(t) > dt

(see (4.16), (4.17)).
It is easy to check that
Sz(-) = 3(T) (3.65)
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3.5 Final Form. Decoupling Theory

Riccati equation
C()eL*(0,T; L(F; H)) (3.66)

then we rely on the theory of Riccati equations (see J.L. Lions [4], A. Bensoussan
[1]) to assert that there exists a unique P(¢) satisfying

P(-) € L*(0,T; L(H; H)), P(t) > 0, self adjoint (3.67)
2 / 2 —d6 * 2
IfeeL(O,T;V))eeL(OTV))d—+A0€L(0TH) (3.68)
then ;
PO c L*(0,T;V)), PGS L2(0,T; V')
d —(P6) + P(— dé + A*9) + AP6 + PC*R™'CP6 = QB*6
dt dt B (3.69)
P(0) = Po
Applying (5.4) with 6 = p (see (4.24)), and setting
e(t) = 3(t) + P(¢)p(¢) (3.70)
it easily follows from (4.23), (5.4) that e satisfies
2 de 2
e € L*(0.T; V). = € L*(0.7; V) (3.71)
% +A(t)e = P(t)C*(t)R7 () (2(¢) — C(t)e(t)), e(0)=0 (3.72)
Note that from (4.26) we also have:
Sz(-) = e(T) (3.73)

Coming back to (4.1), applying (5.7) with z(-) changed into z(-) — z(-) and setting:
r(t) = e(t) + y(t) (3.74)
We deduce that r is the solution of

&+ A(t)r = f(t) + B(0)E(8) + PO)C ()R () (2(2) — C(£)r (1)

ey (3.75)

and we have:
Fs(p) =r(T) (3.76)

which is the usual form of the Kalman filter.
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Interpretation of P(T)
Applying (5.4) with 8 = 7 (see (4.18)) it is easy to check that

a(t)+ P(t)y(t)=0 (3.77)
and thus also
a(T)=—P(T)h (3.78)
together with A
E|e; (T)] = (P(T)h,h) (3.79)

which means that P(T') is the covariance operator of the L.R.F. Sf(T).
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A Note on Stochastic Dissipativeness

Vivek S. Borkar Sanjoy K. Mitter

Abstract

In this paper we present a stochastic version of Willems’ ideas on Dissipativity and
generalize the dissipation inequality to Markov Diffusion Processes.We show the
relevance of these ideas by examining the problem of Ergodic Control of partially
observed diffusions.
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4.1 Introduction

In [8, 9], Willems introduced the notion of a dissipative dynamical system with
associated ‘supply rate’ and ‘storage function,” with a view to building a Lyapunov-
like theory of input-output stability for deterministic control systems. In this
article, we extend these notions to stochastic systems, specifically to controlled
diffusions. This makes contact with the ergodic control problem for controlled dif-
fusions ([2], Chapter VI) and offers additional insight into the latter. In particular,
it allows us to obtain a “martingale dynamic programming principle” for ergodic
control under partial observations in the spirit of Davis and Varaiya [6]. So far
this has been done only in special cases using a vanishing discount limit, see
Borkar [3, 4, 5].

The next section introduces the notation and key definitions. Section 3 consid-
ers the links with ergodic control with complete or partial observations.

4.2 Notation and Definitions

Our controlled diffusion will be a d > 1 dimensional process
X()=1X() . Xa()"

satisfying the stochastic differential equation

X(t):Xo+/Otm<X(s),u(s)>ds+/0t0'<X(s)>dW(s) L t>0 . (41)

Here,

(i) for a prescribed compact metric ‘control’ space U,
m(-,)=[mi(-,),....mq(-,)]F : R*x U — R

is continuous and Lipschitz in its first argument uniformly with regards to
the second argument,

(i) o(-) = [[o4()li<ij<a : R — RY*? is Lipschitz,
(iii) Xp is an R%valued random variable with a prescribed law 7y,

(iv) W(-) = [Wi(-),..., Wg(-)]? is a d-dimensional standard Brownian motion
independent of X, and

(v) u(-) : [0,00) = U is a control process with measurable sample paths satis-
fying the nonanticipativity condition: for ¢t > s, W(¢) — W(s) is independent
of u(r), W(r), 7 < s and Xp.

We shall consider a weak formulation of (4.1), ie., we look for
(X(-),u(-),W(-),Xo) on some probability space so that (4.1) holds. See [2], Chap-
ter 1, for an exposition of the weak formulation. In particular, letting %, denote
the right-continuous completion of (X (s),s < ¢) for ¢ > 0, it is shown in Theorem
2.2, pp. 18-19, [2] that it suffices to consider u(-) adapted to (%), i.e., u(-) of the
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form u(t) = f; (X([O, t])) where X ([0,¢]) denotes the restriction of X (-) to [0,¢]

and f; : C([0,t]; RY) — U are measurable maps. If in addition u(t) = v(X(¢)),
t > 0, for a measurable v : R? — U, we call u(-) (or, by abuse of terminology, the
map v( -) itself) a Markov control.

We shall also be interested in the partially observed case ([2], Chapter V).
Here one has an associated observation process Y (- ) taking values in R (m > 1),
given by:

Y(t) = /0 th(X(s))ds—kW’(t) . t>0 . (4.2)

where 2 : R? — R™ is continuous and W/(-) an m-dimensional standard
Brownian motion independent of W(-), Xy. Let (G;) denote the right-continuous
completion of o(Y(s),s <¢) for ¢t > 0. We say that u(-) is strict sense admissible
if it is adapted to (G;).

For the completely observed control problem where we observe X (-) directly

and u(¢) = f; (X([O, t])) for ¢t > 0, we define

DEFINITION 4.1
A measurable function V : R? — R is said to be a storage function associ-
ated with a supply rate function g € C(R? x U) if it is bounded from below

and V(X(t)) + fotg(X(s),u(s)>ds, t > 0, is an (4;)-super martingale for all
(X( D, u(- )) satisfying (4.1) as above. O

The storage function need not be unique. For example, we get another by adding
a constant. For g, (X (-),u(-)) as above, let

Ve(x) = il(}[))Sl:pE[/(:g<X(s),u(s)>ds/Xo = x} , x€RY,

where the first supremum is over all bounded (%;)-stopping times and the second
supremum is over all (#;)-adapted u(-). Since 7 = 0 is a stopping time, V,(-) > 0.

LEMMA 4.1
If V.(x) < oo for all «, it is the least nonnegative storage function associated with
g. O

Proof In the following, 7 denotes an (;)-stopping time. For ¢ > 0,

V.(x) > supsupE

u(-) >t

/Org(X(s),u(s))ds/Xo = x]

/Otg(X(s), u(s))ds

+ sup supE{/tTg(X(s),u(s))ds/X(t)}/Xo :x] ,

u(t+-) >t

= sup E
u([0.2])
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where the equality follows by a standard dynamic programming argument. Thus

Vi(x) > i??E[/Otg(X(s),u(s))ds +V(x0)/%0=2] . (4.3)

Now suppose s < 7 < T < oo, where T' > 0 is deterministic and s,7 are (;)-
stopping times. Then

E[/Org<X(s),u(s))ds+VC(X(T)>/,‘F3}

_ /OSQ(X(S),u(s))ds+E[/:g(X(s),u(s))ds +V.(X(@) /7]

By Theorem 1.6, p. 13 of [2], the regular condition law of (X, .), u(s+ -) given %
is again the law of a pair (X (-),z(-)) satisfying (4.1) with initial condition X (s),
a.s. Therefore by (4.3), the above is less than or equal to

/Osg<X(s),u(s)>ds + E[Vc (X(s))/y;} - /Osg<X(s),u(s)>ds +V, (X(s))

It follows that .
/g(X(s),u(s))ds—i—Vc(X(t)) Ct>0 .

0

is an (‘4;)-supermartingale. Thus V.(-) is a storage function. If F(-) is another
nonnegative storage function, we have, by the optional sampling theorem

Y

E[/(:g(X(s),u(s))ds +F(X(2))/X = o]

Y%

E[/OTQ(X(S),u(s)>ds/X0 = x}

for any bounded (‘;)-stopping time 7. Therefore

F(x)> i?};sng[/ofg(X(s),u(s))ds/Xo = x} =V.(x) .

This completes the proof. O

LEMMA 4.2
If V.(-) < o0, it can also be defined by

Ve(x) = supsupE[/Otg(X(S),u(S))ds/Xo = x}

u(-) >0
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Proof Let V,(x) denote the R.H.S. above. Then clearly V,(x) > V,(x). On the
other hand, an argument similar to that of the preceding lemma shows that for
t>r>0,

t

v(x(r) +/0rg(X(s),u(s))dszE{V(X(t)) +/0 o(X().u(s))ds/ %] .

implying that

t

gl X(s),u(s))ds+ V(X (¢ , t>0,

| 9(x@.u@)as+v(x00)
is an (;)-supermartingale. Thus V,(-) is a storage function. Clearly, V.(-) > 0.
Thus by the preceding lemma, V.(-) > V,(-) and hence V,.(-) = V.(-). O
For the partially observed control problem, the correct ‘state’ is 7 2 the

regular conditional law of X (¢) given {; 2 the right-continuous completion of
0'<Y(s),u(s),s < t), t > 0. Note that {; = G; for strict sense admissible u(-),

but we shall allow the so called wide-sense admissible u(-) of [7]. (See, also, [2],
Chapter V.) Thus, in general, G; C ;. Let P(R¢) = the Polish space of probability
measures on R? with Prohorov topology. Viewing (r;) as a P(R?)-valued process,
its evolution is given by the nonlinear filter, defined as follows: For f : R — R
that are twice continuously differentiable with compact supports,

~

w() = w4 [ m(Lr(u))as+ [ wnn - mmm.aze),

where:

i) v(f éffdv for f € Cy(RY), v € P(RY),
(i) Lf(x,u) = Zdlk x)0oji(x 82f (x)+Zmi(x,u)af

ik 8xi8xj 6xi

tinuously differentiable f : R — R,

(x) for twice con-

(iii) Y(¢) = Y(¢) — fot 7s(h)ds, t > 0, is an m-dimensional standard Brownian
motion.

See [2], Chapter V, for a discussion of wellposedness and related issues for
(4.4). In particular, for a given pair (Y(-),u(-)) of a Brownian motion and a wide
sense admissible control, (4.4) has a unique solution if

T

(i) o(-) is nondegenerate, i.e., the least eigenvalue of o(-)o(-)" is uniformly

bounded away from zero, and

(i) A(-) is twice continuously differentiable, bounded, with bounded first and
second partial derivatives. (This can be relaxed — see [7].)

The partially observed control problem then is equivalent to the completely
observed control problem of controlling the P(R?)-valued process {r;} governed
by (4.4), with wide sense admissible u(-). By analogy with Definition 4.1 above,
we have
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DEFINITION 4.2 B
A measurable function V : P(R?) — R is said to be a storage function associated
with the supply rate function g € C(P(R?) x U) if it is bounded from below and

V(m) + /Otg(ﬂs,u(s))ds , t>0

is a ({;)-supermartingale for all {7;, u(¢)}0 as above. O

Define V,, : P(R?) — R by

Vyo(m) = i?l))sgpE[/Org(ﬂs,u(s)>ds/7r0 = TL’} ,

where the first supremum is over all bounded ({;)-stopping times 7 and the second
supremum is over all wide sense admissible u( - ). Then the following can be proved
exactly as in Lemmas 4.1 and 4.2.

LEMMA 4.3
If V,(-) < o0, it is the least nonnegative storage function associated with supply
rate g and permits the alternative definition:

V() = SupsupE[/Otg(ﬂs,u(s))ds/ﬂo = 7[}

u(-) t>0

where the outer supremum is over all wide sense admissible controls. O

4.3 Connections to Ergodic Control

Let £ € Cy(R? xU). The ergodic control problem seeks to maximize over admissible
u(-) the reward

lim sup% /0 tE[k(X(s),u(s))}ds. (4.5)

t—00

Likewise, the ergodic control problem under partial observations is to maximize
over all wide sense admissible u(-) the above reward, rewritten as

lirtllillp % /Ot E [ia (ﬂs, u(s))} ds,

where k(u,u) = ,u(k(-,u)), u € P(R?), u € U. Under suitable conditions, this

problem can be shown to have an optimal stationary solution ([2], Chapter VI, [1])
with u(-) a Markov control. If o(-) is nondegenerate (i.e., the least eigenvalue
of o(-)o(-)T is uniformly bounded away from zero), then one can in fact have,
under suitable hypotheses, a Markov control that is optimal for any initial law
([2], Chapter VI). Here our interest is in the ‘martingale dynamic programming
principle’ elucidated in [6], [2], Chapter III, among other places, albeit for cost
criteria other than ergodic. Let S (resp. ﬁ) denote the optimal costs for the
completely observed (resp., partially observed) ergodic control problem.
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DEFINITION 4.3
A measurable map ¥ : R? — R is said to be a value function for the completely
observed ergodic control problem if for all (X (-),u(-)) satisfying (4.1), the process

W(X(t)>+/0t [k(X(s),u(s))—ﬁ}ds . >0,

is an (‘};)-supermartingale and is a martingale if and only if (X (-),u(-)) is an
optimal pair. O

DEFINITION 4.4
A measurable map y : P(R?) — R is said to be a value function for the partially
observed ergodic control problem if for all (7;,u(¢)), ¢t > 0, as in (4.4), the process

l/_/(ﬂt)-l-/ot [ns(k(.),u(s))—ﬁ}ds . >0,

is a ({;)-supermartingale, and is a ({;)-martingale if and only if {m;, u(¢)}, t > 0,
is an optimal pair. O

Proving a martingale dynamic programming principle in either case amounts to
exhibiting a y (resp. ) satisfying the above. The following lemmas establish a
link with the developments of the preceding section.

LEMMA 4.4
(a) If ¥ > 0 is as in Definition (4.3), then w is a storage function for g(-, -) =
k(-.-)—B.

(b) If ¥ > 0 is as in Definition (4.4), then ¥ is a storage function for g(-, -) =
O
This is immediate from the definitions. Note that if v is a value function, so
is ¥ + ¢ for any scalar c. Thus, in particular, it follows that there is a nonnegative
value function whenever there is one that is bounded from below. This is the case

for nondegenerate diffusions with ‘near-monotone’ k(-, - ), i.e., k(-, -) satisfying

liminfinfk(u,u) > g .

[|x|] =00

See [2],Chapter VI for details.
Going in the other direction, we have

LEMMA 4.5

(a) f V.(-) < oo for g(-,-) = k(-,-) — B, then V(X (2)) + fot(k(X(s),u(s)) —
plds, ¢ > 0, is an (¥;)-supermartingale for all (X(-), u(-)) as in (4.1).
Furthermore, if (X (-),u(-)) is a stationary optimal solution and V.(X(¢))
is integrable under this stationary law, then the above process is in fact a
martingale.
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(b) IfV,(-) < ocoforg(-,-)=k(-, )=, then V,(z;)+ [} (k(rs, u(s))—B)ds, t > 0,
is a {{;)-supermartingale for all (m;,u(¢)), ¢ > 0, as in (4.4). Furthermore,
if (m,u(t)), t > 0, is a stationary optimal solution and V,(7;) is integrable
under this stationary law, then the above process is in fact a martingale.

O

Proof We prove only (a), the proof of (b) being similar. The first claim is
immediate. For stationary optimal (X (-),u(-)),

Hence

0> E[k(X(t),u(t))} —B.

But since (X (-),u(-)) are stationary, the corresponding reward (4.5) in fact
equals E[k(X (t),u(t))]. Since it is optimal, this equals /3, so equality must hold
throughout, which is possible only if

V(X(t)>+/0t [k(X(s),u(s))—ﬁ}ds , >0

is in fact an (‘};)-martingale. O

What we have established is the fact that storage functions are candidate
value functions and vice versa, at least for the situations where the latter are
known to be bounded from below. In cases where this is possible, we thus have an
explicit stochastic representation for the value function of ergodic control. While
an explicit stochastic representation, albeit a different one, was available for the
completely observed control problem (see [2], p. 161), its counterpart for partial
observations was not available. In the foregoing, however, there is little difference
in the way we handle complete or partial observations.

Recall also that the usual approach for arriving at value functions for ergodic
control is to consider the vanishing discount limit of suitably renormalized value
functions for the associated infinite horizon discounted cost control problems. This
limit is often difficult to justify and has been done under suitable hypotheses for
completely observed ergodic control in [2], Chapter VI, and under rather restrictive
conditions for partially observed ergodic control in [3, 4, 5]. Use of the storage
function approach allows us to directly define a candidate value function V. or
V, as above. The task then is to show that they are finite for the problem at
hand. For linear stochastic differential equations describing the controlled process
and noisy linear observations this can be done and a theory analogous to that of
Willems [8, 9] can be developed. It is worth noting that V. defined above for
g9(-,-) = k(,-) — ¥ would certainly be finite for y > f and +oo for y < f, thus
y = B is the ‘critical’ case.

It would be interesting to investigate the relationship of these ideas to that of
Rantzer [10].
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Internal Model Based Design for the Suppression
of Harmonic Disturbances
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Abstract

Our interest in suppression of harmonic disturbances arose in the development
of feedback control strategies for next generation aircraft. The control objective
is to track a prescribed trajectory while suppressing the disturbance produced
by a harmonic exogenous system. This is a slight modification of the standard
problem of output regulation, in which the reference trajectory itself is also
assumed to be generated by an exosystem. As part of an on going research
effort, we are developing a solution to the problem for a nonlinear system which
incorporates both the rigid body dynamics and certain aerodynamic states. In
this paper, we illustrate our use of the internal model principle to solve this
problem for continuous-time linear systems. Interestingly, the internal model
based controller design leads to a Linear Matrix Inequlaity (LMI) constraint on
the design parameters, yielding a convex problem which is easily solved.
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5.1 Introduction

Anders Lindquist has had tremendous impact on a variety of research fields in
systems, control and signal processing. This paper dovetails with one of these
contributions, his joint work with Vladimir Yacubovitch [5]-[9] on the suppression
of the effect of harmonic disturbances on the regulated output of a system to be
controlled. In this series of papers, controllers which are optimal in an LQ sense
are derived for the suppression of harmonic disturbances for discrete-time, finite-
dimensional, multivariable linear systems. These controllers are shown to enjoy
some of the robustness features concomitant with an L.Q optimization scheme.

This work can be applied in a variety of settings, for example in active
noise control which was studied in [11] for scalar-input scalar-output systems
using a minimum variance performance measure. The suppression of harmonic
disturbances also arises in the active control of vibrations in helicopters, where a
continuous-time model is used in the context of L.Q control and Kalman filtering.

Our interest in suppression of harmonic disturbances arose in the development
of feedback control strategies for next generation aircraft. In particular, for certain
aircraft it is known that the wings exhibit slightly damped flexible behavior
which, when excited by a wind gust, produce a disturbance which additively
corrupts some important velocity measurements. The frequencies of the slightly
damped (exogeneous) signal generator are known, but the wind gust may be
modeled as a dirac delta function which forces the exogeneous system into an
unknown initial state. The control objective is to track a prescribed trajectory
while suppressing the disturbance produced by the exogenous system. This is a
slight modification of the standard problem of output regulation, in which the
reference trajectory itself is also assumed to be generated by an exosystem.
As we shall show, this modification is easily accomodated within the present
framework of output regulation. However, since output regulation ensures some
asymptotically stability of the error while the tracking and disturbance rejection
problem requires a finite time horizon in practice, we have assumed the exosystem
is undamped and consists of a finite bank of harmonic oscillators.

As part of an on going research effort, we are developing a solution to the
problem for a nonlinear system which incorporates both the rigid body dynamics
and certain aerodynamic states. In this paper, we illustrate our use of the internal
model principle to solve this problem for continuous-time linear systems. Specifi-
cally, in Section 5.2 we introduce the basics of internal model based design for a
scalar-input, scalar-output system. In Section 5.3, we illustrate this design for two
particular systems where the desired trajectory idealizes a take-off and landing
maneuver. In Section 5.4 we give some brief remarks about the internal model
principle. One remarkable feature of this principle is its ability to systematically
produce classical design approaches in a variety of particular control problems. In
the case at hand, it produces a notch filter for the transfer function from the dis-
turbance to the tracking error, with notches, or (blocking) zeroes, at the natural
frequencies of the exogenous system. Of course, the real power of this method is
its ability to produce nonclassical, multivariable designs. Indeed, in Section 5.4 we
consider three-input, three-output, minimum phase systems with vector relative
degree (2,2,2). Interestingly, the internal model based controller design leads to
a Linear Matrix Inequlaity (LMI) constraint on the design parameters, yielding



Internal Model Based Design for the Suppression of Harmonic Disturbances 53

a convex problem which is easily solved.

5.2 The Case of a SISO System

Consider a linear single-input single-output system having relative degree two
and asymptotically stable zero dynamics. Any system of this kind can always be
put, after a suitable change of coordinates in the state space, in the form

z = Az + lel + Bzxz

o (5.1)
x9 = Cz+ Dix1+ Doxs+ Ku

y = x

in which K # 0 and the matrix A is Hurwitz.

It is well-known that single-input single-output systems having relative degree
two and stable zero dynamics can always be asymptotically stabilized by means
of a proportional-derivative output feedback, i.e. by means of a control law of the
form

u="rkiy-+koy.

It is also well-known that a proportional-derivative output feedback can be used
to solve the problem of having the output y(¢) to track a prescribed trajectory
yret(t), if the latter and its first and second derivatives are available in real-time.

In this section, we describe how the problem of tracking a prescribed trajectory
yret(t) can be solved, for a system of the form (5.1), in case the information about
the output y (i.e. x1) is noise-free, but the information about the rate of change y
(i.e. xg) is corrupted by harmonic noise, i.e. if only x; and the quantity

X2 noisy = X2 + d, (52)

where d is a superposition of sinuosoidal functions of time, are available for
feedback.
Define

€1 = Y~ Yref = X1 Yref

g = Y —Yref = X2 — Yref
in which e; is indeed the tracking error and ey its rate of change. Then, system
(5.1) can be rewritten as

z = Az+ Bl(el + yref) + BZ(eZ + yref)
él = €9 (53)
€ = CZ+D1(€1 +yref)+D2(e2 +yref)+Ku_yref~

Let z..r be any solution of

2ref = Azref + Blyref + B2yref (54)
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and define
€y = Z— Zyef

Then, system (5.3) can be rewritten as

é, = Ae,+ Biey+ Boeg
él = €2 (55)
ég = Ce,+ Czyr+ Dieg + Yref + DZ(QZ + yref) + Ku — Yref -

Choose now a control of the form
u = u(x1,%2noisys Yrefs Vrefs Vref: Zref)
= %[=Czrer — (D1 + k1) et — DaYrer
+Vret — D1(%1 — Yret) — R2(%2,noisy — Yrer) + V]

in which v is an additional input to be determined later. With this control u,
system (5.5) becomes

e, = Ae,+ Bie; + Boey
él = e9 (56)
6 = Ce,—kie; —kgey —kod + v,
where )
ko = ko — Do .

It is known that d(¢), which is a superposition of sinusoidal functions, can be
put in the form
d(t) = YT w(t)

with w(t) solution of the homogeneous equation
w(t) = Sw(t) (5.7)

in which S is a matrix of the form

S, 0 - 0
0 S - 0
S = 2
0o 0 - S

and

( 0 w; )
S; = .
—; 0

Under our assumption that the zero dynamics is either vacuous or is asymptot-
ically stable, we know that any transmission zeros of the plant to be controlled lie
in the left half plane. Since the eigenvalues of the exosystem (5.7) that generate
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the disturbance lie on the imaginary axis, we see that the standard nonresonance
conditions for solution of the regulator problem are satisfied.

Matters being so, the output regulation problem for y, = 0 is solvable, when
the additional input v is chosen as the output of an internal model of the form

E = SE— Gke
v = YT¢
where G is a vector of free design parameters. We claim that this also yields a

solution for nontrivial y,. Indeed, introduction of v yields a closed loop system
which, changing the variable & into

X =¢—kow
is described by set of equations
é, = Ae,+ Bie; + Bges
X = Sy—Gkie (5.8)
él = €9 '
ey = Cez+‘~I’T}(—k1e1 —]_8262 .

At this point, it remains to show that, if ki, ks (or, what is the same, k3), and
G is appropriately chosen, system (5.8) is asymptotically stable. If this is the case,
in fact, we have in particular
lime;(t) =0,

t—00
which is the required tracking goal, regardless of the fact that the measurement
of y is corrupted by noise.

To prove our stability result, set
vh=(vf ¥] - ¥)

r

and
G"=(G{ Gf - G

where the partitions indicated are consistent with those of S.
Then, the following result holds.

PROPOSITION 5.1
Consider system (5.8). Choose Gy, ..., G, in such a way that

¥vrslg, >0, i=1,...,r (5.9)
r
> wlsGi<1 (5.10)
i=1

which is always possible. If 2y > 0,k > 0 are sufficiently large, the system is
asymptotically stable. O

The proof of this Proposition is a straightforward consequence of the following
Lemma, proven for instance in [2].
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LEMMA 5.1
Consider the matrix

Jg=| . (5.11)
0 0 -8 0 P
o o0 - 0 0 P
C @ - @ Q -k
If
PR, <0 foralli=0,...,r (5.12)
there exists £* such that, if £ > £*, the matrix J is Hurwitz. O

To prove the Proposition, we change coordinates in system (5.8) using
e, e, + A_lBlel
I = x—kS'Ge
which yields
e, = Ae,+ (A_lBl + Bz)ez
¥ = Sy—FkiS'Ge

él = €9
ég = Cé,+¥T7— (CA'By+ k(1 -PTS71G))es — kaez,

(5.13)

i.e. a system of the form
T=dJx

with J a matrix having the same structure as the matrix J in the Lemma if we
set

B = (A7lB;+By)
Q = ¥’ i=1,...,r
P, = —kiS71G; i=1,...,r
Q = —(CA'B;+k(1-¥7TS71G))
Py =1
k= ke
Thus, conditions ;P; <0, fori = 1,...,r, of the Lemma become
BYTSTIG; >0

while condition @¢Py > 0 of the Lemma becomes

CA7'Bi+ki(1-¥'S™'G) = CA'Bi + ks (1- > ¥/'S;'Gi)>0.
i=1

Indeed, if G is such that (5.9) and (5.10) hold, the conditions of the Lemma can be
met for large £, > 0 and, consequently, for large k5 > 0 the matrix JJ is Hurwitz.
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5.3 A Numerical Example of Take-Off and
Landing

In this section we consider some specific numerical examples. In our first example
we consider the case in which there is no z, i.e. no zero dynamics, and that
D, = Dy = 0, K = 1 so that the plant reduces to the double integrator. For
the second example we consider a one dimensional stable zero dynamics.

For both examples we assume that disturbance d is given as a sum of sinusoids
with two different frequencies,

d(t) = My sin(aqt + 1) + My sin(ost + ¢3).

In this case we can take

S—<0 2) S_(O 10) S-(Sl 0)
T2 0)° >“\-10 0/)> " o s
and consider

w = Sw, w(0) = w.
Then we choose W1, ¥ and W7 = (W7 WI') so that d(¢t) = Y w(¢).

ExamMPLE 5.1
In our numerical examples we have chosen o7 = 2, s = 10,

v¥I'=(0 2), w¥I=(0 2)

0
25
0
50

woy =

so that
d(t) = 50 cos(2¢) + 100 cos(10¢).

Next we choose G1, Gsg, k1 and ks so that the conditions of Proposition 5.1 are
satisfied.
In the numerical example we have set £, = 10 and

o=(5,) e=(1)

vIslgr =02,  wIS;'Gy,=0.2

which gives

and
wisrlGy +wis;'Gya = 4<1

so the conditions of Proposition 5.1 are fulfilled.
We proceed to choose k2 > 0 so that the matrix J in (5.11) is Hurwitz. Our
choice of ks will be based on a root locus design. Since we do not have a z component
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T

ol e

Figure 5.1 plot of root locus for oy = 2, a9 = 10, ky = 30, kg = 9.1205

in this example the matrix J can be reduced by deleteing the first column and
first row. Then we set ky = £ = 0 and define the resulting matrix to be Jy, i.e.,

S - 0 0 P

Jo=]10 - S. 0 P
O - 0 0 P
Ql . Qr QO 0

Then we define matrices
B'=(0 00 00 1), C=(0 0 0 0 0 1)

and consider the system {cJy,B,C} with feedback law u = —kgy and transfer
function
C(sI —Jy) 1B

Notice that
J = Jy— koyBC,

and, more importantly, the eigenvalues of J are the closed loop poles of this
system. If £y > 0 our Proposition predicts that for large values of ks the matrix
J is Hurwitz. For 21 = 10 we plot the locus of the roots of the characteristic
polynomial of J, viewing ko as a gain parameter. For large ks, five of the 6 roots
should approach five (zeros) on the imaginary axis, at 0, 27, +10¢, while the 6-th
one goes to —oo.

In this example we take a simplified model of aircraft take-off and landing
with a reference signal given by

2, 0<t<50
Yret(t) = ¢ 100, 50 < t < 100
300 — 2¢, 100 < ¢ < 150



Internal Model Based Design for the Suppression of Harmonic Disturbances 59

100
100

80 ‘ ‘
60 N o ‘ ‘ ‘ |
40

20

2

50 100 150 0 10 20 30 40
time time

Figure 5.2 (left) plot of y,.r, (right) plot of x3, = x9 +d
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40
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- 20
-8 0
0 50 100 150 0 50 100 150
time time

Figure 5.3 (left) plot of e;(¢) = x1(¢) — yret(¢) ,  (right) plot of x1 and yer

Notice that y,er is not differentiable at ¢ = 50 and ¢ = 100 as it would actually
be in practice. Indeed we have not actually used y..r as given above but rather we
have used a Hermite interpolation to round the corners at these points. Since it
serves no particular good to produce these more complicated formulas we do not

present them here.
O

EXAMPLE 5.2

In our second numerical example consider a system with a one dimensional stable
zero dynamics. In this case we have set A= —1,C =1, D; =1 and Dy = 1. The
relative values of B; and By play a large role in the location of the closed loop
poles so we present a “root locus plot” in two different cases: By = 1/4, By = 1/2
and By = 1/2, By = 1/4. Also for this example we compute the reference zero
dynamics trajectory z,r satisfying (5.4) for a given initial condition z.¢(0) = 5.
Once again we have set oy = 2, o = 10, and we have taken

vI=(1 1), wI=(1 1)
0
25

0
10

woy =
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10| =3 10, =3
5 5
. .
0 = - o 0
:: :\0
5 5
-10 =g -10 =9
-3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0

Figure 5.4 (left) B = (A"1By+ By) >0, ky =15, (right) B = (A"1B; + By) <0, ky = 15
so that

d(t) = 25v2sin(2t + 7/4) + 10V/2sin (10t + 7 /4).

Next we choose G1, Go, k1 and kg so that the conditions of Proposition 5.1 are
satisfied.
In the numerical example we have set £; = 20 and

o= (%) =)

vIslgr =02, wIS;'Gy,=0.2

which gives

and
\P{SflGl + ng‘SEIGz =4<1

so the conditions of Proposition 5.1 are fulfilled.

Just as in the previous example we choose k2 > 0 so that the matrix J in (5.11)
is Hurwitz. In the present case more care must be used in making our choice for
ko as is seen in the root locus plots in Figure 5.4. Just as in Example 5.1, if we
first set ks = £ = 0 in J and define the resulting matrix to be Jy, i.e.,

A 0 - 0 O B
0o S - 0 0 P

Jo

(=)
()
n
<

(=)

p,
Py
C @ - @ Q O

(=)
()
(e
()

Then we define matrices
BT:(0000001),C:(0000001)

and consider the system {cJy,B,C} with feedback law u = —ksy and transfer
function

C(sI —Jo) 'B.
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Figure 5.5 (left) xo, =xo+d, (right) ei1(t) = x1(¢) — yrer(t)
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Figure 5.6 (left) x; and y.r, (right) z

Notice that
J =9 — keBC,
and, more importantly, the eigenvalues of J are the closed loop poles of this system.

Unlike the first example more care must be exercised in choosing %; and k.
As an example, if we choose k1 > 0, set A = —1, C = 1, then the the sign of the
real parts of the eigenvalues of J, depend on whether B = (A~!B; + By) is greater
than or less than zero.

If k1 > 0 our Proposition still predicts that for large values of k3 the matrix J
is Hurwitz. For £y = 15 and for B; = 1/4, B, = 1/2, B = (A"'B; + By) > 0 for
which the some of the open loop poles are in the right half plane while for £, = 15
and for By = 1/2, By = 1/4, B = (A™'B; + Bs) < 0 all open loop poles are in
the left half plane. For large ks, five of the 7 closed loop poles approach the five
(zeros) on the imaginary axis, at 0, +£2i, £10i, while the 6-th one goes to —oo and
the 7-th approaches the zero at —1. In this example we take a simplified model
of aircraft take-off and landing with a reference signal given by

2t, 0<t<50

yref(t) = ¢ 100, 50 <t < 100
300 — 2¢, 100 < ¢t < 150
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5.4 Remarks on the Internal Model Principle

One of the remarkable features of the Internal Model Principle is its ability to
generate, in a systematic fashion, classical control designs. More importantly, it
can also be used in multivariable, nonlinear and infinite-dimensional contexts.

As a first illustration of of this point, consider a relative degree 1, minimum
phase scalar-input scalar-output system

z=Az+ By
y=Cz+Dy+ ku

where ynoisy = ¥ + d with d(¢) being an unknown constant. Setting

€ =Y — Yref

we obtain the relative degree one analog of (5.3)-(5.6). In this case, the constant
disturbance takes the form

d=yw

where w is the state of the3 exogenous system

w = 0.
This generates the internal model
E=—_Ge
v=ye

which is a proportional integral (PI) controller. Stability of the closed loop system

é, = Ae, + Be
¥ =—Ge
e=Ce,+yy—ke

is guaranteed, whenever G > 0 by Lemma 2.1 (see [2]).

As a second illustration, consider the system described in Example 5.1. The
disturbance is a sum of two sinusoids having frequencies &1 = 2 and o2 = 10. The
charts below depict the Bode magnitude and phase plots of the closed-loop transfer
function from the disturbance to the tracking error, obtained by using an internal
model based design. The magnitude plot is, of course, that of a typical notch filter
having notches (or transmission zeroes) at precisely 2i and 10i, reflecting the fact
that the filter absorbs sinusoids at those frequencies.
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Bode Diagrams

From: U(1)

100 1

150

Phase (deg); Magnitude (dB)

Frequency (rad/sec)

5.5 The Case of a MIMO System

In the following we briefly sketch how the analysis developed in section 5.3 can be
easily extended to deal also with multi inputs-multi outputs systems. We consider
the class of minimum-phase linear systems with three inputs and three outputs
with vector relative degree [2,2,2]. As is well-known, this class of systems can
always be put, after a suitable change of coordinates, in the normal form

z = Az+ Byxy + Boxo
T = x
:1:; = sz + Dix1 + Doy + Ku (5.14)
Yy = *
where z € IR’,
T T
fc1=( X1 X12 X13 ) eR’ wz=( Xg1 Xog  X23 ) €eR®,

u € IR? is the vector of control inputs and y € IR? of controlled outputs, with the
matrix A which is Hurwitz and the high frequency gain matrix K € R? x IR3
which is non singular. Our goal is to force the output vector y to asymptotically
track a vector of known reference signals

T
Yref = < Yrefl Yref2 Yref3 )
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with the design of a proportional-derivative output feedback control law. Similarly
to section 5.4 the challenging aspect of this apparently simple tracking problem is
given by the presence of additive noise on the velocity measures. More precisely
we suppose, as above, that the measure of the position vector x; is noise-free, but
the measured velocity vector is corrupted by additive harmonic noise, namely

xg,noisy(t) = :132(t) + d(t) with d(t) = ( dl(t) dz(t) dg(t) )T

where the signals d;, i = 1,2, 3, are given as superposition of sinusoidal functions
of time. In particular the signals d;(¢), i = 1,2,3, are thought as generated by
three disjoint exosystems of the form

d;(t) = lPiTwi(t) with w;(t) = S;w;(¢) w; € R%"i

where S; is a block-diagonal square matrix of dimension 2r; which describes a
bank of r; oscillators at different frequencies.
By mimicking the design methodology of the SISO case we define by z..; any
solution of
2ref = Azref + Blyref + B2yref

and we choose the preliminary control law
u=K! (—Czref — Dix1 — DoYyer + Yper + ’U) (515)

where v is a vector of residual control inputs. Defining

€1 = Y= Yref = L1~ Yref

€y = y_yref = wz_yref

and Z = z — z,f, simple computations show that system (5.14) under the feedback
(5.15), in the new error coordinates, reads as

zZ = AZ+ Bje;+ Baeg
él = e (516)
éz = Cz + D262 +v

The design of the vector of inputs v able to asymptotically stabilize the system
(5.16), and hence to solve the tracking problem, can be easily carried out by means
of a three-steps procedure in which, at each step, just one control variable v; is
designed, following exactly the design methodology illustrated in the SISO case.

To sketch how this procedure can be carried out consider, for the first control
input vy, the following dynamic law

& = Si& — Gikien
—k11(%11 — Yref1) — k21(%21noisy — rer1) + P1&1 (5.17)
= —kyrenn — korear + W1é1 — ka1 Wiws

U1
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in which k11, k91 and the entries of G, are design parameters. Simple computations
show that, having defined

X1 =861 — kawn
system (5.16) with the partial control law (5.17) can be rewritten as
z = Az+ Bie+ Bsés
61 = & (5.18)
es = Cz+Dges+v

where
~ ~ T _ T _ T
2= ( Z2 X1 e e ) e = ( €2 €3 ) v = ( Uy U3 )

the matrix A is defined as

A 0 B B}

- 0 S —Gik 0

A= ! e (5.19)
0 0 0 1

C YT —ky —(ke1 — D))

and By, By, D1, Do, Bi, B;, C', D} are suitably defined matrices.

Now it can be easily realized that it is possible to choose ki1, k21 and G; so
that the matrix A is Hurwitz. To this end just note that the matrix characterizing
system (5.8) has the same structure of (5.19). Hence, by Proposition 5.1, we can
claim the existence of a vector G such that for suitably large ki1 and ksg, the
matrix A is Hurwitz.

From this, once G1, k11 and ks have been fixed, the procedure can be iterated
in order to design ve and vs. As a matter of fact the system (5.18) exhibits the
same structure of the original error system (5.16), with the state variables e; and
z which replace e; and z, with the vector of control input v which replaces v, and
with the Hurwitz matrix A which replaces A. This allows us to design also vs, and
in the third step v, using the same procedure used for the SISO case and come
out with a proportional-derivative stabilizer of the form

E = SE—GKie

(5.20)
v = —Kije;— Koey + "Pé
with

S1 O 0 ki1 O 0 ko1 O 0
S = 0 Sy, O K, = 0 kg O K, = 0 ko O
0 0 S; 0 0 ki3 0 0 ko

Gy O 0 ¥Y:y O 0

G = 0 G O Y = 0 ¥y O

0 0 G3 0 0 \P3

Hence the overall control law is obtained from the composition of (5.15)and
(5.20).
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ExXAMPLE 5.3

In our 3-dimensional numerical examples we have chosen o1 = 2, oy = 3, a3 = 4,
YIr=vl=vl=(2 2),

so that
5(sin(or1t) + cos(orit)

d(t) = | 10(sin(aat) + cos(aat)
5(sin(arst) + cos(arst)

Next we choose G1, G2, G3 k1 and ks so that the conditions of Proposition 5.1 are
satisfied. We have also set D; = Dy = I33.
In the numerical example we have set 2, = 10 and

on(f) @(h) e-(2)

vislc,=1/5, WwES;'Gy=2/3, ¥wIS;'Gs=1/10

which gives

and
WiSI1G1 + W35S Gy + PE S5 Gy = — < 1
so the conditions of Proposition 5.1 are fulfilled.

From the theory developed in Section 5.4 we see that the closed loop system
can be written as X = JX where

¢
X = |e | eRY

€2

and, just an in Example 5.1, since there is no z component, the matrix J can be
reduced by deleteing the first column and first row, to obtain

S —GK; 063
J = |03x6 O3x3 I3.3
¥ —Ki —(Kes— Dy)

Since this is a MIMO example we cannot directly appeal to root locus methods
but if we set
Kz = k213><3, and set & = (kz — 1)

then it is still simple to compute a “root locus type plot” of the closed loop poles
as functions of the scalar parameter 2 > 0.
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Figure 5.7 plot of root locus

Namely, we define the matrix to be Jy by

S —GK; Osxs
Jo=|03x6 0O3x3 Isx3
v —K;  Osys

Then we define matrices
BT =(01.00 1 1 1), C=(019 1 1 1)

so that
J=Jy—kBC

and consider the eigenvalues of J as the closed loop poles of this system.

For k1 = 10 we plot the locus of the roots of the characteristic polynomial of
J, viewing ko (or k) as a gain parameter.

In this example we track a three dimensional reference trajectory

3t 3t T
ref _ | : ref
Yy (t) = [ 10 cos (100) 10sin (100) V5 (t)}

where where
Z, 0<t<40

. [ 37m(t —40)
ygef(t) _ 40 + 5sin (60) s 40 <t < 100

4
—(t—150), 100 < ¢ < 150
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Figure 5.9 e1;(¢) = x1,(t) — y}(¢) for j = 1,2,3
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Figure 5.10 y™f x; and y™f
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Stochastic Realization
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Abstract

The concept of conditional orthogonality for the random variables x, y with respect
to a third random variable z is extended to the case of a triple x, y, z of processes
and is shown to be equivalent to the property that the space spanned by the
conditioning process z splits the spaces generated by the conditionally orthogonal
processes x, y. The main result is that for jointly wide sense stationary processes
x, y, 2, conditional orthogonality plus a strong feedback free condition on (z, x) and
(z, y), or, equivalently, splitting plus this condition, is equivalent to the existence of
a stochastic realization for the joint process (x, v, z) in the special class of so-called
conditionally orthogonal stochastic realizations.
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6.1 Introduction

Conditional independence for three random variables, x, y, z means that x and y
are independent given z and is written x Ll y | z. This notion is fundamental to
the theory of Bayes Nets (see [11] for an excellent summary.) The purpose of this
paper is to extend conditional independence to time series models as a prelude to
a more detailed development of graphical models for time series. Important recent
work is by [7] and [8, 9]. For time series results we refer particularly to [1]. There
are also links with early work on causation [10, 6, 3, 4, 2, 14].

We will distinguish different types of independence, particularly conditional
independence of the present of the given x and y processes on the past of the
z process, which will be referred to as conditional independence at time k&, and
conditional independence of the past and present of x and y given the present
and past of z, which will be referred to as conditional independence up to time k.
Since the theory in this paper is solely concerned with second order properties we
shall replace conditional independence with conditional orthogonality. Clearly for
zero mean Gaussian processes these two conditions are equivalent.

Let H denote an ambient Hilbert space of L? random variables with (matricial)
inner product (a,b) A Eab” for vector random variables a,b € H. a is orthogonal
to bif and only if (a,b) = 0 which is written a L b. For an n component vector a¢ and
a closed subspace B of H, (a | B) shall denote the vector of orthogonal projections
{(ai | B);1 <i < n} of the components of a on the subspace B. A, shall denote
the linear span of the H-valued components of the vector a, in the sequence a,
and A? shall denote the linear span of the elements {a,;k < p, k,p € N} (also
written {a,,}% ___ ) of the sequence a. For closed subspaces A and B of H, (A | B)
denotes the orthogonal projection of A on B, that is to say, the linear span of (a|B)
for all a € A. Henceforth, H shall denote the closure of the space generated by
the N component vector process (x, y, z). All subspaces of any Hilbert space under
consideration shall be assumed to be closed.

The notation x or {x;} shall be used for a stochastic processes and, according to
context, we shall write, for example, {x;} L {yx} | {zm}=L ., if we are referring
to processes and (equivalently) X, L Y}, | Z,, if referring to subspaces.

The main results of the paper will relate conditional orthogonality directly to
two other species of condition: splitting conditions, familiar from systems theory
[12, 13] and the existence of stochastic realizations ([12, 13]) with a so-called
conditional orthogonal structure (COS) stochastic realizations. We show that
conditional orthogonality is equivalent to splitting, and that for jointly wide sense
stationary processes either condition taken together with a strongly feedback free
condition [1] is equivalent to the existence of a COS stochastic realization. The
appropriate definitions will be given in the next section.

The algebra of projections underlies the theory, although we do not exploit it
fully in this paper. In another paper [5] this is explained in full detail. However,
it is worth giving, without proofs (which are straightforward) a sample of the use
of projections.

Consider three zero mean finite dimensional random variables x, y, z of
dimension n, m, p, respectively, with a full-rank joint covariance matrix. Then
conditional orthogonality, x 1 y | z (conditional independence in the Gaussian
case), can be expressed in terms of conditions on the appropriate projections.
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We shall use the shorthand notation P;3 for the projection corresponding to the
subspace X + Z, Py for Y+ Z and Ps for Z, etc. Let N = n+ m + p, then without
loss of generality we can take the N x N identity, I to be the projector on the
N dimensional space X + Y + Z. The following conditions are then equivalent to
x Ly | 2

1. I =Pi3+ Pys — Ps
2. (P13 — P3)(Pes — P3) =0
3. Py3 and Ps;3 commute

4. Pi3Py3 = Ps

5. PysPy = P3Py

6. P3Py, = P3P,

Condition 2 is the condition for the orthogonality of the innovations x — (x | 2)
and y — (y | 2). Conditions 5 and 6 will be seen to be precisely the splitting
condition for this case, namely (x | Y + Z) = (x | Z) and its equivalent version
(y | X+Z)=(y| Z) (see Lemma 6.1). The fact that either of these is equivalent
to conditional orthogonality, converted to the process case, is the starting point to
the theory of the next section.

6.2 Main Results

We relate conditional independence to the concept of splitting subspaces as
employed in the theory of stochastic realization as developed by [12, 13] and others.
We refer the reader to [1] for an exposition of the theory. The main result below
gives a stochastic realization characterization of a strong form of the conditional
independence condition.

Unless otherwise stated, all processes appearing in this section are zero mean
wide sense stationary processes which possess a rational spectral density matrix
which necessarily has no poles on the unit circle; in particular this is the case
for the joint process {x,y,z}. Since, as stated, the theory developed here only
deals with the second order properties, we formulate a corresponding second order
version of the notion of conditional independence.

DEFINITION 6.1
The processes x and y are conditionally orthogonal (CO) at k € N with respect to
zup tol € NUoo if

{x} L {} [ {zmdnloe = {xa} L {o} [ {<} (6.1)
or, equivalently,
xp — (x| Z") L yp — (3212") (6.2)

These conditions are referred to as local when [ < co and global when [ = cc.
O

Clearly (1.2) holds if and only if the same property is satisfied by all linear
functions of x; and y;. Hence x and y are conditionally orthogonal at k2 with
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respect to z up to [ if and only if the spaces X}, and Y}, are conditionally orthogonal
with respect to z up to [, i.e. with respect to Z’.

In stochastic realization theory the notion of a splitting subspace plays a key
role. We extend Definition 3.1, Chapter 4, [1] to the case of an arbitrary ambient
space as for so-called external stochastic realizations, see e.g. [1, page 238].

DEFINITION 6.2
Let A, B, C be subspaces of a given Hilbert space, then C is said to be a splitting
subspace for A and B if and only if

(A|B+C) = (A|C). (6.3)

O

For brevity, when this condition holds we shall say C splits A and B. We then
have the following standard lemma (see e.g. [1], page 217) which also shows that
the definition above is symmetric in the spaces A and B.

LEMMA 6.1
C is a splitting subspace for A and B if and only if

(e, ) = ((«|C),(BIC)) foralla €A, BeB. (6.4)

Splitting and conditional orthogonality are linked via the next result.

LEMMA 6.2
xr— (x| Z") L yr— (7l Z") (6.5)

i.e. x and y are conditionally orthogonal (CO) at k with respect to z up to L, if and
only if
(. B) = ((«¢|ZY),(B|Z")) for all @ € X;, BE Y. (6.6)

O

Proof Since ((|Z!),B) = ((a,(B|ZY)) = ((«|Z}),(B|ZY)) for all o, B € H,
(a—(@|2"), B—(BI1Z") = (a,B)—((@|Z"),(BIZ")) for all @ € X;, B € Yr. (6.7)

Equating the right and left hand sides of this equation respectively to 0 yields the
necessary and sufficient directions of the lemma. O
Lemmas 6.1 and 6.2 immediately yield

LEMMA 6.3
x and y are conditionally orthogonal (CO) at % with respect to z up to [ if and
only if Z' is a splitting subspace for X}, and Y.

O

We next introduce
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DEFINITION 6.3
The processes x and y are conditionally orthogonal (CO) up to k with respect to z
up to [ if

xp — (| Z") Ly, — (v4|Z") for all p,q <k, (6.8)

or equivalently
xp — (%] ZY) Ly, — (v4|Z") for all p,q <k (6.9)
O

In exact analogy with the results above we have

LEMMA 6.4
x and y are conditionally orthogonal (CO) up to %k with respect to z up to / if and
only if Z' is a splitting subspace for X* and Y*. 0O

We recall [1] that the jointly second order zero mean stochastic processes u,v
are strongly feedback free (SFF) if, for all for all & € N and s > 0, (up|V**) =
(e VED).

LEMMA 6.5
Let x, y, z be jointly wide sense stationary processes.

If (i) for some k2 € N, x and y are conditionally orthogonal up to % with respect
to z up to £+ 7 for some 7 > 0, and (ii) (2,x) and (z, y) are strongly feedback free,
then x and y are conditionally orthogonal up to 2 with respect to z up to 2 — 1.

O
Proof For all p,q <k —1, and for the given 7 > 0
%p = (| Z47) = 2, — (5,12"1)  (by (2.x) SFF), (6.10)
and
Yo — (¥alZ7) = 34— (5412"7Y)  (by (2,9) SFF), (6.11)

But then x, — (x,|Z*!) is orthogonal to y, — (v,/Z*!), p,q < k—1, by the
hypothesis that x and y are conditionally orthogonal up to £ with respect to z up
to b+ 1. O

DEFINITION 6.4

The innovations space I(A;B) of (the space) A relative to (the space) B, equivalently
the orthogonal complement of B with respect to A, is the space (I — Pg)A , where
I denotes the identity projection on H and Pp denotes orthogonal projection into
the space B. O

We note immediately that I(A; B) = I(A+B;B), and (I(A;B),B) = 0, namely,
I(A; B) and B are orthogonal. Furthermore, by (6.3), if C splits A and B, then
I(A;B+C) = I(4A;C).



76 P.E. Caines, R. Deardon, H.P. Wynn

Concerning notation, in the following it assumed that the formation of the
linear span of a countable set of subspaces of H also involves the formation of the
closure of that space; the resulting operation is denoted by 4.

LEMMA 6.6
Let a, b, c be zero mean second order processes.

(i) If the processes a,c are such that (c,a) is strongly feedback free, then

(A5 Ch = i) I(a;00) = [ I(A; ) (6.12)

J<k J<k

(ii) If, further, a,b up to %k are conditionally orthogonal with respect to ¢ up
to &, for all £ € N, then

I(A%B*+Ch = |4 I(a;;0C) (6.13)
J<k

Moreover,
(iii)  Under the hypotheses of (ii)

(A% BR+ M) = [ I 00 = |H I(a; ) (6.14)
J<k J<k

O

Proof For part (i),

I(ACh = I - Pai)a; . (6.15)

J<k
(since A* is generated by {a;;j < k})

= HU - Po)a;, (6.16)

J<k

as required, where the last equality holds since (¢, @) strongly feedback free implies
the second equality in

Pckaj = (aj|Ck) = (aj|Cj_1) = ch—laj, (6.17)
for all 2> j— 1, and hence, by taking first taking the instance £ = j, we obtain
Peraj = (aj|Ck) = (aj|Cj_1) = Pgiaj j<Ek.

Part (ii) follows since the CO hypothesis implies that C* splits A*, B*, and so
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I(A%B*+Ch = [HUI — Pgiyer) @) (6.18)
J<k

= Wd - Po)a;, (6.19)
J<k

and the argument proceeds as before.

(iii) is obtained by first taking the instance £ = j + 1 in (6.17), which then
gives
(@j|C*) = (;IC77Y) = (ajC7) = (aj|C7*),  j<k (6.20)

O
A conditional stochastic realization of a (vector processes) a, b with respect to
the subprocess b is a stochastic realization where (i) the state space of the real-
ization is the sum A + B of the spaces A and B, (ii) A and B are invariant with
respect to the realization system matrix, and (iii) the system input matrix, the
state output matrix and the observation noise input matrix have a block triangu-
lar structure corresponding to A+ B, B. The realization is a conditional orthogonal
(CO) stochastic realization if the subprocesses of the orthogonal input process cor-
responding to the A, B subspaces are mutually orthogonal and similarly for the
orthogonal observation noise process. (In the main theorem below, the space B
shall be identified with the span of the z process and A with the span of the in-
novations of x and y with respect to z, see (6.61), (6.62).)

In order to be self-contained, the statement of the main result below contains
a reiteration of our standing assumptions on wide sense stationary processes. The
state process construction in the proof of this result follows that of basic stochastic
realization results using splitting subspaces (see e.g. [1], Chapter 4, Theorem 4.1).
In the analysis here, however, we first construct the innovations processes of x and
y relative to their respective pasts plus that of z, then we exploit the conditional
orthogonality of x and y with respect to z together with the feedback free property
of each pair (z,x), (2, y) in order to obtain the required CO stochastic realization.

THEOREM 6.1
Let (x7,y7,27) be a (n + m + p) zero mean wide sense stationary processes with
a rational spectral density matrix. Then,

(i) «x and y are conditionally orthogonal up to % with respect to z up to %,

and
(ii) (2,x) and (z, y) are strongly feedback free,

if and only if

(xT, yT, 27) possesses a stochastic realization of the conditional orthogonal form

given in equations (6.61), (6.62), where the system input and observation noise
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process is a zero mean wide sense stationary orthogonal process and there exists
a stationary covariance for the state process s in (6.61).
O

Proof We first prove the only if part of the theorem. Let the process x of the
innovations of x with respect to y, z be defined as

X A {5, =xp, — (x|Y* + Z¥ 1) k€ NY. (6.21)

Then the splitting hypothesis that x and y are conditionally orthogonal up to
k with respect to z up to & for any 2 € N implies that

& A {4 =x, — (x| Z%1); e NY. (6.22)

Using splitting again, the definition on the left below yields the second equality
in

7 A k= y—(lX*+Z"); ke NY = {y — (] Z""); ke N}, (6.23)

The next step is to construct the following subspaces of H for each k£ € N:

HF AW &5 <k} HFAW (&7 >k} (6.24)
together with the associated sequence of spaces
S A (Hf* | HYY), keN. (6.25)
It is readily verified that S};C splits H ,’;C and Hk*_’zl, for all 2 € N.
We proceed by making the following orthogonal decomposition of the ambient
space H for each k£ € N, where we note that in the absence of processes other than
x,y,z, H may be taken to be X* 4 Y 4 Z*°. Part (iii) of Lemma 6.6 is invoked

to obtain the first term in the third line below and the last line is included for
completeness.

H=X""+y"1+2h o (XF'+vH142zh)! (6.26)
=I(X*LyHl 4zl o (Y14 Zh) o (XFL4+YRL4ZEE . (6.27)
=I1(x¥4zh o 1(YFY2%) o ZF o (XMl4YHlezh)t (6.28)

=I(X*Y4zk o I(YFYZR) o zZF o (XF14+YRl4zZHE . (6.29)
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Construction of the System Observation Equations

To produce the system state observation equation generating the observed process
x we project x;, for any & € N, as follows:

Xp = (xk|H)

= (wlI(X*HY4ZY) @ (Y +2h)

@ (xp| (XL YR 4 ZB)L) (6.30)

= (I XFL Y14 Z%)) @ (x4]27)

& (x| [(XF X4 YR 4 Zhy), (6.31)
since, by the splitting hypotheses,

(ar| (Y14 Z8) = (] Z%). (6.32)

Next, by an application of part (iii) of Lemma (6.6),

I(Xk_l;Yk_l +Zk) — H_J I(xj;Zj+1) — H—J I(xj;Zj), (633)

j<k—1 j<k-1

since, by hypothesis, the processes pair (z, x) is strongly feedback free and x, y up
to & are conditionally orthogonal with respect to z up to k.

We now make the crucial observation that since (z,x) is strongly feedback free
implies that

(xp | ZMY) = (x| ZFY e zF Y, k€ N. (6.34)
and since Z¥1 | I(X* 1, YR 14 ZH)),
(xp I(XFL YR 4 Z5)) = (xp — (x| Z%H|I(X* YY1+ Z4), Ee N. (6.35)
Invoking the representations of I(X*~1; Y*~1 + Z* above we conclude that

(v [IXPHY 4 2Y) = @ | ) I;:27), kEN, (6.36)
J<k—1

and observe that by the definition of the X process and of H k"z
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@l W I(x;327) = (&% | HE).  keN. (6.37)
j<h—1

Now since the process (x7, y7, 2') possesses a rational spectral density matrix the

sequence of splitting spaces

Si A (Hp*|H%), k€N, (6.38)
for { (H;*|H;*);k € N}, are of constant finite dimension. Choose a basis ss for
S5 and hence, by time shift, a basis process {s3;k € N} for {Sj;k € N}. Since
X € H;™ we have

(@ | Hy®) = ((% | HEY) | Hy®) = (% [S7) = Hisp, k€N. (6.39)

for some constant matrix H?.

Finally, the observation error process NXv* shall be defined by
Nivy = (x | (X* 14V 428"

= (x | I(X5XF14YR142ZF), ReN. (6.40)

for some constant matrix N¥, where v} spans I(X*; X*1 + Y* 1 + Z). Taking
(6.38), (6.39), and (6.40), we obtain the following state space system output (i.e.
observation) equation generating x,

x, = Hist 4+ (w]Zb) + N, kEN. (6.41)

Next, a parallel construction projecting y, on H is performed using the
orthogonal decomposition

H = (XFlyykHlizh) o (XFI4Y*142z0)t (6.42)

(Y5 x4 2Y) @ (XM 14zh) e (XPaYR 4zl (6.43)

Here, in analogy with the previous case, the projection of y, results in

ye = (vlH)

(yk|I(Yk_1;Xk_1 + Zk))

&  (nl(X*1+2h)

®  (yp|I(Yh XF1 YR 4 ZF)). (6.44)

Again by splitting,
(el X¥1+2Z%) = (nlzh), (6.45)
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and hence
yi = (IY"LX1 4 ZY) e (y]ZP)

& (v I(YH X4 YR 4 Zhy), (6.46)

which, with an analogous definition of the v¥ process, gives
ye = Hlsj +(wl|Z*) + Niv, kEN, (6.47)
for a constant matrices H 33,' N3
Let {S;;k € N} be the sequence of splitting subspaces given by
Sz A (Hi|zM1, k€N, (6.48)

where H?A 1t {z;;j > k }. Choose a basis s§ for S§ and hence, by time shift,
a basis process {s};k € N} for {S;;k € N}. Then the z process evidently satisfies

z, = His; + wj, kEN, (6.49)
for a constant matrix HZ and a process w?, where w? € 1(Z*;8:) = 1(Z*;Z*1)
is orthogonal to Z*~1 and hence w? itself is an orthogonal process.

Construction of the State Space Equations

Employing the orthogonal decomposition of H used for the representation of
the x process (6.30) for the decomposition of the s* process yields

324—1 = (Si+1|H)
(sppI(XP1 Y51 4 Zh))
& (shy | (YT +2%)

&  (sfq | (XFL+YHI4+ZR) (6.50)
= (siulHY) @ (s | 2%
@ (shyq | I(XH XL+ YR 4 ZF)). (6.51)

where the first expression on the right hand side above holds by virtue of
XLyt zh = | 1(x327) = HY,
J<k-1

and the second is given by the fact that

She1 € iy CHR® CH* + 28,

where splitting gives (H,*|(Y*1 + Z*)) = (H,*|Z*), while (z,y) SFF implies
(Zk+llyk—1+Zk) — (Zk+1|Zk).
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The key step in the use of splitting in the construction of the state space
equations is the following set of equations, which uses H, ", C H;* to obtain the
second equality.

(Sha | Hi%) = (L [HY) | HS)
= (| H) | (B HE)
= (Ska ISD). (6.52)

This implies that
(Si+1|HIj1) = (Siﬂ | Sz) = ngi’ (6.53)

for some constant matrix F¥. Since it is readily verified using the strong feedback
free property for (z,x) that H,* L Z* for all k € N, we obtain

(s 12% = o, EEN. (6.54)

So finally, the state space recursion for the {s*} process is obtained by defining
the orthogonal process

M = (si., | (X% XFT4 YR 4 Zky), (6.55)
for some constant matrix M, to yield
st = Fisi + Miv, k€N, (6.56)
An exactly analogous line of argument leads to
sp = Fls) + Mv, (6.57)
with the corresponding orthogonal process defined by

Mv) = (s}, | I(Y5 X" 147" 4 Zh)), kEN. (6.58)

Decomposing H as H = Z*¥ + (Z*)*, and using the splitting subspaces
{S%;k € N}, gives the final state space recursion

Shy1 = Fisp + MIwy, k€N, (6.59)

for some constant matrices F7?, M7, where we recall the process w is orthogonal
since wy, € I(Z*; Z*1);k € N.

It remains to account for the processes {x; | Z*;k € N} and {y; | Z*;k € N}.
Since H,* L Z* for all k € N, the process x has a representation of the form

x = W6 @ W, (6w, (6.60)
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where W;(9), W,(d) are non-anticipative functions in the shift operator J.

By hypothesis, the process x7, 2T has a rational spectral density and hence has
a finite dimensional minimal stochastic realization (see e.g. [1]); hence the process
W.(6)w* has a finite dimensional stochastic realization. We shall denote a chosen
finite dimensional state process for W,(8)w? by s*?; evidently the input process
and the observation innovations process for the realization may be taken to be
the orthogonal process w?. The rational spectrum hypothesis also implies that the
dimension of the isometrically isomorphic state spaces {S;;“;k € N} is finite for

each k; the same holds for the spaces {S};k € N} and {S;;k € N} for the the y
and z processes respectively.

Let us now combine the processes s* and s*? into the joint state process s* and
combine the corresponding system matrices into the block diagonal system matrix
F¥; the system matrix F? is necessarily asymptotically stable and the system
matrix F¥ may be chosen to be asymptotically stable. An analogous procedure is
also carried out for the y process. Taking the state recursion (6.56) and the output
equation (6.41) together with the stochastic realization of s** gives (i) the first
row of the state recursion array (6.61) below for a constant matrix M} and (ii) the
first row of the output equation array (6.62) for corresponding constant matrices
HY NZ.

A parallel sequence of constructions for the y process then yields the second
row in (6.61) and (6.62). Finally the process z has a stochastic realization purely
in terms of the w?® process as shown in the last row of the two arrays.

841 F; 0 0 sy M: 0 M} Uk
St = 0 Fy O sy |+ 0 Myy M7 vy |
8741 0 0 F? s; 0 0 M wj,
(6.61)
Xp HY 0 0 sy, N 0 N} vy
ve | = 0 Hy 0 sy |+ 0 NI N? vy
2 0 0 H: s; 0o 0 I wy,
(6.62)

It is evident from the construction of the stochastic realization above that the
process ((v¥)T, (v¥)7, (w?)T) is an orthogonal process and that further the process
(9T, (v¥)T) is orthogonal to w?. Hence (6.61), (6.62) constitutes a CO stochastic
realization which by the asymptotic stability of the system matrix possesses an
invariant state covariance. Clearly also, v* is orthogonal to v7.

For the if part of the theorem, we see by inspection that a CO stochastic real-
ization of the form above, with asymptotically stable state matrix and innovations
process satisfying the given orthogonality conditions, gives rise to a wide sense

stationary process (x7, y7,2") with a rational spectral density. It may be verified
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that the resulting process (x7, y”,27) satisfies the conditional orthogonality and

strong feedback free conditions of the theorem statement and so the converse part
of the theorem holds. O
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Geometry of Oblique Splitting Subspaces,
Minimality and Hankel Operators

Alessandro Chiuso Giorgio Picci

Abstract

Stochastic realization theory provides a natural theoretical background for re-
cent identification methods, called subspace methods, which have shown superior
performance for multivariable state-space model-building. The basic steps of sub-
space algorithms are geometric operations on certain vector spaces generated by
observed input-output time series which can be interpreted as “sample versions"
of the abstract geometric operations of stochastic realization theory. The construc-
tion of the state space of a stochastic process is one such basic operation.

In the presence of exogenous inputs the state should be constructed starting
from input-output data observed on a finite interval. This and other related
questions still seems to be not completely understood, especially in presence of
feedback from the output process to the input, a situation frequently encountered
in applications. This is the basic motivation for undertaking a first-principle
analysis of the stochastic realization problem with inputs, as presented in this
paper. It turns out that stochastic realization with inputs is by no means a trivial
extension of the well-established theory for stationary processes (time-series) and
there are fundamentally new concepts involved, e.g. in the construction of the
state space under possible presence of feedback from the output process to the
input. All these new concepts lead to a richer theory which (although far from
being complete) substantially generalizes and puts what was known for the time
series setting in a more general perspective.
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7.1 Introduction

In this paper we shall study the stochastic realization problem with inputs.
Our aim will be to discuss procedures for constructing state space models for
a stationary process y “driven” by an exogenous observable input signal u, also
modelled as a stationary process, of the form

(7.1)
y(t) = Cx(t)+ Du(t) + Jw(z)

—~

{mu+n = Axz(t) + Bu(t) + Gw(t)

where w is a normalized white noise process. We will especially be interested
in coordinate-free (i.e. “geometric") procedures by which one could abstractly
construct state space models of the form (7.1), starting from certain Hilbert spaces
of random variables generated by the “data" of the problem, namely the processes
y and u. We shall also characterize some structural properties of state space
models of this kind, like minimality absence of feedback etc.

Stochastic realization theory lies at the grounds of a recent identification
methodology, called subspace identification, which has shown superior perfor-
mance especially for multivariable state-space model-building, and has been in-
tensively investigated in the past ten years [13, 21, 22, 20, 31]|. The basic steps
of subspace algorithms are geometric operations on certain vector spaces gener-
ated by observed input-output time series. These operations can be interpreted
as “sample versions" of certain abstract geometric operations of stochastic real-
ization theory [20, 26, 28]. In fact, it is by now well understood that stochastic
realization theory provides a natural theoretical background for subspace identi-
fication of time-series (no inputs). The celebrated subspace algorithm of [21] uses
the sample-version of a standard geometric construction of the state space (projec-
tion of the future onto the past) and computes the G,J parameters of the model
by solving the Riccati equation of stochastic realization.

The situation is unfortunately not as clear for identification in the presence of
exogenous inputs. Some basic conceptual issues underlying the algorithms remain
unclear (see [4]). One such issue is how the state space of a stochastic process in
the presence of exogenous inputs should be constructed starting from input-output
data observed on a finite interval. This and other related questions are examined
in the recent paper [4]. On the basis of the analysis of this paper, one may be led
to conclude that all identification procedures with inputs appeared so far in the
literature use ad hoc approximations of the basic step of state-space construction
of the output process y, and can only lead to suboptimal performance.

This state of affairs is the basic motivation for undertaking a first-principle
analysis of the stochastic realization problem with inputs, as presented in this
paper. We warn the reader that stochastic realization with inputs is not a trivial
extension of the well-established theory for stationary processes (time-series) as
there are fundamentally new concepts involved, relating to the construction of the
state space, like the possible presence of feedback [7, 6] from the output process
to the input, the diverse notion of minimality etc.. All these new concepts lead to
a richer theory which substantially generalizes and puts what was known for the
time series setting in a more general perspective.
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In order to construct state-space descriptions of y driven by a non-white process
u of the above form it is necessary to generalize the theory of stochastic realization
of [18, 19]. The construction presented here is based on an extension of the idea
of Markovian splitting subspace which will be called oblique Markovian splitting
subspace, a concept introduced in [28, 12]. For this reason we shall start the paper
by studying oblique projections in a Hilbert space context.

7.2 Oblique Projections

Let # be a Hilbert space of real zero-mean random variables with inner product
(z, z) := E {xz} (7.2)

the operator E denoting mathematical expectation. All through this paper we shall
denote direct sum of subspaces by the symbol +. The symbol & will be reserved
for orthogonal direct sum. Consider a pair of closed subspaces 4, B of H which are
in direct sum, i.e. 4 N B = {0} so that every element v € 4 + B can be uniquely
decomposed in the sum

v=vq+vg wvq€A vgcB

It follows that the orthogonal projection of a random variable z € H, on 4 + B
admits the unique decomposition

E[z|A+B|=z2a+ 23
the two components z4 and zg being, by definition, the oblique projection of z

onto A4 along B and the oblique projection of z onto B along 4, denoted by the
symbols

Z,rZ[ZEHg[Z|/‘2[] , Z$:E||ﬂ[z|$]
If 4 and ‘B are orthogonal, then the oblique projection becomes orthogonal, i.e.
za=Eg[z|A]=E [z ] A]
which, trivially, does not depend on ‘B.

Projections of one subspace onto another subspace will be encountered fre-
quently. We shall denote these objects by

E|[B|A]:=span{E [z]|A] |z € B)

and
Ez[C|A]:=span{Ez[z|A]|z€C}

The following lemma will be extensively used in the following.
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LEMMA 7.1
Let A, B, C and D be closed subspaces of H, where B C C. Assume that
DNC ={0} (7.3)
and
EA|D+C]|=E[A|D+ B] (7.4)
then
EicAD]=E3[A|D] (7.5)
O]

Proof From (7.3) every a € A can be uniquely decomposed as a = (ap + ac)®a
where ap € D, ac € C,and a L (C + D). It follows from (7.4) that ac € B and
therefore ag = ac, or, more precisely,

E‘|@[a|C]:E||Q)[a|$] acA
By uniqueness of the orthogonal projection,
Ela|D+Cl=ap+az=E[a|D+ B]

which implies E ¢ [a | D] = Ez[a | D]. This equality obviously holds for any
finite linear combinations of elements of 4. To complete the proof just take closure
with respect to the inner product (7.2). O

Note that in general the converse implication (7.5) = (7.4) is not true since
Eglac | D] = 0, does not imply that ac € B but only that E [ac | D + B] =
E [ac | B] = ag,ie. ac = E [ac | B]® ap where ap L D + B which is for instance
always the case if Co B 1L D.

Also the following lemma will be of primary importance.

LEMMA 7.2
Let A, B, C and D be closed subspaces of # where

cNo ={0} (7.6)

If B C C then the following conditions are equivalent:
L EpA|Cl=Ep[1]|B];
2. EA|C+D]=E|4]|B+ D]
O

Proof (1= 2) By assumption (7.6) every a € 4 can be uniquely decomposed as
a=(ac+ap)®a where ac €C, ap € D,and a L (C +D). It follows from (1.)
that ac € B; in fact (1.) implies that ac = E p [ac | C] = Ep [ac | B]. Therefore
ag = ac. This condition insures that E [a |C + D] = ag +ap =E [a | B+ D] by
uniqueness of the orthogonal projection, which, taking closure, implies (2.).

(2 = 1) By the same decomposition of a, (2.) implies E [a |C + D] = ac + ap =
E [a | B+ D] and hence by uniqueness ac € B. Therefore ag = ac. The above
condition implies that E p [a | C] = ag = E|p [a | B]. To complete the proof just
take closure with respect to the inner product, and everything goes trough since
all subspaces are closed. O



Oblique Splitting Subspaces 89

REMARK 7.1

While Lemma 7.1 gives conditions for reducing the subspace along which we
project, Lemma 7.2 gives conditions for reducing the subspace onto which we
project. In Lemma 7.2 the conditions are equivalent, while in Lemma 7.1 only one
implication holds. The reason for this is explained in the proof of lemma 7.1 and,
roughly speaking, it amounts to the fact that condition (7.5) only guarantees that
the component ac lying on C of any element in A (which is uniquely defined),
splits uniquely in the orthogonal sum ac = E [ac | B] ® ag where ag L D and
not ag = 0, which would be necessary to prove the opposite implication. In lemma
7.2 instead the condition on the oblique projection actually guarantees that the
component ac lying on C of any element in 4 is indeed in B. O

How oblique projections can be computed in a finite dimensional setting is
addressed in Lemma 1 of [12].

7.3 Notations and Basic Assumptions

The Hilbert space setting for the study of second-order stationary processes is
standard. Here we shall work in discrete time # = ...,—1,0,1,..., and make the
assumption that all processes involved are jointly (second-order) stationary and
with zero mean. The m + p-dimensional joint process [y u]' will be assumed purely
non deterministic and of full rank [30]. Sometimes we shall make the assumption
of rational spectral densities in order to work with finite-dimensional realizations,
however the geometric theory described in this paper is completely general and
works also in the infinite dimensional case.

For —oco < t < 400 introduce the linear subspaces of second order random
variables

U; = span{up(s); k=1,...,p, s<t}

Y = span{y,(s); k=1,....,m, s<it}
where the bar denotes closure with respect to the metric induced by the inner
product (7.2). These are the Hilbert spaces of random variables spanned by the
infinite past of v and y up to time ¢. By convention the past spaces do not include
the present. We shall call

Po=U VY~

(the V denotes closed vector sum) the joint past space of the input and output
processes at time ¢.

Subspaces spanned by random variables at just one time instant are simply
denoted U;, 9;, etc. while the spaces generated by the whole time history of u
and y we shall use the symbols U, 9, respectively.

The shift operator ¢ is a unitary map defined on a dense subset of UV )" by
the assignment

o (L r@y(te) + 2 bju(t)) == (X apy(te + 1) + 3 bju(t; + 1))

a, €ER™, b; ERP, 1, t; €L

Because of stationarity ¢ can be extended to the whole space as a unitary operator,
see e.g. [30].



90 A. Chiuso, G. Picci

The processes y and w propagate in time by the shift operator (e.g. y(¢) =
o'y(0)); this in particular implies that all relations involving random variables of
UVYY which are valid at a certain instant of time ¢, by applying the shift operator
on both sides of the relation, are seen to be also automatically valid at any other
time. For this reason all definitions and statements this paper involving subspaces
or random variables defined at a certain time instant ¢ are to be understood as
holding also for arbitrary ¢ € Z.

Conditional Orthogonality

We say that two subspaces A4 and B of a Hilbert space H are conditionally
orthogonal given a third subspace X if

(0 —EXa,B—EXBY=0 for aca, BcB (7.7)

and we shall denote this 4 L B | X. When X = 0, this reduces to the usual
orthogonality 4 | B. Conditional orthogonality is orthogonality after subtracting
the projections on X. Using the definition of the projection operator EY, it is
straightforward to see that (7.7) may also be written

(EXo,EXB) = (o, B) for acA, BecB (7.8)
The following lemma is a trivial consequence of the definition.

LEMMA 7.3
If4 1 B| X, then 4y L By | X for all Ay C 4 and B, C B. O

Let A @ B denote the orthogonal direct sum of 4 and B. If C = 4 @ B, then
B = C © A4 is the orthogonal complement of 4 in C. The following Proposition
from [18, 19] describes some useful alternative characterizations of conditional
orthogonality.

LEMMA 7.4
The following statements are equivalent.

(i) ALB|X

(i) BLA|X

(iii) (AVX)LB|X
(iv) EMXB =EXB for B c B
v) AVX)eX LB

(vi) E18 =E'EXB for BB
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Feedback

Let y and u be two jointly stationary vector stochastic processes. In general one
may express both y(¢) and u(¢) as a sum of the best linear estimate based on the
past of the other variable, plus “noise"

y(t) = Efy@)| U] +d@) (7.9a)
u®) = Efu@)|Yil+r@) (7.9b)

so that each variable y(¢) and u(¢) can be expressed as a sum of a causal linear
transformation of the past of the other, plus “noise". Here the noise terms are
uncorrelated with the past of u and y respectively, but may in general be mutually
correlated.

Since both linear estimators above can be expressed as the output of linear
filters, represented by causal transfer functions F(z) and H(z), the joint model
(7.9) corresponds to a feedback interconnection of the type

Figure 7.1 Feedback model of the processes y and u.
where (in symbolic “Z-transform" notation)
dt) = G(2)w(t)  7(¢) = K(2)e,(¢)

in which G(z), K(z) may be assumed, without loss of generality, minimum phase
spectral factors of the spectra ®,(z) and ®,(z) of the two stationary “error" (or
“disturbance") signals d and r.

In this scheme the “errors" r» and d are in general correlated. More useful are
feedback schemes which involve uncorrelated error processes, since in physical
models of feedback systems this will more usually be the situation. It can be shown
that any pair of jointly stationary processes can also be represented by schemes
of this last type. In this case however, although the overall interconnection must
be internally stable, the individual transfer functions F(z) and H(z) may well be
unstable; see [6] for a detailed discussion.

Following Granger [8], and subsequent work by Caines, Chan, Anderson,
Gevers ete. [3, 7, 6] we say that there is no feedback from y to wu if the future of u
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is conditionally uncorrelated with the past of y, given the past of u itself. In our
Hilbert space framework this is written as

ur Ly, |1u; (7.10)

This condition expresses the fact that the future time evolution of the process u
is not “influenced" by the past of y once the past of u is known. This captures
in a coordinate free way the absence of feedback (from y to w). Taking 4 = U}
in condition (iii) of Lemma 7.4 above, the feedback-free condition is seen to be
equivalent to %, L U | U; and hence, from (iv), to E {9, | U} = E{Y, | U; },
so that

E{y(¢) | U} =E{y(t) | U}, forallteZ, (7.11)

meaning that E{y(¢) | U} depends only on the past and present values of the
process u but not on its future history. We take this as the definition of causality.
In this case (and only in this case), it is appropriate to call u an input variable.
One says that there is causality from u to y (or u “causes" y).

Let us consider the feedback interconnection of fig. 7.1 and let F = NpDg!,

H = D' Ny be coprime matrix fraction descriptions of the transfer functions of

the direct and feedback channel. An important technical condition often used in

this this paper is that the input process is “sufficiently rich", in the sense that U

admits the direct sum decomposition U = U; + U, for all ¢. Obviously, sufficient
richness is equivalent to

U, nuU = {0} (7.12)

Various conditions ensuring sufficient richness are known. For example, it is well-
known that for a full-rank p.n.d. process u to be sufficiently rich it is necessary
and sufficient that the determinant of the spectral density matrix ®, should have
no zeros on the unit circle [9]. Using this criterion the following result follows
readily.

LEMMA 7.5
The input process is sufficiently rich, i.e. ®, does not have unitary zeros, if and
only if both of the following conditions are satisfied:

1. Dy has no zeros on the unit circle

2. NgG and Dy K do not have common zeros on the unit circle with coinci-
dent corresponding left zero directions (this we simply say: do not vanish
simultaneously on the unit circle).

O

7.4 Oblique Markovian Splitting Subspaces

The idea of (stochastic) state space is the fundamental concept of stochastic real-
ization theory. In the classical setting, i.e. stochastic time series modelling, a state
space is characterized by the property of being a Markovian splitting subspace
[18, 19]. This idea captures in a coordinate-free way the structure of stochastic
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state-space models and lies at the grounds of their many useful properties. Real-
ization of stochastic processes (without inputs) has been investigated by a number
of authors, including [25, 2, 1, 15, 16, 18, 19].

The intuitive idea of a stochastic state space model with inputs is different
from that of a state-space model of a single process since in the former type of
models one wants to describe the effect of the exogenous input v on the output
process without modeling the dynamics of u. This is also in agreement with the
aim of most identification experiments, where one is interested in describing the
dynamics of the “open loop" system only and does not want to worry about finding
a dynamic description of w at all. Hence the concept of state-space has to be
generalized to the new setting. This will lead to the introduction of the concepts of
oblique (conditional) Markov and oblique (conditional) splitting. The idea behind
these definitions is to factor out the dynamics of the input process, which should
not be modeled explicitly. When applying classical realization theory to the joint
input-output process (y u) the dynamics of u will also be modeled.

At the end of the paper we shall see some connections between classical
stochastic realizations of the joint input-output process and realization of y in
terms of u as we are studying in this chapter.

Note that since the input is an observed variable, one is generally interested
in realization which are causal with respect to u. For this reason in this more
general setting one should not expect the same mathematical symmetry between
past and future as in the time-series case.

A source of difficulty in dealing with realization with inputs is the possible
presence of feedback from y to u. In this paper we shall strive to keep a certain
level of generality without making too restrictive assumptions regarding the
presence of feedback between y and w. Dealing with feedback is a necessity in
the design of identification algorithms and the complications we incur are not
searched for just for academic sake of generality.

Later on we shall specialize to the case when there is no feedback from y to u
and a much simpler and elegant theory will emerge.

All Hilbert spaces that we consider will be subspaces of an ambient Hilbert
space H containing U and ¥ and equipped with a shift operator under which y
and u are jointly stationary. We shall also assume that # has a finite number of
generators i.e. there are N < oo random variables {k,...,hy} such that

span{c’h; |k=1,...,.N,tcZ}=H

This is sometimes referred to by saying that # (or the shift o acting on #) has
finite multiplicity. The multiplicity is certainly finite in the interesting special
case where

H=yVvVU (7.13)

Let X be a subspace of H and define the stationary family of translates, {X;},
by: X; := 0'X, t & Z. The past and future of {X;} at time ¢ are

x; = Vs<txs, xt+ = Vsths.
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Generalizing a construction of stochastic realization theory (see e.g. [18]), we
define a pair of subspaces (5, 5) attached to a given X, as follows:

S=P VX"~ (7.14)

where P~ is a shorthand for the joint past space P; := U; VY, at time t =0; S
will be called the incoming subspace associated to X, while

S=ytvxt (7.15)

will be called the corresponding outgoing subspace.

Recall that in classical stochastic realization the subspaces S and S are
incoming and outgoing subspaces for the shift o, in the sense of Lax-Phillips
Scattering Theory [24]. In the present setting S is not outgoing as it does
not satisfy U,S; = #. However, it will turn out to be convenient to keep the
same terminology to make connections with classical stochastic realization theory,
especially when studying minimality. Later we shall also introduce “extended”
versions of S and .§ which will in fact be incoming and outgoing subspaces in the
sense of Lax-Phillips.

DEFINITION 7.2
The family {S;} is (forward) purely-non-deterministic (p.n.d.) if

(S = {0} (7.16)

The subspace X is then called (forward) purely-non-deterministic (p.n.d.) when-
ever the associated incoming subspace has the p.n.d. property. O

Let us define the sequence of wandering subspaces W; = o'W associated to {S;}
as:

Wt = 5t+1 © (St + ‘th) . (717)

LEMMA 7.6
The wandering subspaces are pairwise orthogonal, i.e. W, L W,, V¢t # s. O

Proof Let us assume ¢ > s; by construction we have W, C S,,; while clearly
W; LS. Since S; is non-decreasing (backward-shift invariant), i.e. S, C 5, it

follows that W, L S, and hence W, L W,. O

It follows from (7.17) that the incoming subspace admits the decomposition
5t+1 - (St + ‘th) ] Wt (718)

For future reference we note the following fact:

Facr 7.1

The future W,* is orthogonal to S; + U,. ]

Since # has finite multiplicity, the wandering subspace 7 is finite-dimensional

and admits an orthonormal basis w(0). It follows that W/, = H; (w) where

w(t) = o'w(0) is a normalized white noise process which is called the (forward)
generating process of X.

The following are basic definitions which capture the notion of state space in
presence of exogenous inputs.
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DEFINITION 7.3
The subspace X is (forward) oblique Markovian, if U, N (X, V U;) = {0} and
the following equality holds:

EH‘Ut[le | xt_ V ‘Ut_] = EH‘Ut[le |,Xt] (7.19)

We shall say that X is causal oblique Markovian if X; C P, . O

Note that the condition U; N U, = {0}, necessary for the oblique projection to be
well defined, is implied by the richness Assumption 7.12.

The oblique Markovian condition can be written in terms of conditional orthog-
onality as follows:

PRrROPOSITION 7.1
The oblique Markovian property (7.19) is equivalent to

E X1 | Xy V Uiy] = EMXsa | X + Uy (7.20)
and hence to the following conditional orthogonality property
Xepr L (X VU) [ (X + Uy (7.21)

which can be interpreted by saying that X, is conditionally Markov given U,. O

Proof Setting A4 = X1, B = Xiy1, C = X7 VU; and D = U, in Lemma
7.2 the oblique Markovian property (7.19) is seen to be equivalent to (7.20). The
conditional orthogonality follows from Lemma 7.4. O

To be honest, the oblique Markovian property of the definition should be named
“one-step-ahead" oblique Markovian property. For it is in general not guaranteed
that the sufficient statistic property of X; holds also when one wants to predict
random variables in the distant future X,,;, £ > 1. However we shall see later that
the extension of the “one-step-ahead” oblique Markovian property to an arbitrary
number of steps ahead, holds when there is no feedback from « to u, in which
case condition (7.19) is equivalent to

Eyyr (X1 X5 VU = Ejgg [ X 1 X

Unfortunately in general (7.19) is not equivalent to the above. In fact, we shall
see that the property of sufficient statistics for the whole future will hold only
“conditionally”, given the subspace generated by all future inputs to the realization
with state space X;, where “inputs" now means input signal which may be
observable and not. To make this precise, we shall have to introduce the “extended"
or joint future input space

Fro= (U VW)

of the p.n.d. subspace X.
The joint future plays a role in generalizing the fundamental concept of
splitting to the oblique splitting property defined below.
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DEFINITION 7.4
A subspace X is (forward) oblique splitting for (', U), if

2 L P [ XV F (7.22)

We will say that X is a causal oblique splitting subspace if X; C P, . O

Condition (7.22) says that once the (real plus unobservable white) future inputs
are given, the information in the present state space X;, is equivalent to the
knowledge of all the (joint) past history of state input and output, for the purpose
of predicting the future of y. Indeed, provided that

X, N+ = {0}, (7.23)

by using Lemma 7.2, it follows that (7.22) can be expressed using oblique projec-
tions

By [97 1 X VP = By [97| X

Unfortunately, there may be situations in which condition (7.23) does not hold,
for virtually all oblique Markovian splitting subspaces X;. Intuitively, this will be
the case when the transfer function F(z) in the forward loop in Fig. 7.1 is not stable
(which can happen, even if the feedback interconnection is internally stable).

Another difficulty related to the presence of feedback is that it may happen
that (U VW )N (U~ VW) # {0}. This fact would make some oblique projection
formulas meaningless.

A sufficient condition for zero intersection is given in following Proposition,
whose proof we shall leave to the reader.

PROPOSITION 7.2
The joint spectral density matrix @, 1, has no zeros on the unit circle, or,

w
equivalently, (Ut VW +)N (U~ VW) = {0}, if and only if, with the same notation
of remark 7.5, DDy K does not vanish on the unit circle. O

Note that if there are no inputs, X;V 7,7 = X; ® W," and condition (7.22) reduces
to

YL | (e W)

and since W™ L 9, the latter is in turn equivalent to
YLy IX

which is the usual splitting property.

The oblique Markov and the splitting conditions separately are not enough, in
general, to fully characterize the state space in the presence of inputs. A condition
which implies both (7.22) and (7.19) is the oblique Markovian splitting property,
defined below.
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DEFINITION 7.5
A subspace X is an oblique Markovian splitting subspace for the pair (', U) if

U N (X7, VP = {0} (7.24)

and
EH‘Ut[D/t th+1 |-Xt:—1 V fpt_] = EH’Ut[% V.Xt+1 |Xt] (7.25)

We shall say that X is a causal oblique Markovian splitting subspace if X C P~
O

This condition is precisely what is needed for the space X to qualify as a state
space for a stochastic model described by equations of the form (7.1)
Note that the “extended richness condition”

U, NP, = {0} (7.26)

is a necessary condition for the oblique projection to be well-defined. This property
will be necessary in order to be able to derive unique state-space equations.

PROPOSITION 7.3
If the joint spectrum of y and w is coercive then the zero intersection property
(7.26) holds. O

Proof 1If the joint spectrum is coercive, then one has that
(U vyn(d vo,) ={0}
and then in particular (7.26). O

REMARK 7.6
Again, the property that we would like to hold is

B |97 VX [ X VP = B [90 V X 1 X (7.27)

however this condition is in general not equivalent to (7.25). In fact, when
feedback is present (the past output space ;~ is not conditionally uncorrelated
with the future inputs U} given the past past inputs U; ), one has

E[9: | X, VP VU] # B | X VPV U

so that requiring the stronger condition (7.27) would make the state space
“unnecessarily large”. We shall see later (see Lemma 7.11) that when there is
no feedback from [x" y'] to u, condition (7.25) is equivalent to (7.27). O

The result which follows is in the same spirit of Proposition 7.1.
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PROPOSITION 7.4
The oblique Markovian splitting property (7.25) is equivalent to

EXe i VY | X VU N P = EX e VY | X+ U (7.28)
and hence to the conditional orthogonality property:
(X1 V) L (X7 V) | (X + W)
O

Proof Letting 4 = (X;;1VY3), B=X;, C =X, VP; and D = U, in Lemma

7.2, the oblique Markovian splitting property (7.25) is seen to be equivalent to
(7.28). O
PROPOSITION 7.5
Under condition (7.23) the oblique Markovian splitting property (7.25) is equiva-
lent to

B X7y VY | Xy VY 2] = EIXGE, VO | X+ ) (7.29)

which can also be written in form of conditional orthogonality as

(X V) L VP | (X + FY)

Proof Assume (7.29) holds. It follows that
EXei VY X VPV BT CX +
However, from X;,1 VY; C 5.1 we obtain
EXpa VY | X2 VPV FC S+ U W,
Using the fact that (7.23) implies §; N 7,7 = {0} it must be that
EX; VY [ X VP VUN W] = EXea VY | X VPV FT C X+ U o W,

which clearly implies (7.25). The proof of the converse will be given after Theorem
7.7. O

COROLLARY 7.1
Under condition (7.23) the oblique Markovian splitting property (7.25) is equiva-
lent to

O
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Proof Setting 4 = (X, VY,"),B=X,,C =X, VP, and D = ¥," in Lemma
7.2, we have that (7.30) is equivalent to (7.29) and therefore, from Proposition
7.5 to (7.25). O

The following result is a coordinate-free version of the equivalence between
oblique Markovian splitting property and representability by a state space model

of the form (7.1). The Theorem holds without finite dimensionality assumptions.

THEOREM 7.7
Let X; be a p.n.d. oblique Markovian splitting subspace for (9", U); then the
following inclusions hold

X1 € (X + Up) @ W, (7.31)
2 C (X + W) oW, (7.32)
O

Proof Since X;,1 C S;41 using the decomposition S;.1 = (S; + U;) ®W; we obtain

xt+1 = E [xt+1 | 5t+1]

E Xy (S + U) @ W]

EXi1| (S +W)eW,

(Ey, X1 | S+ W) © W,

Xe+U) oW,

where the last equality follows from (7.25). A completely analogous derivation
holds for the second inclusion. O

We can now complete the proof of Proposition 7.5. To this purpose it will be
handy to introduce a notation for vector sum of subspaces of the type

N 1NN

Uptyprny = U+ U1 + ..+ Usyrr

Similar notations will be used without further comments in the following.

Proof of Proposition 7.5 Conversely, assume (7.25) holds. It follows from Theo-
rem 7.7 that, for every £ > 0

Xesrr1 Ve S X + U pan) + W[t,t+k)
which implies that
XA VYT X+ U+ W
and therefore (7.29). O
When X is finite-dimensional, we can obtain state-space representations of the
form (7.1) just by choosing a basis in the subspaces X and 7. Conversely, given

a finite-dimensional state-space model of the form (7.1), it is easy to check that
the subspace generated by the components of the state vector

X; :=span{x1(t),...,x,(¢) }

is an oblique Markovian splitting subspace. We shall leave this check to the reader.

By using the representation Theorem 7.7 we can show that the oblique Marko-
vian splitting property implies both the oblique Markovian and the oblique split-
ting property.
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PROPOSITION 7.6
The oblique Markovian splitting property implies oblique Markovian and oblique
splitting, i.e. (7.25) implies both (7.19) and (7.22). O

Proof Projecting both members of (7.31 ) along U, we obtain
Ejq, [Xey1 | Xe VU] C X,

which is the oblique Markovian property (7.19). Combining (7.32 ) and (7.31) we
obtain

YVECX VU VW =XV ET

which implies (7.22). If (7.23) holds, the projection of any element y* € %, onto
X,V P; along 7.t is equal to the projection of its (unique in this case) component
in X;. In other words

By [y" [ X VP ] =B [y7|X], y" €D/

7.5 Acausality of Realizations with Feedback

Stationary models for the pair (y,u) of the form (7.1), or in symbolic notation
(z-transform),
y(t) = F(z)u(t) + G(2)w(?)

tend to give for granted that y depends causally on the input signals u, w. This
is in general false if we are in the presence of feedback.

Certainly causality holds as long as F(z) and G(z) are stable, or, equivalently,
[A(A)] < 1 in the model (7.1). However, in the presence of feedback the pair
(y,u) may well be stationary even if F(z) is not stable. In this situation, the
eigenvalues of A may lie anywhere, in particular some may be (strictly) outside
of the unit circle. Then, the customary interpretation of the state space model (7.1)
as a forward difference equation, does not make sense. Unstable modes must be
integrated backwards see [29]. In general when there is feedback, past outputs
may be influenced by future inputs, which, according to what has been seen above,
means that the model is not causal. We shall briefly analyze how this acausality
shows up and what are the consequences. For simplicity of exposition we analyze
only the finite dimensional case.

Consider a basis for (7.1) so that the matrix A is of the block-diagonal form

A. 0 0
A=| 0 4 o0 (7.33)
0 0 A,

where [A(A_)] < 1, |A(Ao)| = 1, |A(A})| > 1. Correspondingly we shall denote
with X_ the “stable

manifold”, with X, the “unstable manifold” and with X, the “central manifold”
of the state space. The symbols x_, . and xy will denote the bases in the



Oblique Splitting Subspaces 101

corresponding spaces. A similar meaning will be attributed to the symbols B_,
B., By, G_, G, and Gy. Hence the state space equation can be rewritten in
decoupled from as follows:

z (t+1) = Az () + B_u(?) G_w(t)

+
xo(t + 1) = Ao:])o(t) + B()'u(t) + G()’w(t) (734)
z_(t+1) Aizi(t) + Biu(t) + Giw(?)

The three difference equation can be thought of as running forward, forward
or backward, and backward respectively. The interpretation of the equation on the
“central manifold” is somewhat delicate and we shall not insist on this point here,
however see [5, p. 105]. May it suffice to say that this component belongs to both
past U; VW, and future U V W,*. This is not a contradiction as pointed out
in remark 7.2. Concerning the first and the third block, it is trivial to recognize
that these may be thought as a stable difference equation running forward and
an unstable difference equation running backward in time. This implies that
x_(t) € Uy VW, and =, (t) € UFf VW;" = FF. From this we see that in general
one cannot assume that X, N 7,7 = {0}. This fact is the source of a number of
complications.

To avoid these complications we shall henceforth restrict to the case [1(4)] < 1
(i.e. we have a feedback interconnection with a stable forward loop transfer func-
tion F(z)) and postpone the discussion of the general case to future publications.

We formalize this assumption below.

ASSUMPTION 7.8
The joint spectrum of v and w is coercive (see remark 7.2) and the poles of F(z)
lie strictly inside the unit circle. O

Observability, Constructibility and Minimality

Minimality is a fundamental property of state space models. The concept can be
described purely in geometrical terms as in the following definition

DEFINITION 7.9
An oblique Markovian splitting subspace X is minimal if it does not contain
properly other oblique Markovian splitting subspaces. O

Structural properties which are instrumental in the study of minimality are
observability and constructibility of an oblique Markovian splitting subspace X;.
One measures the “observability” of X; on the basis of its “ability” of predicting
future outputs “given” (in an appropriate sense), the future inputs.

Let X; be an oblique Markovian splitting subspace, and introduce the (adjoint)
observability operator

0:9" =X , O1:=Ey[A|X], 1€ (7.35)

The subspace
XL? = Range 0 = EH-(}? [9’;+ |Xt] (736)

will be called the observable subspace of X; given F,'.
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DEFINITION 7.10
We shall say that X; is observable given F,7 if X? = X; or, equivalently, if the
operator O* has dense range. O

Similarly we may consider the “constructibility” property of X;. Let
K:X—>P , K§2=E“‘¢+[§|T7], eX. (7.37)

be the “constructibility” operator. It measures the degree of predictability of an
element of X based on the joint past P~ given the future inputs F*.

DEFINITION 7.11
Let X; be an oblique Markovian splitting subspace. The closure of the range of
the adjoint constructibility operator is called the “constructible part” of X; and
denoted as X;.

We shall say that X; is constructible if X = X,. O

PROPOSITION 7.7
The constructible part X} of X; is given by:

X; =X, 6Ker K

O
Proof This is immediate from the fact that
H = Range ¢ @ (Ker K)*
for any bounded linear operator. O

A central goal of this paper will be to prove the following criterion for mini-
mality. The proof will be given in the following.

THEOREM 7.12
An oblique Markovian splitting subspace X is minimal if and only if it is both
observable and constructible. O

Causal Oblique Markovian Splitting Subspaces

In this section we will restrict our attention to causal oblique Markovian splitting
subspaces, namely we will require that

xcoe (7.38)

In this case clearly

\V X.cyvau

t=—00

and hence the ambient space can be taken to be

H=9VU (7.39)
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The corresponding realizations are called “internal”. The motivation for this
restriction is that in system identification we want to construct the state space
from the available data, which (ideally) generate the subspace )" V U.

Once we restrict to the causal situation, since (7.38) implies that X~ C P,
the incoming subspace is given by

S=X"VP =P

Therefore the incoming subspace coincides with P~ in the causal situation. We
shall denote by E; the wandering subspace which generates P~

1= (P, +U) s E, (7.40)

Note that P~ is p.n.d. by assumption.
Assumption 7.8 allows to "iterate” (7.40) so that

= (E + U)ok
It is common use to take as a basis for E, the innovation e(t) defined by
e(t) =y()-Ey®) [P, VU (7.41)

which is a (non normalized) white noise process whose variance is positive definite
by the full-rank assumption.

We are eventually in a position to give a procedure to construct an oblique
Markovian splitting subspace. The construction is motivated by the definition of
observability (7.36) !

Define the oblique predictor space X; /= at time ¢ as follows; let G, := U; & E;
and let

X! = By (97 | 27] (7.42)

Obviously .X;L /~ is contained in P, and is oblique splitting. Let us prove that it
is oblique Markovian splitting.

PROPOSITION 7.8
The predictor space .X;L /~ is a causal oblique Markovian splitting subspace O

Proof 1t suffices to prove that

Byg: [ X 127 <X

t+1

but this is trivial since

Eyg; [XH_ IT;}

1 Byg: |Bigs, (97 | o] | 27
= Eig [E 0| Py + Gl | 7]
= Eyg: (95 | 27

C X

INote that any causal oblique Markovian splitting subspace will be constructible by construction.
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where the last equality follows from the fact that # = P; + G;". O

As we have anticipated in Theorem 7.12 minimality is equivalent to both
constructibility and observability. Clearly in the casual case constructibility is
granted for free and therefore one just need to check observability. However, for
the oblique predictor space a proof of minimality can be given directly.

PROPOSITION 7.9
The oblique predictor space is the minimal causal oblique Markovian splitting
subspace, in the sense that

X cx,
for every causal oblique Markovian splitting subspace X. O

Proof From the fact that S, = X, VP, =P, we obtain
-Xt+/_ = E||g,+ th+ | Tt_] C Xy

from which the statement follows. O
Note that in order to construct the oblique predictor space we have used the
“innovation” space ‘E;. Theoretically one could construct the innovation space ‘E
starting form the “data” 9" and U, using (7.40), and after that construct .X;r/ .
There is, however, a direct construction which, although somewhat compli-
cated, permits to skip the first step of this procedure.

PROPOSITION 7.10
Define the % step ahead (oblique) predictor space

Xk = By Yern | P7]
= B, By, [ By, [Yerr | Pyl - | Pra] | P

Then the oblique predictor space can be computed as the (closed) infinite vector
sum

(7.43)

X =\/ Xt (7.44)
£>0
0

Proof We just need to show that (7.43) holds true. From Theorem 7.7 we have
Viwk © (X + Uri) © Erv

and
X € (s + Ueina) @ Ernn,
These two conditions imply that
By Yoo | Prial S X
and

Ey,, (KXesn1 | Prn] C -X:L/h_

which, together with

Yok C X+ Uy in) + Epren)
imply (7.43). O
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REMARK 7.13
Note that in the finite dimensional case the sum (7.44) can be limited to n terms,
where n is the dimension of a minimal causal realization. O

7.6 Scattering Representations of Oblique
Markovian Splitting Subspaces

In this section we shall establish some general properties of oblique Markovian
splitting subspaces in order to facilitate the study of minimality.

Let X be an oblique Markovian splitting subspace and let § defined by (7.14)
and S, defined by (7.15) be the associated incoming-outgoing pair. The oblique
Markovian splitting property (7.25) can be written as

Ej5[S] 8] = By [S]X]. (7.45)

The following Lemma gives a formal characterization of any oblique Markovian
splitting subspace as the oblique predictor space of the outgoing subspace.

LeEMMA 7.7
Let (S,.5) and 7' be as defined above. Then

X = Ej5-[5] 5]
hence every X is the oblique predictor space of S, given S, along F+. O

Proof Every element 5 of S has the form 3 =y +x, y € Y+, £ € X" so that
Euly|S] = Ejg+[y|X] € X C S. On the other hand, by definition of oblique
splitting we have

Ejgiz|S] = Ejg[z|X] =X,

therefore )
span{Ejs+[5] S]|s € §} = X.
This implies that X is the oblique predictor space of S given § along F*. O
LEMMA 7.8
Let (S, .5) be as above. Then )
X=5Nn§ (7.46)
O

Proof The fact that X C SN S is trivial. Let us show the other inclusion. Let
s€ SNS; then s € § and s € S. Therefore

5=E5[3]5] = Ej5:[s]|X] € X.
O

The following proposition is a generalization of the perpendicular intersection
property known for "orthogonal" splitting subspaces.
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ProPOSITION 7.11
Let X be an oblique Markovian splitting subspace and let S, S be the relative
incoming-outgoing pair of subspaces. Then the following oblique intersection prop-
erty holds: .

SLS| (X+FY) (7.47)

O
Proof Condition (7.55), is equivalent to (see Lemma 7.2)
ES|S+F"=E[S|X + F']

which by (7.46) is precisely the oblique intersection property (7.47). O
The following theorem gives an “almost" one-to-one correspondence between
oblique Markovian splitting subspaces and “scattering pairs".

THEOREM 7.14
Let # be a Hilbert space of random variables with shift operator o and let X be
a subspace of # such that

ﬂzyvav<vL>.

t

Then X is an oblique Markovian splitting subspace, if and only if
X=58N0§

for some pair of subspaces .S, S such that the following properties hold
1. Extended past and future property

yrcs
PrcSs . SnFT={0}
2. Shift-invariance o
o5CS
o' SCS

3. Oblique intersection at X
SLS|((SNS)+7%)

Conversely, given an oblique Markovian splitting subspace X, a pair of subspaces
satisfying conditions 1), 2), 3), can be constructed as follows

S=P VX~ , YtVXTCSCYTvXtVvUr. (7.48)

The minimal subspace S satisfying 1), 2), and 3) (i.e. contained in any other S
satisfying 1), 2), and 3)), is given by

5‘:9/‘4—\/)('-‘—
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Proof Let X be an oblique Markovian splitting subspace, then § = P~V X~
and S =9tV X" satisfy the assumptions above and X = §N S. Conversely, let
S, S be subspaces of # which satisfies the conditions above. Define the subspace
X = 5N S; then by assumptions 1) and 2) we have that P~V X~ C S and
Y+ V X+ C S, which by the oblique intersection property 3) implies that

(Y*VXH) L(P VX)) | (X+F7). (7.49)

By lemma 7.2 condition (7.49) is equivalent to the oblique Markovian splitting
property (7.25).

Let us prove that S and § are given by (7.48). We have already pointed out that
S = P-VX~ C S. Assume the inclusion is strict; then since S C H = SV SVU™T,
s € S can be written as: s = s™ + 5 + u where s™ € §™, 3 € S, u € U*. Therefore
we have:

s = EHyJr [8|5] =3s" 4+ EHyJr [.§|5] =s"+x

where x € X C §” which contradict the hypothesis that s ¢ §™.
Similarly, we have seen that §” := 9 *V X+ C §. Assume (Y TVXTVU)CS
strictly. Then, since YtV X*V UtV §™ = H, thereis5€ §, s ¢ (7 VXtV U
which lies in §™. Therefore 3 € X, and hence 3 € $™ which contradicts the
hypothesis. Requiring S to be minimal implies that §” = S since 5" C §. O

The question of minimality of oblique Markovian splitting subspaces can be
rephrased as a question of minimality for the subspaces S and S. In fact, given
a Markovian splitting subspace X and the corresponding pair (5, 5), reducing
(S, S) without violating the properties 1), 2) and 3) of theorem 7.14 amounts to
constructing an oblique Markovian splitting subspace which is contained in X.

Scattering Pairs and Minimality

Our aim in this section is to adapt to oblique splitting subspaces a construction
inspired by a similar procedure in stochastic realization theory, [18], which allows
to construct a minimal Markovian splitting subspace starting from an arbitrarily
“large" scattering pair (5, 5) of perpendicularly intersecting subspaces. As it will
be clear in a little while, we will only be able to draw a completely parallel
construction in case of absence of feedback.

The construction of a minimal Markovian splitting subspace can be done in
principle by reducing (in the sense of subspace inclusion) the subspaces (5, 3)
without violating properties 1), 2) and 3) of Theorem 7.14.

Before doing so we shall clarify the geometric meaning of constructibility and
observability.

PROPOSITION 7.12

Let X be an oblique Markovian splitting subspace and let (5, 5) be the scattering
pair associated to it. Let us introduce the extended scattering pair, S, := S+ F+
and S, := SV F*. Then X is observable if and only if

Se=SrVYTVFT (7.50)
and constructible if and only if

Se=8tve- vt (7.51)
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Proof Assume (7.50) holds. Since by definition S} L (§+ 7) then

X = By [S]9]
= Ejg S| X]
= Ei [0 X]

which is observability. Conversely, if X is observable
X+Fr=E[Y"VIF' X+ T
which is in turn equivalent to
(Y VFYN(X+F) = {0}
Taking orthogonal complements we can rewrite
FEVIEV (X + T = A,

since
(X+,7'—+) ZSeﬂje

and S+ C S, the following orthogonal decomposition holds
H=5a(SIVYTV I

from which the conclusion follows.
As far as constructibility is concerned, assume X is not constructible. There exist
x € X such that Ejg« [x | P ] =0,ie.x € F" & (P + F+)* and therefore can
be uniquely decomposed as « = x; ® &y where z; € F* and &5 € (P~ + F*)".
Note that Z; # 0 since X N F+ = {0}. It follows that &, € 57 N S;. This condition
insures that &, L (5“3)L VP~V F* and therefore z; ¢ (5"3)l V P~V F* which
implies S¢ C (5“3)L VP~V F* strictly.
Conversely, assume §¢ C (59)l V P~V F* strictly. Then there exists s € §°
_ L _
and s € [(58)L VPV }'*} or, alternatively, s € 5¢ N (P~ + F+)*. Therefore
SESENSN(P+ FH = (X + FH)N (P + F+)". The last condition insures
that s = s, + sf, s, € X, sy € ', and, for obvious reasons s, # 0. Writing
sy =s—sswehavethat s, c XN F (P + F +)* contradicting constructibility,
which concludes the proof. O
We shall now introduce an orthogonal intersection property which is implied
by the oblique intersection.
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LEMMA 7.9
Let (S, .5) satisfy the oblique intersection property

SLS|(X+9F%).
Then the extended subspaces S, = SV Ft and S, = SV F*t intersect
perpendicularly, i.e.

SeL Sl (SenSe).
O]

Proof The proof follows readily from Theorem 2.1 in [18] O

Making use of this lemma we obtain immediately the following orthogonal
decomposition of the ambient space H which is analogous to the one valid
in stochastic realization for time series, and plays an important role in many
structural questions in stochastic systems theory.

THEOREM 7.15 ~
Let X be an oblique Markovian splitting subspace and (5., S.) the associated
extended scattering pair. Then the following orthogonal decomposition holds

H=Se(X+F)eS (7.52)
O

The characterization of oblique Markovian splitting subspaces in terms of their
scattering pair is a fundamental tool to study minimality. As we have seen an
oblique Markovian splitting subspace can always be represented as the intersec-
tion of S and S. These subspaces, or more precisely their extended versions are
related to observability and constructibility. Apparently, failing either of them,
these subspace are not "minimal", in the sense of proposition 7.12. At this point,
following classical stochastic realization theory, we would need a procedure to re-
duce, if possible, the subspaces S and .S. Unfortunately such a procedure is not
yet available and at this point the analogy with the classical theory seems to halt.
Nevertheless a proof of theorem 7.12 can still be given.

Proof of Theorem 7.12  According to theorem 7.14, if (7.50) and (7.51) hold,
it is not possible to reduce these subspaces and therefore X must be minimal.
Conversely, if X is minimal, it cannot be possible to reduce § and S any further.
This implies that (7.50) and (7.51) hold and therefore X is both observable and
constructible. O

7.7 Stochastic Realization in the Absence of
Feedback

When there is no feedback from from y to u, some of the results presented above
simplify considerably. For instance the construction of the oblique predictor space,
somewhat complicated in the general setting, can be simplified when there is no
feedback. Moreover, specializing some definitions, we shall also be able in this
case to give a procedure to reduce the incoming and outgoing subspaces in order
to achieve minimality. The following lemma will be useful in this respect.
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LEMMA 7.10
Assume there is no feedback from y to u. Let £ be the innovation space of y
defined by (7.41), then:

Eyy [Ef|P7] = {0}

Proof Decomposition (7.17) can be rewritten in this causal case as:
1= (P, +U) 0 E
Since E; = span {e(t)} it suffices to show that
Bjag le(t + )| 2] =0
for all & > 0. As we have already pointed out e(t) L U;,, and obviously

e(t) L PV U, therefore the oblique projection is zero.
This fact can be verified directly since by absence of feedback

Ey@) | P VU] Efy(®) | (00, @ (U vV US)]
Ely@) | Do) 1@ Ely(s) | U
Us(t) © E [y(2) | Uy,

= Efy@) | P VU

which proves that e(¢) is orthogonal to 7I/,; and hence e(¢) L U. O

We have seen that the wandering subspace generated by the innovation is
orthogonal to the whole input history in the absence of feedback. Recall that the
feedback-free property was defined from an input-output point of view, apparently

putting no restrictions on the state . However it is straightforward to see that:

PROPOSITION 7.13
In the causal case, absence of feedback from y to w implies absence of feedback
from x to w. O

Proof Since X; CP; and Py L U} | Uy, it is also true that
X, LU | u; (7.53)

holds. O

Even in a non-causal situation, it is useful to restrict our attention to realiza-
tions whose state space satisfies the condition (7.53). Let us consider the subspace
Z; =9, VX . Henceforth we shall only consider state spaces such that

Z; LU | u; (7.54)

and we say that the corresponding realizations are feedback free. This extended
notion of absence of feedback guarantees not only that the innovation e is
orthogonal to future inputs, but that so will be any wandering subspace ;. The
following proposition states this formally.
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PROPOSITION 7.14

Let X be an oblique Markovian splitting subspace. The wandering subspace W
which generates X is orthogonal to the whole input history if and only if the
feedback-free condition (7.54) is satisfied. O

Proof (if) Recall that
S=X7 VY VvU,,

and, by (7.54),

From

S1=(S+UWU) e Wt

we have that 7/, is contained in S.; and therefore W, L U, | U.,; since

W, L Uy, by construction, we obtain W, L 7, and hence

W, LU

which is the thesis.
(only if) Assume W; L U, since S; = U; + W, it follows that

S LUt u,.
Therefore, since Z; = (X; VY;7) C &, the thesis follows

Z; LU | u;.

REMARK 7.16
Note that, under hypothesis (7.54), also the incoming subspace S; satisfies §; L
Ut | Uy . It follows that the richness condition

is automatically satisfied as long as the input is coercive (Assumption 7.12). O

The following result gives a somehow simpler geometric characterization of the
oblique Markovian splitting property in the absence of feedback.

THEOREM 7.17
Let the symbols have the same meaning as above. Assume there is no feedback
from y to w and that (7.54) holds. The subspace X is oblique Markovian splitting
if and only if

B[S 5] = Eju[S|X]. (7.55)

O



112 A. Chiuso, G. Picci

Proof The condition is obviously sufficient since 9, V X,;1 C 5, and, by absence
of feedback (7.54):

E[Y NV X1 | S+ U = E[Y V X1 | S + U
which by lemma (7.1) implies that
B [V Xewa | S = Eja, [0V X | 5]
and therefore

EH‘Zb [Q/t V-Xt+1 | St] - X
To prove the other implication just note that by Theorem 7.7

Visr C (-Xt + u[t,t+k)) ® W[t,t+k)

and
Xerrr1 C (xt + ﬂ[t,t+k)) S w[t,H—k)

where the last sum is orthogonal from Proposition 7.14. It follows that for every
k>0
Eyq; [ V X1 | St € Xo

which is equivalent to (7.55). O
The following lemma is the equivalent of Lemma 7.7

LEMMA 7.11
Let (S, .5) and U" be as defined above. Then

X = Eju[S| S]

Hence every oblique MArkovian splitting subspace X is the oblique predictor space
for S, given S, along UT. O

Proof 1In the feedback free case, from Proposition 7.14we get W+ L (S + U™).
Therefore, since ¥+ = UtV W+,

By (XS] = Ej#[X|S] =X

where the last equality follows from Lemma 7.7. O
The following proposition specializes the concept of oblique intersection to the
case when there is no feedback.

PROPOSITION 7.15
Assume there is no feedback from vy to u. Let X be an oblique Markovian splitting
subspace and let S, S be the incoming and outgoing subspaces attached to it. Then
the following holds: ) .

SLS|((SnS)+u) (7.56)

O
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Proof Condition (7.55), is equivalent to (see Lemma 7.2)
E[S|S+ U =E[S|X + U]
which by (7.46) is precisely the oblique intersection property (7.56). O

REMARK 7.18
It is worth to stress, at this point, that condition (3) (oblique intersection) of
Theorem 7.14 can be replaced by condition (7.56). O

The following theorem gives a characterization of the oblique predictor space in
absence of feedback.

THEOREM 7.19
In absence of feedback the oblique predictor space can be computed by the formula

X*= = EH’U* [9/+ | P~]. (7.57)
O
Proof 'To show this let us just note that by (7.54) and by lemma 7.1

By, Yern | Prinl = By, [Yern | Prin] © Xevn

t+h
for any causal oblique markovian splitting subspace X;,; and

Eyau,,, Kevni1 | Prp) = Bjr, [(Xevnsr | Pl

t+h

in the absence of feedback; this implies the following:

\k
(X)) = B (B [ B, (D] Pogl 1 2] | 27
= By By, |+ By, Dors | P -+ | o] 127

t+1 t+k

= Ejg 9| Pyl
and hence -
X; = Viso Bjur [Verr | Pr] (7.58)
= B 97 | P/]
O

Scattering Pairs and Minimality (without Feedback)

In this section we shall give a procedure to reduce the state space when it is
not minimal, by reducing the incoming and outgoing subspaces using a two-steps
procedure similar to that described in [18].

The construction of a minimal Markovian splitting subspace can be done
by reducing (in the sense of subspace inclusion) the subspaces (.5, .5_') without
violating properties (1), (2) and (3) (which in this case is equivalent to (7.56))
of Theorem 7.14. We shall first state some technical results which will be needed
throughout the section.

First of all, we shall introduce an orthogonal intersection property which is
implied by the oblique intersection.
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LEMMA 7.12
Let (S, .5) satisfy the oblique intersection property

SLII((SN3)+ur).
Then the extended subspaces S, := SV U™ and S,, := SV U' intersect
perpendicularly, i.e.

SEM J— Seu | (Seu m 3eu) M
O

Proof 'The proof follows readily from Theorem 2.1 in [18] O
Using this lemma we obtain the orthogonal decomposition of the ambient space
H valid in the feedback-free case

H=5LeX+U)o S, (7.59)

Note that ' *V U+ C S, and P~V U C S,, must hold for every pair of subspaces
(5, 5) attached to an oblique Markovian splitting subspace.

We shall construct a pair of subspaces (S, 5), which are contained in (S, .5)
and which satisfies all the conditions of Theorem 7.14 by defining their “extended”
version and then by properly reducing them.

Define
See = SmVYTvaUt (7.60a)
SLo= (S ve var (7.60b)
and also the related state space
X, =50, N S0 (7.61)
LEMMA 7.13
The pair of subspaces defined in (7.60) intersect perpendicularly, i.e.
Soe Lo | 80, N S (7.62)
O

Proof Clearly H = S}, V S. and (S'elu)L C Sk, which together implies that S,
and S}, intersect perpendicularly. B B O
Of course from (7.60) we can see that S} C S, and from the fact that

eu —=

(SL)" = S N () N (UM also SL C S, which implies that
urcSL,nst cx+ut.
Let us define the subspace X! as follows:

Xti=XN (S, NSL) =XxnXxk. (7.63)

We shall show that X! is a minimal Markovian splitting subspace (clearly
contained in X'). Before doing so we state the following technical lemma which
will be used in the following:
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LEMMA 7.14
There holds
X}, =X+ Ut (7.64)

O

Proof Since X! C X}, and U* C X}, clearly X! + U+ C X],. Conversely, since
XL C X +Ut, any & € X}, can be written as £ = ¢ +u* with x € X, ut € U*.
However since X}, D U*, then u* € X, as well, and hence z belongs to both X},

and X, so that € X O

THEOREM 7.20 B
The pair of subspaces (S, S') defined as

Si:=8NSL
(7.65)
Si=S8N8,

satisfy the conditions of theorem 7.14 and X! = §' N §'. Therefore X! is oblique
Markovian splitting subspace and is contained in X . O

Proof First of all let us just note that since X* C X then X! C § and X! C §,
which implies that X' C S§! and X! C S'. Moreover P~ C S', %+ C §! and
Ut N S' = {0}. Clearly X' C §'N §', let us show the converse. Since, from
Lemma 7.14,

SLASL — XU 4D (SN + U,

by the direct sum property we have that
51 N 51 g Xl

and therefore )
Xt=5'n§t (7.66)

Proving the shift invariance properties

oSCS
o*§SCS
is just an easy check. The oblique intersection property is immediate from (7.62)
and (7.66). O
We have seen a construction which allows us to reduce an oblique Markovian
splitting subspace. We shall now prove that indeed this procedure yields a minimal
one.

THEOREM 7.21

The subspace X! defined above is a minimal oblique Markovian splitting subspace.
O
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Proof The proof follows the same lines as in the stochastic case. Namely
we assume that there exists an oblique Markovian splitting subspace, say X°,
properly contained in X!. If such a subspace exists, then we could attach to it a
pair of subspaces (5, 5°), which obviously satisfy $° C S! and §° C S'. Then by
the same argument we have already used we get that (S'Q’u)L C 89, and therefore
S22 (5gu)l VP~V U*. But from the very definition of S, we have

Sh=(SL) Ve VUt C s,

which implies that S}, = S2,. Moreover since S}, C Su, Sh = S4, VY VU C 82,

and therefore §., = S2, which guarantees that §!' = $° and S = $° and therefore
X0 = X1, O

Splitting property and Hankel Operators in the Absence of Feedback

In this section we shall study observability and constructibility of an oblique
Markovian splitting subspace in the absence of feedback. The state space property
of X will be interpreted in terms of factorization of a certain Hankel operator
defined on the data space.

We first state, without proof, a lemma which provides a representation of the
observability and constructibility operators in the absence of feedback.

LEMMA 7.15
Assume there is non feedback from y to w. Then
O*'A = EH‘U* [ﬂ | X] , AE 9/+ (7.67)
and
KE=E[E|P], &eX. (7.68)
O

Let us consider also the Hankel operator H : Yt — P~ defined as
HA := Ejy+ A|P] , A€ DA

PROPOSITION 7.16
The splitting property of X is equivalent to the factorization H = KO*. O

Proof Forevery A € Y+,
E[AL|P +U=E[E[A| (P +X)+U"||P + U]
and by the splitting property,
EA|P +U=E[EA|X+U]|P +U]
which implies that

EH‘U* [ﬂ, | fpi] = EH‘ZI* [E [l | X + ‘U*] | fPi]
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and since X N U" = 0 in the feedback-free situation, we have
E[A|X+U"| =Eu [A| X]+ Ex [A| U]
which implies that
Eg-[A|P)=E[Ejy [A|X]| P

This is the factorization H = KO*. O

As usual we say that this factorization is canonical if O* has dense range and
if K is injective. Using the well known relations, valid for every bounded linear
operator 2

X = Range O* @ Ker O X = Range K* @ Ker K
we see that
Range O° = Ejg- [Y* | X] , Ker O=XnN (B [+ X])"

and
Range K* = E[P~ | X] , Ker K=XN(P)*

Therefore we shall call Range O* the observable component of X and its
orthogonal complement Ker O the unobservable subspace. Similarly, Range K*
is the constructible component of the state and Ker K = X N (P~)* is the
unconstructible subspace.

As we can see, in stochastic realization with inputs one is led to consider a
“mixture" of the concepts of constructibility and reachability®. Let us look at the
expression for the unconstructible component. Since by the feedback free property
P~ =9, ® U we obtain:

Ker K = [x n (y;)i} n [x N (fa—)l} : (7.69)

We anticipate here that this concept of constructibility, which, as we shall see
later, is the one which is linked to minimality (in the sense of subspace inclusion)
does not in general imply constructibility of the stochastic component and hence
the condition is not strong enough to characterize stochastic minimality.
In order to get a deeper understanding of the situation, let us define the
restricted operators
Ky ==Ky~ (7.70)

and
R* := *lru, (7.71)

2Note that the norm of the oblique projection satisfies |0*[|2 = (1 — 02maz) " Where Gpmay is the

maximum canonical correlation coefficient between U and X, which is strictly less than 1 by the zero
intersection property X N U = {0}.

3This is the reason why in the beginning of the section we have used the word “constructibility"
between quotes.
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the former being related to the “stochastic” component and the latter to the
“deterministic” component.
Let us define

Xy =EX|U]=RX, , X ::E[X|‘VV_] =R, X, (7.72)
where R, is the “stochastic” reachability operator

R, : X — W-
x — El[z|W]

Recall that S = U~ @ W, which implies that X; L X;. Let us also note that
X C X; & Xy. From

Elz|Y |=E[E[z|W]|97] ., VzeX
the restricted constructibility operator K, can be factorized as follows:
K, = KRy, (7.73)

where K is the usual “stochastic” constructibility operator.

In general neither K nor R* will have dense range, or equivalently, neither
K, nor R will have a trivial kernel. The meaning of the constructibility condition
for the state space, is that the intersection of the two kernels must be the zero
random variable.

On the other hand, since all processes involved are assumed to be p.n.d., the
joint system is reachable, (recall that X C §),* and therefore Ker R, NKer R =
{0}.

The following fact clarifies the link between constructibility of the joint model
and constructibility of the “stochastic” component.

PrOPOSITION 7.17
If the “stochastic component" is constructible, i.e. Ker K; = {0}, then the joint
model is so. Geometrically this condition reads as

XN () = {0},
O
Proof This is immediate since Ker K = Ker K, N Ker R. Therefore, if

x € Ker K then, x € Ker R, x ¢ Ker R, and hence R,z € Ker K; form
(7.73). O

4Here we assume that there are no p.n.d. components, see [17] for a discussion on this topic.
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REMARK 7.22

Note that in general Ker K = {0} does not imply Ker K; = {0}. In fact, assume
x = x5 + xg. It might well happen that K,z = KR,z = K;R,z; = 0 while
Rx = Rxyg # 0. Geometrically

XN(P)={0}

does not imply
XN () ={o}.
In fact we might have z, € (9,7)", without = € (P~)". O

In some sense this shows that the definition we have given of “minimality” is not
quite complete. Since however the concept of minimality is historically linked to
“dimension”, or more generally, to inclusion in the infinite dimensional case, we
shall introduce a further definition.

DEFINITION 7.23
An oblique Markovian splitting subspace X is strongly minimal if it is minimal
and X; defined in (7.72) is constructible, i.e. Ker K; = {0}, or, equivalently,

X, N (7)) = {0}
O

It is apparent that minimality and strong minimality are equivalent in the causal
case, as the following proposition states.

PROPOSITION 7.18
Let X be a minimal causal oblique Markovian splitting subspace, then it is
strongly minimal. O

Proof In the causal case 7/~ is the space spanned by the past innovation £,
which is nothing but %,; therefore X, N (%,")* = {0}. O
Using decomposition (7.72) one can define the observability operators

O =By YT | X =E [T | X =E [9, | X] (7.74)
and
@d = EHﬂ+ [9/-'— |.Xd] = E”ru+ [9/0;— |Xd} . (7.75)
It is easy to see that the following factorizations hold
o; =R,0"
and
05 = RO".

Note that the observability conditions for the “deterministic” and “stochastic”
component, i.e. Ker O; = {0} and Ker O; = {0} do not in general imply that
Ker O = {0}, while the converse is always true since (R,) X, and R x, have
trivial kernel by construction.
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The geometric characterizations of minimality given above does not address
the question of strong minimality. This has clearly to do only with the “stochastic”
component and therefore it can be expressed geometrically in the usual way as

YoVXT = (VX)L
where orthogonal complement is taken in H(w).

THEOREM 7.24
Let X be an oblique Markovian splitting subspace and let S., = S + U",
Sew = SV UT. The following conditions are equivalent:

i) X is strongly minimal

ii) X is minimal and K is injective

i) Spp = SL VYV U and ¥, VX, = [H(w)o (Yt VXD VY,
) Sew = SLVY VU and S, = [H(w) & (V,FVXH] VP~ VU

iv
O

Proof i) and ii) are equivalent by definition. The fact that X is minimal
implies that it is observable, ie. S, = SL V 9+ V U*, and K, injective is
equivalent to ¥ V X; = [H(w)e (9, VX))V Y,, from which condition
iii). To show that iii) implies iv) just note that since &, V X7 V U = S,
Vo VX =[H(w) o (9" VXS] VI, implies that Se, = [H(w) © (" VXI)]V
Yo VU= [Hw)oe (YT VXH]V P VU Conversely, if iv) holds, S, & U =
Hw)e (Y VXH VP VU e U ie Vo VX =[Hw)o (VT VXHVY,,
which concludes the proof. O

7.8 Reconciliation with Stochastic Realization
Theory

So far we have studied state space construction in the presence of exogenous
inputs, based on the concept of Oblique Markovian splitting subspace. In this
section we shall examine the relation between oblique splitting and the classical
construction of stochastic realization theory based on (orthogonal) splitting. We
shall show that, in the absence of feedback, stochastic realizations with inputs
can be constructed directly from stochastic realizations of the joint input-output
process.

Let (57, Ss) be an orthogonal scattering pair for the joint process [yT uT]T,
where the subscript J stands for joint, and let us assume that there is no feedback
form y to u. The following technical lemmas will be useful.

LEMMA 7.16
Let [y u' ]T be a stationary process, and assume that there is no feedback form
y to u. Then there exist joint Markovian splitting subspaces X; = (S, Ss) such
that

S;,Lut | u (7.76)

O
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Proof We just need to show that there exists at least one. Let us consider any

causal realization, and let X; be its state space. It is clear that by causality

X; CY~ VU, which implies that S; =9~V U~ and therefore (7.76) follows.
O

DEFINITION 7.25
In the sequel we shall say that joint Markovian splitting subspaces (realizations)
which satisfy (7.76) are feedback free. O

LEMMA 7.17
Let X; = (S, Ss) be feedback free, then

Sy N Ut = {0}).
O

Proof From (7.76) E [SJ | (‘Zl*)ﬂ 1 U, so that any element s € S; can be
uniquely decomposed as s = § + & where § := E[s| U] € U and 5§ 1L U
Let us assume that s € UT; it follows that § = E[E [§ | UT] | U] and therefore
$ € UTNU which, recalling the sufficiently rich assumption (7.12), implies § =0
and therefore 5 € UU™; hence, 3 = 0 and therefore s = 0, which concludes the proof.
O

We are now ready to state the following result.

THEOREM 7.26
Let X := (87, 57) be a feedback free realization of the stationary process [y u']"
Then X; is an oblique Markovian splitting subspace. O

Proof We just need to verify the conditions of Theorem 7.14; %'+ C S; and
P~ C S; by construction; the fact that S; N U™ = 0 follows from Lemma 7.17;
forward and backward shift invariance follow from the fact that (S, Ss) is a
scattering pair and the oblique intersection property holds since, in particular,
also

Sr LS 18NSs

holds. O

However, as one may expect, X is not, in general, a minimal oblique Marko-
vian splitting subspace.

In order to construct a minimal oblique Markovian splitting subspace we can
follow the procedure described in the previous section.

Let us assume that X; := S; N S; is a minimal Markovian splitting subspace
for the joint process. The reason for X; being not minimal oblique splitting, is
that it includes the dynamics of the input process u. We want to “factor out" this
dynamics.

The basic idea in the reduction process is to consider first an “extended” state
space

Xje: =Xy + u+
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together with the associated “extended” pair (Sje, Sse), Sse 1= Ss + U, Sy :=
S; V Ut. We proceed to reduce this subspace, subject to the constraint that it
must always contain U*.
Denote, as in the previous section, by (S},,5,) the reduced pair, let X} :=
¥, NS, and let
Xti=X;0 (85, N8),) =X, NX]7,
Introduce the generating process, W;, for S}e, as

(S}Ie) = (‘Scl]e)t ® Wt'

t+1

Of course the subspaces {/;} are pairwise orthogonal, i.e. W; L W, t#s.
Since X}, is (orthogonally) Markovian splitting, the usual state update equa-
tion in geometric form holds

(xe}e)t+1 c (‘X}e)t & Wh.
Using Lemma 7.14, the last equation can be written as
Xk +Us, C (X + U)o W, (7.77)

THEOREM 7.27
The subspace X! is a minimal oblique splitting subspace. In fact we have

XL, € (Xr+U) oW,
Y, € (X+U) eW,.

Proof We show that (7.77) is equivalent to

XL, C (X+U) oW,
us, C uf.

In fact, if this was not the case, there would be elements z},; € X1, C (5),4
which could be written as @}, ; = (z} +u,+w,;)+u/ ; where (z}+u,+w;) € (55),,1,
uf, € U}, which would imply that u/; = @}, — (&] + w + w) € (55),4
contradicting the fact that (Ss),,; N U/, = {0}. Similarly, since 9; C (Ss),,, it

follows that
Y C (-th + ﬂt) oW,
u < ut.

Since u is known, we can “drop” the second part of the state equations, i.e. the
component lying on U™ and end up with the equation state din the Theorem. This
equation obcviously implies the oblique splitting property of X!

Note that, by construction, X+ 7I* is the minimal splitting subspace contain-
ing the future of the input process, which, as it turns out, corresponds to the fact
that X! is the minimal subspace of X; which is oblique splitting. O

It is natural to ask when a minimal (feedback free) Markovian splitting
subspace for the joint process is a minimal oblique Markovian splitting subspace.
It turns out that this is true if and only if the input predictor space is contained
in the oblique Markovian splitting state.
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THEOREM 7.28
Let X be a (feedback free) minimal Markovian splitting subspace for the joint

process [y" u']' and let X~ =E [U' | U] be the predictor space of the
input process. Then X! = X if and only ifX,f/_ c Xt O

Proof Since X; is minimal it is constructible. Therefore, S; = 3j VU vy-,
which implies that S; is minimal. By observability we have that

E [‘ZF VYt SJ} =X. (7.78)
On the other hand
E[UTVY*| S+ U] =X"+U. (7.79)

Equation (7.78) can be rewritten as

EE[UTVY TS+ U S)] = EXT+U 8] =
= X'WE[U"|S)] = (750,
= X'WE[U'|U]= ‘
= Xtvx;-.

Therefore X; = X1V X/~ which implies that X; = X! if and only if X,/~ C X1,
O

It is natural to ask what kind of situations may lead to such degeneracy. In
order to address this problem we shall make a finite dimensionality assumption
and work with the spectral representations of these spaces. We shall have to refer
the reader to [27] for details.

Let d2 := [dd" dd@']" be the spectral measure (i.e. the Fourier transform
[30]) of the joint stationary process [u' (%) wT(t)]T. Let also (A,B,C,D,K) be a
minimal (oblique) realization of y with state space X! and let (A,, K,,C,,I) be a
minimal innovation representation (with state space X, / 7) of u. The spectral
representations, X1, and X, / 7, of X! and X, /= with respect to the spectral
measure dz are given by:

X! = row-spam { [(zz —A)'B (I —A) K} } (7.81)

and
X+~ = Tow-span { [(zz — (A — K,C)) 'K, o} } . (7.82)

We are now able to give precise conditions for X' and X to be the same space.

PROPOSITION 7.19

Let (A, B,C, D, K) be a minimal (oblique) realization of y with state space X! and
let (Ay, Ky, C,,I) be a minimal innovation representation of w (with state space
X / 7). Then X! = X if and only if there exist a nonsingular change of basis T
such that:

-1 Au - KuCu 0
TAT " =

*k *
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o[ -]

O

The proof of this Proposition is a bit lengthy and will be given in another
publication.

7.9 Conclusions

In this paper we have presented the basic ideas for a comprehensive theory of
stochastic realization in the presence of exogenous inputs. The central concept of
Oblique Markovian Splitting Subspace leads in principle to state-space construc-
tion and to a coordinate-free analysis of stochastic models with inputs. Most of
the ideas are applicable to the general case where feedback is present, however
there seem to be still some gaps to be filled, in particular we need to understand
better how to deal with mixed causality structures as they occur in feedback in-
terconnections where F(z) may be unstable. Some new idea and additional work
are needed.
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8.1 A Problem

Let Q. stand for either the open unit disc D, or the open upper half plane C,, or
the open right half plane IIT,. Let SP*?(Q,) denote the Schur class of p x ¢ mvf’s
(matrix valued functions) that are both holomorphic and contractive in Q. and

let
. I 0
Jpqg = [ i’

, p>2lg>landp+g=m.
0 —I,

It is well known that if

W(A) =

wll(l) wlg(l)
w21(/1) w2 (l)

is a jpg-inner mvf with respect to Q, with diagonal blocks wi1(4) of size p x p
and wyg(A) of size g x g, then the linear fractional transformation

Twle] = (wi1€ + wia) (Wa1 € + wag) ™" (8.1)

maps every mvf € € SP*(Q.) into SP*7(Q,); see e.g., [D1]. A more difficult
problem is to furnish a useful description of the set

Tw[SP* = {Twle] : € € SP*?}. (8.2)

8.2 A Solution

It turns out that the problem formulated above has a neat solution in terms of
the RKHS (reproducing kernel Hilbert space) H (W) that is based on the RK

(reproducing kernel)
— W(l)quW(a))*

Po(A) ’
where p, (1) depends upon the choice of the region Q. :

K, (1) = 12

1-1@ if Q, =D

The class of RKHS’s with kernels of the indicated form were characterized by
L. de Branges [Br| for the case Q. = C,. The case Q. = D, including an
important technical improvement by Rovnyak [Ro] was worked out by Ball [Ba].
A unified approach that covers both these cases and more may be found in [AD].
The formulas for p, (1) are connected with Cauchy’s formula for the Hardy spaces
Hy(Q.). In particular the mvf1/p, (1) is the RK (reproducing kernel) for Ha(Q, ),
whereas I,/p,(4) is the RK for the vector Hardy space H}(Q.) of r x 1 vector
valued functions with components in Ha(Q.).

The next theorem presents a solution to the problem of interest. The symbol
f*(A) for a mvf f(1) that appears in the statement stands for f(1°)*, where A°
denotes the reflection of A about the boundary Qg of Q_, ie., 1/1, A or — A4
according as Q, is equal to D, C, or I, respectively. Also, Q_ = C\ Q..
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THEOREM 8.2.1
Let s € 57*9(Q.) and let W(A) be a jyo-inner mvf with respect to Q.. Then
s € Tw[SP*9] if and only if the following three conditions are met:

(1) [I, —s]f belongs to the Hardy space H%(Q ) for every choice of f € H(W).
(2) [-s* I,]f belongs to the Hardy space Hj(Q_) for every choice of f € H(W).

(3) (Aot F)st < (f. F)siw) for every choice of f € H (W),
where As(u) denotes the mvf that is defined by the rule

I, —s(u)

8.3
s, o

As(p) = [

for a.e. point g on the boundary Qg of Q, and (,-)s; denotes the standard
inner product with respect to Lebesgue measure (normalized by a factor of 27
if Q. =D). O

The proof of the theorem is lengthy. It will be established in [D5].

8.3 An Application

The utility of this theorem rests on the fact that a number of bitangential inter-
polation problems can be formulated in terms that bear a striking resemblance
to the description of Tw|[S57*9] that is furnished in the theorem. Thus, for exam-
ple, bitangential interpolation problems with a finite number of data points in
the open right half plane 1, can be formulated most simply and elegantly in
terms of three complex matrices C € C™*" A € C"*" P € C™*" that satisfy the
following assumptions:!

(A1) o(A)NiR = @.

(A2) P is a positive semidefinite solution of the Lyapunov equation

A*P 4+ PA = —27C" j,,C. (8.4)

The notation
F(A) = C(AIL,—A)', A€C\c(A), and (8.5)
o= [ Pl aGwFGwd (8.6)

will prove useful.
Let S(C, A, P) denote the set of mvfs s € §#*9( I, ) that meet the following
three conditions.

(C1) [I, —s]Fu belongs to the Hardy space H5(I1,) for every u € C".

1We shall also assume that A is an upper triangular matrix in Jordan form. This involves no loss
of generality.
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(C2) [—s" 1,]Fu belongs to the Hardy space H(1I1_) for every u € C".
(C3) P; < P.
For additional clarification and examples, see e.g., [D4].
The description of the set S(C, A, P) is clearly very close to the description of

Tw([SP*9] that is furnished in Theorem 8.2.1. To bridge the gap we need to bring
the RKHS (W) into play. We shall discuss three cases.

P is invertible

o~

Our first objective is to obtain a description of the set §(C, A, P) under assump-
tions (Al) and (A2) when P is invertible.

LEMMA 8.3.1
If assumptions (Al) and (A2) are in force and P is invertible, then the pair (C, A)
is observable and the space

M ={F(A)u:uecC"}
endowed with the inner product
(Fu, Fv)gr = v*Pu
is a de Branges space H (W), i.e., it is a RKHS with RK

.qu - W(l)quW(a))*
Po(4) ’

Kw(l) =

where
W(A) = I, — 22C(AL, — A)"'P71C" j,,. (8.7)
O
A proof of this lemma (up to minor changes of notation) is provided in [D4]. Next,
upon invoking Theorem 8.2.1 in the setting of the lemma, we see that a mvf

s € Tw([S5P*9] for the j,g-inner mvf W(A) given by formula (8.7) if and only if
f(A) = F(A)u meets the conditions (C1), (C2) and

<Asfa f>st < <f: f>7-[(W)'

Thus, as
<f5 f>.']-[(W) = u*Pu’

these three conditions are seen to be exactly the same as those defining 5(C, A, P).
We have thus established the following theorem:

THEOREM 8.3.1
If (A1) and (A2) are in force, and P is invertible, then

~

S(C, A, P) = Tyw[5P™), (8.8)

where W(A) is the j,o-inner mvf with respect to Il that is defined by formula
(8.7). O
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P is singular and a related Riccati equation is solvable

Our next objective is to obtain a description of the set S(C,A, P) when P is
singular. We shall first do so under the following extra assumption:
(A3) There exists an n X n complex matrix X such that:

1. X >0.

2. X solves the Riccati equation

XA*+AX = 27X C"j,,CX . (8.9)

3. XPX =X .
4. PXP=P.

If P is invertible, then the choice X = P! fulfills all four requirements. If P
is not invertible, then there is no guarantee that such an X exists. If it does, then
in view of (1), (3) and (4), it must be a positive semidefinite pseudoinverse of P
that has the same rank as P. But that is not enough, X x, the range of X, must
be invariant under A. But this in turn is equivalent to the statement that X is
a solution of the Riccati equation (8.9). A proof of the last assertion and the next
lemma may be found in [D4]; for more on Riccati equations and RKHS’s, see also
[D2] and [D3].

LEMMA 8.3.2
If assumptions (A1)-(A3) are in force, then the space

My = {F(A)Xu:uecC"}
endowed with the inner product
(FXu,FXv)g, =v"Xu
is a de Branges space H (Wy), i.e., it is a RKHS with RK

.qu - WX (/’l)quWX (a))x
Po(A) ’

Kw(ﬂ) =

where
Wx(A) = I, — 2nC(AL, — A) ' X C" j,. (8.10)

O

Consequently, in the setting of the last lemma, Theorem 8.2.1 implies that
s € Tw, [57*9] if and only if it meets the following three conditions:

(D1) [I, —s|FXy belongs to the Hardy space HY (11, ) for every y € C".
(D2) [—s* I,]FXy belongs to the Hardy space Hi(I1_) for every y € C".
(D3) XP,X < X.
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Thus, as the conditions (C1)—(C3) are more restrictive than the conditions (D1)—
(D3), we see that if P is singular and the the extra assumption (A3) is in force,
then R
S(C,A,P) C Tw[S5P™)].
Moreover, the inclusion may be proper.
Additional analysis, that is based in part on the observation that

C"=Np+ Rx (8.11)

is the direct sum of the null space of P and the range of X, leads to the following
conclusion:

THEOREM 8.3.2

If assumptions (A1)-(A3) are in force, then there exist a pair of unitary matrices
U € CP*P and V € C?*9 such that

S(C,A,P) = {TWX U [ g IO Vel g e shxam( m} . (812
14
Moreover,
v = rank{P + C;C;} — rankP = rank{P + C; Cy} — rankP, (8.13)

where C; and C; are the top and bottom block components of C of sizes p x n and
q x n, respectively (i.e., C* = [C; Cj]). O

A proof may be found in [D4]. Formula (8.12) is not new, however, the present
approach seems eminently natural (at least to the author). Formula (8.13) can be
obtained directly, as in [D4], or from the analysis in [BD]. A number of additional
references to the literature may also be found there. A particularly comprehensive
approach to interpolation theory, that is not as well known as it deserves to be, is
the abstract interpolation problem of Katsnelson, Kheifets and Yuditskii; see [Kh]
for a recent survey, extensions and references to the earlier papers.

The finishing touch

Not every choice of matrices A, C, P that satisfy assumptions (Al) and (A2) will
also satisfy (A3). Nevertheless, this difficulty may be overcome by modifying the
off diagonal entries in A “a little” in order to obtain a new upper triangular matrix
Ay such that for this new set of data all three assumptions (A1)-(A3) will hold
and

o~ o~

S(C,A,P) = 5(C,Ao,P) .

The verification of this statement depends upon the analysis of an analogous issue
in [BD]. Details for a case that is close to the one at hand are provided in [D4].
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Structured Covariances and Related
Approximation Questions

Tryphon T. Georgiou

Abstract

Covariance matrices for the state and the output of a linear filter satisfy certain
linear constraints dictated by the filter dynamics. Yet, sample covariances often
do not. The renewed attention in using state/output statistics for estimating
the power spectrum of the input [1, 2] raises the issue of approximating sample
statistics so as to abide by the required linear constraints. In the present paper
we motivate and formulate relevant questions.
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9.1 Introduction

The use of second order (covariance) statistics in spectral estimation was explored
extensively during the 1980’s and 1990’s. This early work centered around the
paradigm of uniformly sampled time-series and of linear equi-spaced arrays of
sensors for which the covariance data have a Toeplitz structure. Hence, the theory
of Toeplitz matrices and of the associated Caratheodory interpolation problem
provided the basis for much of the subsequent development and gave rise to a
number of alternative methodologies (see [10, 14, 5]).

In recent years, starting with [1, 2|, renewed interest has arisen in utilizing
state and output covariances of linear filters so as to extract information about
the power spectrum of the input process. Such linear filters represent physical
or algorithmic devices used in the measurement and, in general, their state
covariances have structures which include Toeplitz and Pick matrices as special
cases. The structure of state covariances is due to the filter dynamics and relates
to an underlying Nevanlinna-Pick-Sarason interpolation problem instead (see
[1, 2, 6]).

Whether Toeplitz, Pick, or more general state covariances, such matrices
represent a rather “thin” subset of square matrices. At the same time, in practice
they are all estimated from finite observation records. As a consequence, sample
covariances almost always fail to have the required structure. Therefore, it is
natural to ask for approximating sample covariances by nonnegative matrices
having the required structure.

In the present paper we summarize basic facts about the structure of state
covariances, we discuss the relevant approximation problem, and conclude with
two computationally attractive formulations.

9.2 Structured Covariances

Let x;, be the stationary state of a linear filter
xp, = Axp_1+ Bup, keZ, (9.1)
where the input u, is a stationary, zero-mean, real-valued stochastic process,

A e R B e R™™, (A,B) is a reachable pair, and A has eigenvalues in the
open unit disc. The state covariance

Y = E{xpx),},

(‘E being the expectation operator) satisfies linear constraints imposed by the
system dynamics. More specifically, it can be shown that

S — AXA = BH + H'B' (9.2)

with H € R™*" being a suitable matrix which depends on (A, B) as well as on the
power spectrum of the input. Conversely, the solvability of (9.2) in terms of H, is
sufficient for the nonnegative definite matrix X, to be the state covariance of the
linear system (9.1) for some appropriate input (see [6, 7]).
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The range of H +— X,,, as specified by (9.2), can be expressed as a linear set
of symmetric matrices

q
SA,B = {zxx Xy = inSi} (93)
i=1

with S; = S; and ¢ = mn — m(m — 1)/2. To see this note that the null space
of H — X consists of matrices H € R™*" of the form H = M,B’ with M, skew
symmetric, and hence, has dimension m(m — 1)/2.

9.3 Sample Covariances and the Approximation
Problem

State covariances are typically estimated from a finite observation record {x;
k=1,...,N} as sample covariances

e
PINNEES N ;xkx;.

Since the dimension of S p is typically much less than that of of square symmetric
matrices of size n, i.e.,

mn—m(m—1)/2<n(n+1)/2,

it is expected that 3., will fail to satisfy (9.2) almost always.

Yet, the theory of spectral estimation relies in a rather delicate manner on
their satisfying (9.2). Indeed, spectral estimation based on covariance statistics
amounts to characterizing all power spectra which are consistent with such
statistics. Invariably, a “method” refers to a particular choice amongst the family
of admissible spectra (see [14, 5, 6, 7]). Such a selection may be prejudiced (e.g.,
seeking a maximum entropy spectrum) or dictated by prior information about the
nature of the sought spectrum (cf. [9]). But in all cases, the theory requires that
the data (A, B) and X, to the problem, be consistent, i.e., satisfy (9.2).

In practice, most methods (such as MUSIC, ESPRIT, Burg’s method, etc., see
[14, 5]) use sample covariances instead although the effect of inaccuracies is not
well understood and has not been analyzed in any detail—except via simulation
studies.

The above issues motivate the following approximation problem:

PROBLEM 9.1

Given the filtpr parameters (A, B), a sampled coyariance im and a suitable distance
measure § (X, X), find £ > 0 which minimizes §(Z, -) and is consistent with the linear
constraints (9.2). O

Below we discuss possible alternatives.
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A convex optimization formulation

An interesting notion of distance has been introduced by von Neumann in order
to quantify information and uncertainty in quantum systems. This is known as
the quantum relative entropy and is defined (see [11]) by

S(Z|E) := trace (i (logi — log2>) , (9.4)

for $ and positive matrices with trace 1. When ¥ and T commute and /ﬁti and 4;
(i=1,2,...,n) denote the corresponding eigenvalues, then

S(E|T) = Z (ii (1ogii —log/'ti>)

13

reduces to the classical notion of relative entropy [3, 12].

The trace condition reflects the property that 3,3 are density matrices (or,
statistical operators) of quantum systems and can be somewhat relaxed. For our
purposes it suffices to assume that

A~

trace(X) = trace(X) =: 0.

The function S(-||-), while not a metric, generates a useful topology. It is non-
negative, jointly convex in its arguments, and it is equal to zero precisely when
the two arguments are identical (see [11, Theorem 11.7]).

Returning to Problem 9.1, if we select §(-,-) = S(-||-) as our distance measure,
then we have the following conclusion.

PROPOSITION 9.2 .
Given (A, B) as before and X, > 0, then

{S(Zix||Zax) : Zxx € Sap and trace(T,,) = o)}

has a minimum attained at a unique minimizer £ > 0. O

The proof follows readily from the fact that S(Z,||-) is convex and grows un-
bounded at the boundary of the set of positive matrices. The problem is compu-
tationally quite attractive since positivity of X is “built-in” and hence, there are
no added constraints. A potential drawback is that it does not allow dealing with
singular matrices.

A semidefinite programming formulation

Another naturally possibility for Problem 9.1 is to take as distance measure the
one induced by the ordinary matrix norm

In this case we draw similar conclusions as well:
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PROPOSITION 9.3
The set of values

{”ixx - z;ch” : Z;xx S SA,B and Z;xac Z 0}

has a minimum attained at a unique minimizer £ > 0. O

This is quite standard and the minimal value and minimizer can be computed via
the semidefinite programming (e.g., see [15]). Indeed, if

q
S(x) = ﬁ"acoc - insi
i=1

the problem
minimize ¢

subject to
S —S(x) >0 (9.5)
tl, —S(x)>0

tl, + S(x) >0

is an SDP in the variables ¢,x. Note that since S(x) is a symmetric matrix,
the condition ¢ > ||S(x)| is equivalent to the two linear matrix inequalities
tI, — S(x) > 0 and ¢I,, + S(x) > 0 while I, denotes the n x n identity matrix.

An analogous formulation for approximating Toeplitz matrices, in the matrix
norm as well as the Frobenius norm, have been considered by Tom Luo [13].

9.4 Concluding Remarks

Toeplitz, Pick, or, more generally, state covariances of a given system, represent
a rather “thin” subset of nonnegative matrices. Hence, sample state-statistics
almost always fail to satisfy linear constraints that are dictated by the underlying
dynamics. Yet, consistency with such dynamics is important in addressing the
inverse problem of characterizing input power spectra that may have generated
the data.

These facts motivate the problem of approximating sample state-statistics so as
to enforce the required constraints inherited by the system dynamics. We indicated
that such a problem has a computable solution for certain alternative choices of
distance measure. Yet other choices need to be considered as well (trace distance,
fidelity [11], etc.) while the final test of relevance needs a detailed sensitivity
analysis in going from state covariances to families of consistent power spectra.

The present work has been motivated by collaborative work with A. Lindquist
[9] where a relative entropy type of distance was introduced as a distance measure
between power spectra.
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Risk Sensitive Identification of ARMA Processes

Ladszlo Gerencsér Gyorgy Michaletzky

Abstract

In this paper we consider the problem of recursive identification of ARMA pro-
cesses. This recursive procedure is parameterized by a weight-matrix acting on
the stochastic gradient. The optimal weight-matrix will be defined using a risk-
sensitive identification criterion. First the cost function will be expressed using
LEQG-theory. Then, applying stochastic realization theory and the bounded real
lemma we derive alternative expressions for the cost function. We prove among
others, that the LQG functional of a properly augmented system gives the LEQG
cost function of the original system. Furthermore, we point out that this cost
function can be interpreted as mutual information between two stochastic pro-
cesses. The optimal weight-matrix will be computed first as the optimum of a
multi-dimensional constrained minimization, then a direct approach for solving
the optimization problem will be presented. Finally, we briefly indicate that the
results above can be extended to multivariate stochastic systems.
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10.1 Weighted Recursive Prediction Error
Identification

Let (y,) be a wide-sense stationary ARMA (p, q) process satisfying the difference
equation
A*y = Cre,

where A* and C* are polynomials of the shift operator of degree p and g re-
spectively. We assume, that A*, C* are stable, relative prime, and the leading
coefficients of A* and C* are equal to 1. The remaining coefficients of A* and C*
are collected in a parameter vector 8*. The noise process is assumed to fulfill the
following standard conditions, in particular there exists an increasing family of
o-algebras (4,) such that e, is ,-measurable and

E(ey|Fo1) =0, E(e2|Fn1) = o

This is a minimal technical condition that is sufficient to derive the results of the
next paragraph.

Let D C IR”*? denote the set of system parameters such that the corresponding
polynomials A and C are stable. For fixed 8 € D define the process €(0) = (£,(6))
by the difference equation C€ = Ay, i.e.

€= (A/C)(C"[A%)e,

with €, = y, = 0 for n < 0. The asymptotic cost function is defined by

W(6) = lim 2%213?3(9).

It is well known and easily shown , that

3} A 07
%W(e) o 0 and R =562 w(o) - > 0.

For a weighted recursive prediction error identification method (cf. [7]) let 6,
denote the estimator of 6* at time n and the on-line estimate of €,,( §n_1) is denoted
by &,. They are constructed as follows. 50 € D is an arbitrary initial guess and
set €, = y, = 0 for n < 0. Now, if 6, and &, have already been generated for
n < N — 1 then define £y by the equation:

(6'N_13)N - (AN_ly)N, (10.1)

where A N—1, C ~_1 denote the polynomials corresponding to §N_1 and () denotes
evaluation at time N.

Similarly, we define the on-line estimate of the gradient of the process €(6),
denoted by &y, by

(EN_lgg)N — —fNn_1, (10.2)
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where ¢on_1 = (—yN_1," - — YN—p: EN—-1, - ..eN_q)T. Then the weighted recursive
prediction error estimate of 6 at time N is defined by the recursion

~ ~ 1

GN = eN—l — NKEQNSN, (103)

where K is a weighting matrix.

The asymptotic properties of 6 have been rigorously analyzed in [1] and [3]
under various technical conditions. In [1] it is required that Oy € Dy C D, where
Dy is a prescribed compact domain, otherwise the process is stopped. In [3] the
boundedness condition above is inforced by a resetting mechanism: if 5 ¢ Do
then we redefine it to be 6, again. R

To sketch a key result of [1] define the estimation sequence 6y} using the
recursion (10.3) but changing the stepsizes from 1/N to 1/(N + k) and consider
a piecewise constant embedding defined by

é\s,k = é\N,k for s € [N,N+1), N > 1.

Introduce a normalized and rescaled process by first normalizing gs,k — 6* by s/2,
followed by an exponential change of time-scale s = ¢’. This yields a new process
Ve = (Wer): R

Wik = et/2(0et,k — 9*), t>0.
It is claimed in Theorem 12 Chapter 4.5, Part II of [1] that (y, ;) converges weakly,
for £ — oo, to the process (x(¢)) defined by

di(t) = (~KR* + I/2)%(t)dt + Gduw(t), (10.4)

where (w(t)) is a standard IR”*?-valued Wiener-process and G is the symmetric
positive semidefinite square-root of KR*K7T, thus

GG = KR*KT,

assuming that
F=—-KR"+1/2
is asymptotically stable.

For the recursive estimation procedure with enforced boundedness, that has
been rigorously analyzed in [3], a corresponding result has not yet been fully
derived, but a significant part of the analysis has been completed in [4] and [5].

A direct corollary of the cited result of [1] is that the asymptotic covariance
matrix S = S(K) of the estimator process Oy exists and it is obviously given by

S = Ex(t)x(¢)" .
It is well-known that S is the solution of the Lyapunov-equation
(~KR*+1/2)S+S(—KR*+1/2)T + KR*KT =0.

Using the partial ordering for symmetric matrices. i.e. A < B if and only if B — A
is positive semidefinite, where A, B are symmetric matrices, it is also well-known
that S = S(K) is minimized with respect this ordering for the choice K = (R*)~!.
Then F = —I/2 and for the asymptotic covariance matrix of the error-process we
have S = (R*)~L.
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10.2 A Risk-Sensitive Criterion

A risk-sensitive approach to system identification has been first proposed in [8] for
AR processes. The purpose of this section is to define a risk-sensitive performance
index in a different way using the asymptotic theory of recursive estimation. The
new criterion is applicable both for AR and for ARMA-systems, and even for multi-
variable linear stochastic systems. Expression for the new criterion will be given
using LEQG-theory. We are going to consider recursive estimation procedures of
the form (10.3) with a fixed weighting matrix K. Minimizing a risk-sensitive
performance index with respect to K we arrive at a procedure which is very close
to the procedure of [8].
Consider the criterion

(exp{;NZl §n)n}> :

with a positive c¢. Using the piecewise constant embedding, followed by an expo-
nential change of time-scale s = ¢/, N = e the above sum will become

fE (exp{ /l// dt}) (10.5)

Motivated by the above calculations and Theorem 12 Chapter 4.5, Part II of [1],
the new risk-sensitive identification criterion is defined in terms of the stationary
Gaussian process x(t) as

J(K) = lim %ng <exp{§ /0 o?(t)THTHi(t)dt}>, (10.6)

where ¢ > 0 and H” H is some non-singular weighting-matrix. The study of this
criterion and its optimization with respect to K is the subject matter of this paper.
Functionals of the form similar to J(K) are well-known in LEQG control (cf.

e.g. [2, 6, 8]) and a number of useful expressions for J(K) have been found. The
following proposition is given as Proposition 6.3.1 in [6]. Recall that KR*K” = GG
with G symmetric and positive semidefinite. Let

G(s)=H(sI - F)'G. (10.7)
ProprosITION 10.1

Assume that F = —KR* + I/2 is asymptotically stable.

(i) If the H,, norm of c'/2G(s) is strictly less than 1, then J(K) is finite and
moreover

2
So

2 2
ss+w

S0—00

J(K)= lim EaY In|det (I —cG(iw)G* (iw)) | do. (10.8)
2r J_o
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(ii) If the H,, norm of c!/2G(s) is greater than 1, then the limit in J(K) exists
but it is infinite.
O

The set of K-s for which the H.,-norm of ¢}/2G is strictly less than 1 will be
denoted by Ex:

Ex = {K :||c"?G(s)|| = ||cV/?H(sI + KR* — I/2)"Y(KR*KT)Y?||,, < 1} (10.9)

where ||.|| denotes the H.-norm. It is taken for granted that G(s) is analytic on
the closed right-half plane, and thus K € Ex implies that F = —KR* + /2 is
asymptotically stable. According to (i) of the previous proposition J(K) is finite
on Eg.

The set of K-s for which the H, -norm of ¢!/2§G is less than or equal to 1 and
the functional J(K) is finite will be denoted by Ey:

Ey ={K :||c'?G(s)|| <1 and J(K) < o0} . (10.10)

Here again it is taken for granted that G(s) is analytic on the closed right-half
plane, and thus K € Ejy implies that F = —KR* + I/2 is asymptotically stable.
Note that according to the above cited Proposition 6.3.1 in [6], if ||c}/2G(s)| > 1
then J(K) cannot be finite, thus the extra requirement in the definition of the set
Ej concerning the ||H||,, norm of ¢}/2G was put for easier comparison with the
definition of Ex. The sets Ex and Ej obviously depend on c. In such cases when
this is important the notations Ex(c) and Ej(c) will be used.

Based on Lemma 5 and Theorem 5 of [9] and Proposition 5.3.2 of [6] the
following statement can be formulated.

PROPOSITION 10.2
Assume that F = —KR* + I/2 is asymptotically stable. Then

(i) the H,, norm of c}/2G(s) is less than or equal to 1 if and only if the control
Riccati-equation:
FTQ+QF+H"H +c¢QGGQR =0 (10.11)
has a real symmetric solution @ for which the matrix F + cGG@ is stable.
Moreover, this solution is unique and positive definite.

(ii) the H,, norm of c'/2G(s) is strictly less then 1 if and only if the control
Riccati equation above has a real symmetric solution, for which the matrix
F + ¢cGGQ is asymptotically stable.

Furthermore, in case (ii) the functional J(K) is finite and
J(K) =tr GQG. (10.12)

O

In the next section using equation (10.12) we outline the minimization problem
of J(K) .
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10.3 The Minimization of J(K)

First we prove the following simple proposition:

PRrROPOSITION 10.3
Assume that there exists a weighting matrix K such that F = —KR* + I/2 is
asymptotically stable ||c!/2G(s)| . < 1. Then
R*>cH"H .
O]

Proor. According to Proposition 10.2 there exists a symmetric, positive definite
solution @ of the Riccati-equation (10.11). Substituting F = —KR* + I/2 into
(10.11), multiplying by ¢ and completing to squares the terms containing K, we
arrive at the equation

cQ + (cQK —I)R*(cK"Q —I)=R*—cH"H,

implying that R* — cHT H is positive definite.
Consider now the problem of minimizing J(K) with respect to K subject to
the condition that K € Ek. The first main result of the paper is the following:

THEOREM 10.1
Assume that R* —cHT H is positive definite. Then the set Ex defined under (10.9)
is non-empty, and J(K) achieves its minimum over Ex at the unique minimizing
K given by

K*=(R*—cHH")™..

The optimal cost is
J'=J(K*)=tr H'H(R* —cHH")™".

O

REMARK. Observe that Theorem 10.1 implies the following result which might
be surprising at first sight. Consider the set

E. = {c | there exists a K such that ||c%g|| < 1} .

Then by the continuity of the H.,,-norm with respect to ¢ and K the set E. is an
open interval.

We need the following notations: the set of K-s for which # = —KR* +1/2 is
asymptotically stable will be denoted by Dx:

Dg ={K e R : F =—KR"+1/2is asymptotically stable}.

Obviously Dk is an open domain in the set of r x r matrices, where r = p+ ¢q. The
set of r x r positive definite symmetric matrices will be denoted by Dyg.
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Consider the extended variable (K,®) and, motivated by Proposition 10.2
define the relaxed constrained minimization problem. Set

J(K,Q)=tr QKR*KT,
and

minimize J(K,Q) (10.13)
subject to K €Dk, Q€ Dg,
FTQ+ QF + HH” + cQKR*K"Q = 0. (10.14)

By virtue of Proposition 10.2, if we add the condition that F” + cQKR*K" is
asymptotically stable, then the constrained optimization problem is equivalent to
minimizing J(K) over Eg. The solution of this relaxed problem is given by the
following theorem.

THEOREM 10.2
Assume that R* — cHT H is positive definite. Then the constrained minimization
problem (10.13), (10.14) has a unique solution

K'=(R"—cHH")', @ =(R —cHH")(R")'H"H. (10.15)

O

It will be easy to show that @* is in fact a stabilizing solution in the sense that
FT + cQKR*KT is asymptotically stable, and therefore K* is a solution of the
original problem.

Proor. We are going to give the outline of two proofs to this theorem. The first
one is based on applying Lagrange multipliers, while the second one is based on
some algebraic manipulation of the Riccati-equation (10.14).

The following lemma shows that if K goes towards the boundary of the region
Dg then the value of the functional J(K,®) evaluated under the constraint
(10.14) goes to infinity.

Let us denote by & the smallest eigenvalue of HT'H and by r that of R*.
Then r > 0 and due to the assumption that H is nonsingular A > 0, as well.
Furthermore, Ayax(F) denotes the eigenvalue of F with maximal real part. (Since
its real part will be used in the following lemma, the possible ambiguity causes
no problem.)

LEMMA 10.1
Assume that K € Dg,ie. F = —-KR* +é is asymptotically stable and let @ = QT
be a solution of the Riccati equation (10.14). Then

hr tr (KKT) S hr tr (KKT)
T2 [Rmax(F) | T 2|K|IRI -1
b
2[|R-|| -

J(K,Q)

(10.16)
K[ > (10.17)

O
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Now since J (K, @) is continuous the previous lemma implies that its infimum is
attained inside the feasible set. To find it the Lagrange-multipliers rule can be
applied.

First, since the equation (10.14) is symmetric, the Lagrange-multipliers corre-
sponding to the constraints (10.14) can be assumed to be represented by an r x r
symmetric matrix A. The Lagrangian of the constrained optimization problem is
as follows:

L(K,Q,A) =tr (GG + A(FTQ + QF + H"H + cQGGQ)). (10.18)

We get after a sequence of elementary equations of matrix-analysis and writing
shortly R = R*, the following proposition:

PRrROPOSITION 10.4
For the Lagrangian-function defined under (10.18) we have

8%14(1{, Q.A) =2QKR" —2QAR* + 2cQAQKR"*, (10.19)

and 5
%L(K, Q.A) = GG + AFT + FA +cGGQA + cAQGG. (10.20)
O

We have assumed that @ is non-singular. Setting

0
a7t LIK.Q.A) =0 (10.21)

and multiplying by @ ! from the left, and by (R*)~! from the right we get
K —A+cAQK =0. (10.22)

From this it is easy to see that A is nonsingular.
Multiply (10.22) by K~! from the right and by A~! from the left. Then we get

AT—K'+ceQ=0. (10.23)

Since A~! and @ are symmetric, it follows that K~! and hence K is symmetric.
From (10.23) we get that

Q= E(K‘l —A7Y). (10.24)
c
Substituting this @ into (10.20) setting

0
g LK. @A) =0 (10.25)

and working out the left hand side we get the following equation:

A =KR'K. (10.26)
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Finally, substituting the value of @ given by (10.24) into the Riccati-equation
(10.11) and using (10.26) in the last term we arrive at the conclusion that equa-
tions (10.21) and (10.25) together with the Riccati-equation uniquely determine
the matrix K:

K'=R"—cH"H. (10.27)

Then we get for A from (10.26):
A= (R —cHTH)'R*(R* —cHTH)™ !,
and for @ from (10.24) and (10.26) :
Q = (R"—cH"H)(R")'H'H

The unique solutions obtained above will be denoted by K*, * and A*. Using
again Lemma 10.1 we obtain that they determine the unique minimum point.
It is worth noting that the Hessian-matrix of J(K) at K = K* generates the
quadratic form
K'(0) — 2tr H*HK (0)RK (0)T,

where K'(0) is an arbitrary r x » matrix.
The optimal cost is

J*=J(K*,Q)=tr H'H(R* —cHH") . (10.28)

Proor of THEOREM 10.1. To prove Theorem 10.1 we need to show only that @*
is a stabilizing solution. We have

FT + QGG = (—R*'K" +1/2) +cQK*R'K* = —1/2,

thus @* is indeed a stabilizing solution, concluding the proof of Theorem 10.1.

10.4 Alternative Expressions for J(K)

An alternative expression for J(K) is given in the following proposition, which is
immediate for example in view of Proposition 2.3.1 of [6] or Lemma 8 of [9].

PROPOSITION 10.5
Assume that F = —KR* + I/2 is asymptotically stable. Then the H,, norm of
c}/2G(s) is strictly less than 1 if and only if the filter Riccati-equation

FP+ PF" + ¢cPHTHP + GG = 0. (10.29)

has a unique symmetric asymptotically stabilizing solution P. Then J(K) is finite
and
J(K)=tr (HPHT) (10.30)

O
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Recall that P is an asymptotically stabilizing solution if F +c¢PHT H is asymptot-
ically stable.

ReMARK. It follows immediately that, assuming that J(K) is finite for sufficiently
small ¢, for ¢ \ 0 J(K) converges to

Ex"(s)HH"%(s) =tr S(K)HH".

A new expression for J(K) is then obtained by factorizing I—cGG*, see [6]. This
is achieved using the bounded real lemma by constructing an auxiliary stochastic
process. To this aim observe that using the solution of the equation (10.29) an
all-pass extension of the original system can be defined.

In fact, consider the state-space equation

dx(t) = Fx(t)dt + 2 Gduw(t), (10.31)

where w(t) is a standard Wiener process. Note that x(t) = c!/2x(t). Extend this
system with
dé(t) = FE(t)dt — cPHTdb(t) (10.32)

where b(t) is a standard Wiener process, independent of w(¢) and £(¢) is the
stationary solution of (10.32). Then the process y defined by
dy(t) = H(x(¢) + &(¢))dt + db(t) (10.33)
is a standard Wiener process, i.e. the transfer function
N(s)=1I—H(sI — F)"'cPHT
provides an all-pass "extension" of the transfer function c!/2G(s). In other words
[c2G(s), N (s)] is all-pass (in particular it is inner, due to the stability of F),
w(t)
b(t)
easy to see, that a factorization of I — cGG* is given by A\, i.e.
I —cG(io)G (iw) = N(i0)N*(iw).

(Cf. Mustafa and Glover [6] Lemma 5.3.2.)

We might consider the "partial" inverse of the system (10.31), (10.32) and
(10.33) taking w and y as inputs and b as the output process. This partial inverse
system can be realized by the following state space equation with x(¢) +£(¢) being
the state-vector:

d (x(t) +£(2))

mapping the Wiener process 1 into the Wiener process y(t). Indeed, it is

F(x(t) +¢(2) +

+c2Gdw(t) — cPH T db(¢)
(F+cPH"H) (x(t) + £(2)) dt +

+c2Gdw(t) — cPHT dy(t)

db(t) = —H (x(¢)+<&(2))de+dy(e) .
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Observe that the solution of (10.29) can be expressed using the covariance matrix

of x(¢t) + &(¢).
0+ cov(x(t) + &(¢)) = cP.

In other words the asymptotic LEQG functional for the original system can be
considered as the asymptotic LQG functional for this augmented system.

The following proposition provides another interesting characterization of the
LEQG functional J(K) via the mutual information rate between the processes y
and w.

PROPOSITION 10.6

Assume that the ||cl/2g||OO < 1. Consider the auxiliary process y defined by
equations (10.32), (10.33) and let I(y,w) denote the mutual information rate
between the processes y and w. Then

J(K) = %1 (y.w) =tr PHH . (10.34)

O

For the proof recall that the mutual information rate between two processes is
defined as follows. Consider a finite value T' and denote by @,r and @, r the
distribution of the processes ¥(s),0 < s < T and w(s),0 < s < T defined on
the space of continuous vector-valued functions and let @,,, 7 denote their joint
distribution. Then

I(y,w )——Tlg{}oTE

(l (Qy,T X Qw,T)
de,w,T

assuming that the limit exists. It can be shown that, introducing the notation
{ =x+ ¢, we have

de,T X de,T
de w,T

_exp{ /g 0. H")d [jg’; _7/ <0 OHT][E]C(t)dt}.

Taking the logarithm and using that the first term is a square-integrable martin-
gale with zero expectation we get that

I(y.w) = Jim E(/g OHT]lzlg(t)dt)

The covariance matrix of the stationary process ¢ is cP, and thus

(¥(s),w(s),0 <s < T)) . (10.35)

(y(s),w(s),0<s<T)

I(y.w) = Str (PH"H)

proving that the mutual information rate between y and w exists. Taking into
account the equation (10.30) the proposition follows.
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Thus the minimization of J(K) is equivalent to minimizing the mutual infor-
mation rate between the fixed process w and the K-dependent process y.

An alternative proof of Theorem 10.1 can be obtained using the alternative
form of the asymptotic cost functional given in (10.30) and applying the Lagrange
multipliers method. Not going into details we remark that the value of the
corresponding Lagrange-multipliers at the optimal solution is H” H, and P* = K*

A genuinely new, direct, computational proof of Theorem 10.2 can be obtained
using the filter Riccati-equation (10.29) representation of J (K).

AN OUTLINE OF THE SECOND PROOF Of THEOREM 10.2. First recall that if F is
asymptotically stable then P is positive definite. The key idea is to rewrite the
filter Riccati-equation can be written in the form

T
(—K (R*—cH"H) + é) P+P (—K (R*—cH"H) + é) +

+K (R*—cH"H)K" +¢(K —P)H'H(K —P)" =0. (10.36)

It is relatively easily shown using standard Lyapunov-equation techniques that
the matrix I
—K (R*—cH"H) + 5
is asymptotically stable.
Next compare the matrix P in (10.36) with (R* —cH"H) ~!. Straightforward
calculation gives that (10.36) can be written as:

{—K (R* — cHTH) + ;] [P — (R - cHTH)‘l]
+ [P — (R - cHTH)‘l] {—K (R*— cHTH) + ﬂ '

+[-K (R —cH"H) + 1] (R* —cH"H) ' [-K (R —cH"H) +1]"

+c¢(K—-PH"H(K -P)T =0. (10.37)

Since the last two terms in this equation is positive semidefinite the asymptotic
stability of the matrix £ — K (R* — cH” H) implies that

P> (R —cHTH)™! (10.38)

Since the functional to be minimized can be written in the form tr PHTH the
argument above implies that

J(K)=tr PH'H >tr (R"—cH"H) H"H,
and equality holds if and only if P = (R* —cH"H )_1 corresponding to

K= (R —cH"H)",
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concluding the proof of the theorem.

Now consider the original problem of minimizing J(K) over the set where it
is well-defined and finite, i.e. on E}. We have the following basic theorem:

THEOREM 10.3

Assume that R*—cHT H is positive definite. Then the set Ej defined under (10.10)
is non-empty, and J(K) achieves its minimum over Ej at the unique minimizing
K given by

K*=(R*—cHH")™..

The optimal cost is
J'=J(K*)=tr H'H(R* —cHHT)™!

O

Proor. In view of Theorem 10.1 it is enough to prove that if K € Ex but K ¢ Ej
then J(K) > J(K*), where K* = (R* — cHTH)71 is the optimizing value in Ek.
Since in the course of this proof the normalizing parameter ¢ will not be kept
constant it is important to express its actual value in the notations. Thus we shall
write J(K,c), K*(c¢), P*(¢c), J*(c) with their obvious meaning.
Now observe that §J(K,c) is a monotonically increasing function of ¢ and if
K € Ej(c) then K € Eg(c¢’) if¢’ < c. On the other hand Theorem 10.1 immediately
implies that
li;n J(K*(c'),c') = J(K*(c),c) , (10.39)
c /¢
as long as the inequality R* > cHTH holds. Now let K € Ey(c), then by
Propositions 10.1 and 10.3 R* > cHHT hence (10.39) applies. Thus

/

/
lim S J(K,¢') > lim < J(K*(c'), ¢) (10.40)

c /e c /e

%

EJ(K,C)
= 5J(K(c).c),

proving that the optimal value is given by K = K*. Uniqueness is a consequence of
the following inequality obtained by a more precise analyis. Introduce the notation

AJ =J(K,c)—dJ (K*(c),c) .

Then there exists a constant d depending only on the matrices H and R such that
if K € Eg(c) then

|K — K*(c)|| < dmax [(AJ)% ,AJ} (10.41)
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10.5 Multivariable Systems

Consider the multivariable linear stochastic system given by
y=H(6%)e

where
H(0)=1+C(6) (41— A(6)) " B(6),

is an m x m square transfer function and ¢! denotes the backward shift operator
assuming that the following condtions are satisfied:

ConpITION 10.1
H(6), 6 € D C R?, stable, inverse-stable, A(8), B(0),C(6) twice continuously
differentiable; O

CONDITION 10.2
(‘ey) is an ii.d. sequence with E(e,) =0, and E (e,el ) = A* > 0. O

The set of symmetric, positive definite m x m matrices is denoted by D,. Define
for 6 € D
£0)=H(6)'y.

Then the asymptotic cost function is defined for 8 € D, A € D, by
1 -T _1-= 1
W(6,A) = 5E (g1 (O)A'E,(0)) + 5 logdet A

Note that if (e,) is an i.i.d. sequence of Gaussian random vectors with distribution
N(0,A*), then W(6, A) is the asymptotic negative log-likelihood function, except
for an additive constant.

The gradient of W (6, A) with respect to & and A~! is given by

Wo(6,A)

WA—I (0, A)

Here the gradients of the components of £,(6) are represented as column-vectors.
Define
R = Wye(6%,A7).

Then the Hessian of W(0, A) at (6%, A*) is
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CONDITION 10.3
We assume that for any fixed A > 0 the equation

Wo(6,A) =0
has a unique solution 6 = 6%, and
R = Wye(6*,A") > 0.
O

A weighted recursive prediction estimation of * and A* is obtained as follows.
First define the correction terms

Hi,(0,A™Y) = &L (0)A71&,(0)
1, _ _
Hon(6,A7") = 5! En(0)E) (8) — An1)
and then consider the recursion

en 0,171 1K Hln(e’ A_l)
A;l A,711 n H2n(07 A_l)

It is easily seen that at & = 6", A = A* the sample covariance-matrix of the process
(H,) is given by

R; 0
0 1E(ee"®ee” —A®A)

St =

The recursion above is a frozen-parameter recursion from which a genuinely
rcursive estimation is obtained in a standard way. Omitting technical details and
conditions we note that the shifts of the transformed error process

vi= (" (60 —07). ¢ (R = (A7)
converge weakly to the diffusion process defined by

di(t) = (—KR* + ;) &(t)dt + dib(t) , (10.42)

where 10(t) is a Wiener-process with covariance-matrix KS*K”, assuming that

I
KR+ >
3

asymptotically stable.
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Equation (10.42) looks very much the same as equation (10.4) for the single
variable case, but there is a major difference: the covariance matrix of div(¢) is
KS*KT instead of KR*K" and generically S* # R*.

A risk sensitive identification criterion is given by the following functional:

J(K) = 2 lim S 10gE (e C/T IE%(t)|)? dt
- C Tl—>oo T g xp 2 0 X ’

where ¢ > 0, H is nonsingular. Note that this is mixed criterion in the sense that

J(K) is effected by 6, —6* and (IA\,I)_ - (A*)_l. Similarly to the one-dimensional
case set

G(s)=H (sz - (—KR* + £>>_1 (KS'KT)? .

PROPOSITION 10.7
The inequality S* > ¢S*R* 'HTH (R*)71S* holds if and only if there exists a
matrix K, for which —KR* + £ is asymptotically stable and [|c!/?G|g~ <1. O

Note that for S* = R* the latter inequality reduces to
R*>cH'H

which case has already been established in Proposition 10.3.
Finally, let

Eg = {K | K € Dg. ||c? Glloo < 1} .

THEOREM 10.4
The risk sensitive criterion J(K) is minimized over Ex at the unique point

K= (R —cS"(R")'HTH) ",

and

-1
J(K*) = tr (R* (S) 'R — cHTH) HTH .

Note that if H block diagonal, say

H, 0
H=| ,
0 H,
where H; and Hy are p x p and m X m matrices, respectively, then K* is also
block-diagonal and in particular

K; = (R, —cHTH,) ",
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a familiar expression. It is easy to see that if the problem of minimizing J(K) is
considered on the set of block-diagonal matrices K, say

- K, 0
0 K

J(K) = J1(K1) + J2(K2) ,

thus the minimization of J(K) can be reduced to the separate minimizations with
respect to K; and K. But the fact that the optimal K in the general minimization
problem is block-diagonal can not be easily shown directly.

then we can write
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11.1 Introduction

In this paper we first review in some detail how the input of a linear stable system
is tracked by the output. Our motivation to further study this classical problem
lies in that the results we obtain can be applied to other important problems
such as optimal input tracking and sensor fusion. It is natural that before we can
develop a procedure to choose an output or a combination of outputs (sensors) that
best tracks an input (in the case that the input is at least partially unknown), we
need to understand when a given output tracks the input.

In the second part of the paper, we will discuss a sensor fusion problem. There
has been a vast literature on sensor fusion, see for example, the papers in [1] and
the references therein. However, treatment of the problem from the input tracking
point of view has to our knowledge not been addressed.

This paper is organized as follows. In section 2, we discuss the problem of how
a given output tracks an input in stationarity. In sections 3 and 4, we discuss the
problem of how to choose an output, or a combination of sensors, to optimally track
an input in stationarity. Finally, we use an example to illustrate our methods.

11.2 Autonomous Linear Systems

In this section we review some classical results on asymptotic input tracking.
Consider a stable, controllable and observable SISO linear system:

= Ax+bu (11.1)

= CX

where x € R" and 0(A) € C™ .
We will consider the case when the input u is generated by the following
exogenous system:

= Tw (11.2)
u = qw

where w € R™ and o(T') € C*. This exo-system can generally have a block
diagonal Jordan realization

q=(q1 q2 -~-QM>
I = diag(l"l,l"z, . ..,FM)

(11.3)

where each ¢, = ( 1 0...0 ) is a first unit vector of length dim (T",,) and

each Jordan block corresponds either to polynomial, exponential, or sinusoidal
functions. The output of the exo-system becomes

M
u(t) = Z qme "wy,, .
m=1

Such exo-systems can generate, for example, step functions, ramp functions,
polynomials, exponentials, sinusoidals, and combinations of such functions.
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ProrosITION 11.2.1
Suppose A is a stable matrix, then all trajectories of (x(¢),w(¢)) tend asymptoti-
cally to the invariant subspace S := {(x,w) : x = Ilw}, where II is the solution
of

ATI — TIT = —bg.

On the invariant subspace, we have
y(¢) = cTw(?).

O

The proof of this proposition can be found, for example, in [5], and there is also a
vast literature on the nonlinear case [3, 6].
Using the matrix IT we have that the output of the linear system in the steady-
state can be represented as
y = cllw.

ProOPOSITION 11.2.2
Let the system
w=Tw, u=quw

be observable and no eigenvalue of T" is a transmission zero of (11.1). Then the
system on the invariant subspace

w=Tw, y=cllw

is also observable.
O

Proof: A similar proof can be found in [5]. Since this result will be used several
times later on, we give a full proof here.
We first need to establish that under the hypotheses, the composite system

(2) - (7)) e

y = cx

is observable. Methods for proving similar results can be found, for example, in
[2].
Define
sI—A —bqg
H(s) = 0 sI —-T
c 0

By Hautus test we know that the system is observable if and only if

rank(H(s)) =n+m Vs.



162 X. Hu, U. Joénsson, CF. Martin

If s is not an eigenvalue of T, it is easy to see that rank(H(s)) = n + m since
(c,A) is observable. Now suppose s is an eigenvalue of T,

sI-A b O I, 0
H(s) = 0 0 I, 0 —q
c (U 0 sI-T

If s is not a transmission zero of (11.1), then and only then the first matrix on
the right-hand side has rank n + 1 + m. The second has rank n + m since (g, I')
is observable. By Sylvester’s inequality, we have

rank(H(s))>n+1+m+n+m—(n+m+1)=n+m.

Therefore rank(H(s)) = n + m.
Now we do a coordinate change ¥ = x — ITw. Then (11.4) becomes

£ ()

It is straight forward to see that

(c.cTT), < o ))

is observable implies (cI1,T) is so too. Q.E.D.

An observer for the input Based on this result it follows that the input « can
be reconstructed by the observer

S

= Tt + L(y — cITih)
q

(11.5)

<>
I
S

where the vector L can be designed such that the eigenvalues of I' — LcIl can
be placed anywhere we desire in the complex plane. This is a reduced order
observer since the dynamics corresponding to A is not included in the observer
equation. One of the prices we pay for this is that the convergence of the observer
is restricted by the transients corresponding to the eigenvalues of A. Indeed, if
Xx=x—TNw, w=w—w, and & = q(w — W) then the error dynamics becomes

(5 ) ()

u=qw

We will in the next section see that under special conditions it is possible to design
the output such that the input is reconstructed in stationarity. This will give a
memoryless observer, which is preferable from a computational point of view.
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11.3 Exact Input Tracking

We will now discuss how Proposition 11.2.1 can be used to determine an appropri-
ate output in order to track the input exactly in stationarity. It follows obviously
that the output tracks the input if the vector ¢ is chosen such that

(cIT — q)e"'wy = 0 (11.6)

where wy is the initial state of (11.2) that generates the input. This is clearly the
case if cIl = q. If 1, for example, has full column rank, then it is possible to design
an output ¢ for perfect input tracking in stationarity. We will show below that this
is the case if (A, b) is controllable, (g,T") is observable and dim (A) > dim (T).

In some way one may view this problem as a dual one to the output regulation
problem discussed in [4]. In this section, we discuss some necessary and sufficient
conditions.

THEOREM 11.3.1

Suppose (g,T') is observable and (A, ) controllable. Then a necessary and suffi-
cient condition for the existence of a ¢, such that cIl = ¢, is that the dimension of
A is greater or equal to that of T'. O

Proof: We can rewrite x = Ax + bu in the canonical form:

561 = X2
(11.7)
xnfl = Xn
n
Xp = —Zaixi—i—ku,
=1

where k # 0 and p(s) = s" + Y. a;s"" ! is Hurwitz. In the steady state, by
Proposition 11.2.1 we have
X1 = mnw,

where 77 is the first row of I1. Since x; = 711" w, for i = 1, ..., n, we have

Va1

7r11“
= , . (11.8)

ﬂ.ll—*n—l

Thus,
I = — Zaiﬂll"i_l + kq.
i=1
Since by assumption I does not have any eigenvalue in the open left-half plane,

we have
7y = kqp()7 L. (11.9)
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If there exists a ¢, such that
qg=cll = Zciml"i*l,
i=1
then
q = kqp(T ZC i,

or,

q(I — kp(T chl"‘ D)

Denote A = I — kp(I')~1 Y%, ;"1 It is easy to show that
r"+z i — ke,)T Y p(I) 1
thus gA = 0 if and only if
qr™ + Z — kej)gT' "t = 0. (11.10)

Since (g, T") is observable, (11.10) has a solution if and only if n is greater or equal
to the dimension of T'. Q.E.D.

COROLLARY 11.3.1
If dim(A) > dim(T), then IT has full column rank, and thus there exists a ¢, such
that,

cll =q.
Moreover, if dim(A) = dim(T'), then such c is unique. O

Proof: It follows from (11.8), (11.9), (11.10), and observability of the exo-system
(11.2). Indeed,

1 q
o qF
= =k p(T)
ﬂ.lrn—l qrnfl

which has full rank since (q,T") is observable. Q.ED.
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COROLLARY 11.3.2

Suppose dim(A) = n > dim(T') = m, then there exists a ¢ such that cI1 = ¢
and the resulting system (11.4) is observable and (11.1) does not have any
transmission zero that is also an eigenvalue of T'. O

Proof: Consider the canonical form (11.7). Suppose the characteristic polynomial
for T is pr(s) =s™+ 1, 7:s" 1. It follows from (11.10) and Cayley-Hamilton that

1 .
¢ = %(ai —7) i=1,..,n,
where v, =0 Vi <n—m+1 and ¥; = ¥;_n,+m otherwise, is a solution such that
cIl = q. It then follows from the fact that A and I" do not share any eigenvalue,
that no eigenvalue sy of A or I' is a root of

n—m M

n n

chifl _ 1 Za,sifl _ S yistL
iSo = A iSo A iSo -

i=1 i=1 1

i=

Indeed, if s is for example a root of the characteristic polynomial of A, the above
expression reduces to

n—m

_Sok pr(so),

which must be nonzero. Thus, no transmission zero of the corresponding (11.1) is
an eigenvalue of T’ and the pair (¢, A) is observable. From the proof of Proposi-
tion 11.2.2 we derive that (11.4) is observable. Q.E.D.

We have shown under the assumptions of Corollary 11.3.1 that the input u
can be reconstructed simply as

u = cx,

where, e.g. ¢ = qI17, where I1" is the pseudo inverse. The tracking error satisfies
(where x = x — IMw)

U=u—u=cx—qw=cx+cllw—quw=cx
Hence, the error dynamics in this case becomes

Ax

cx

K
Il

<
Il

which, as for the observer in (11.5), has its rate of convergence limited only by
the eigenvalues of A.

The exo-system will in many applications have significantly larger dimension
than the linear system (11.1) and then there only could exist a solution to (11.6)
for special choices of initial condition w, of the exo-system. In the next section
we discuss a strategy for fusing the output of a number of outputs in order to
minimize the steady state tracking error.
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C1X

CoX
y Sensor |e—2 . u
~ . : *=Ax+bu «— Exo-sys

Fusion :

CNX

Classifier

Figure 11.1 Sensor fusion set-up.

11.4 Output Fusion for Input Tracking

We will here consider a special sensor fusion problem where we try to minimize
the tracking error by appropriately combining the outputs of a number of sensors.
A sensor in our terminology means a particular choice of ¢, matrix. If the state
space model represents physical variables, then typically each c; corresponds to
one state variable. The idea is that the sensor fusion block should determine a
linear combination of the sensor signals such that the output

N
Y=Y anx (11.11)
k=1

tracks the input « in stationarity. We will here discuss how this sensor fusion idea
works for the case when the input is generated by an observable exo-system of
the form (11.2).

The Classifier Block

We first need a classifier block in order to determine what Jordan blocks are active
in the generation of the input u, i.e. it determines a set M C {1,..., M} of indices
such that the input can be represented as

u(t) = Z gme" " wo,, .

meM

We will see below that this information sometimes is enough to obtain perfect
tracking. However, it is generally important to use as much information on the
vector wy as possible in order to obtain better tracking. For example, if we in
addition to M also obtain an estimate w,, = [0, ;... Wo,, ] of the initial
condition then our ability to reconstruct the input improves. Even qualitative
information such as the relative amplitude of the various blocks is useful.
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The Sensor Fusion Block

This block takes as input the classification M and maps it to a vector a that
minimizes the steady state tracking error for the output (11.11) according to
some cost criterion. We will discuss this in more detail below where we also give
necessary and sufficient conditions for obtaining perfect tracking. In more sophis-
ticated schemes we may also use an estimate i, of the initial condition of the
exo-system. This may give better tracking, however at the price of more complex
classifier and sensor fusion blocks. Note that this scheme will be independent
of the state space realization and the convergence to the steady state solution
depends on the spectrum of A.

A main practical motivation for our sensor fusion scheme is due to the limited
communication and computation resources in many embedded systems, such as
mobile robotic systems. There is a need to develop “cheap” sensing algorithms.
The central idea in our scheme is to optimally combine the existing sensors for
state variables to measure the external signals. This optimization can be done off-
line and then the sensor fusion block only needs to use a table look-up to decide
the parameter vector «. The only remaining issue is how to design the online
classifier.

The most natural way from a systems point of view is perhaps to use a
dynamical observer (in discrete time) to identify qualitatively the initial condition
(or the active I" blocks) and then shut it down. This is possible since the state of
the exo-system is observable from the output from any sensor that satisfies the
conditions of Proposition 11.2.2. However, this approach could be computationally
expensive even if we only run it once in a while. A more refined scheme is discussed
for a special case below.

For many practical systems, it is perhaps more realistic to design the clas-
sifier based on other sensors that sense the interaction of the system with the
environment (such as laser scanners and video cameras), or/and on the nature of
application the system is operated for. In this way, typically only a range of the T’
blocks (such as a frequency range) can be identified.

An Example Classifier

Let us consider the case when only one Jordan block of I' is active at a time.
Then we can construct a classifier consisting of a bank of discrete time observers.
Each observer in the classifier corresponds to a particular Jordan block. The idea
is to initially activate all observers in order to decide which block is active. Once
this is done, all observers are shut down except the one corresponding to the
active Jordan block. This observer is used to detect changes in the exo-system. By
running the monitor on low sampling frequency a minimum computational effort
is spent in the classifier.

Let us discuss how to construct such an observer for block I',,. Zero order hold
sampling of the dynamics gives

(xk+1 ) - (Ad bm,dqm,d> <xk )
We+1 0 Cimd W
Ih

where & is the sampling time, x;, = x(kh), wy, = w(kh), Ag = eA*, T, q = ™",



168 X. Hu, U. Joénsson, CF. Martin

and b,, 4, ¢m 4 are matrices of full rank such that

h
bm.dQm.d :/ eA(h_S)bqer"’sds.
0

We can use exactly the same arguments as in the proof of Proposition 11.2.1 to
show that the functions (xp, w;) converges to an invariant subspace S,, = {(x,w) :
x = IT,,w}. It should be intuitively clear that the invariant subspace is the same as
in continuous time. The following proposition gives a formal mathematical proof.

ProrosITION 11.4.1
The sampled functions converge to the invariant subspace S,, = {(x,w) : x =
I1,,w}, where

All,, — 1, Iy, = bgn,

O

Proof: Let u;, = qw;, and assume x;, = I1,,wy. It is straight forward to derive that
x5, = I1,,wy, is invariant if and only if

Adnm - Hmrm = bm,dqm,d~

This can be written

h
A, — I,,e" " = —/ A=) pg, e ds
0

h
& eAhHmefrmh -1, = _/ eA(hfs)quefl"m(hfs)ds
0
This is a discrete time Lyapunov equation so we get

o0 h
I, = Z eA‘h/ A=) pg,, e T (h=s) gge=Tmik
0

(i+1)h o
= Z/ eA7bge T dr =/ eA"bgne " dr
= Jin 0

which is the solution of the Lyapunov equation AIl,, — I1,,I", = bgq,. The
convergence to the subspace can be proven similarly to that in the proof of
Proposition 11.2.1.

Q.E.D.

We will next consider observability of the pairs (cIl,,;,,,q) on the invariant
subspace S,, = {(x,w) : x = II,,w}. It is well known that the sampled system
(¢, Thhg) is observable if and only if the continuous time system (cIl,,,T,,) is
observable. Hence, from Proposition 11.2.2 we know that a sufficient condition
is that the exo-system (gm,['n) is observable and that no eigenvalue of T, is
a transmission zero of the system (11.1). The next proposition shows that it is
possible to design one sensor that works for all Jordan blocks.
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PROPOSITION 11.4.2

Suppose all pairs (g, ') are observable. Then there exists a sensor combination,
¢, such that all pairs (cIl,,4, ['mg) are observable on the corresponding invariant
subspace. O

Proof: From the above discussion and Proposition 11.2.2 it follows that it is
enough to find ¢ such that (¢, A) is observable and (11.1) does not have any
transmission zero at the eigenvalues of the I',,. Such a ¢ is always possible to
design since only a finite number of constraints are imposed. Q.E.D.

Assume now that we have sensors c,, which corresponds to the output z, such
that the pairs (c,I1,,, [';,q) are observable. We can then use the following block of
observers

Wri1 = Ui atp + L (21 — coI1pt0z)

where the observer gains L,, are designed such that the eigenvalues of ', 4 —
L,,c,I1,, are stable. The observer that corresponds to the active Jordan block has

error d y namics
wk+1 meO Fm d LITLCOHm wk

which convergences to zero. By proper design of L,, the convergence rate is
determined by the eigenvalues of A;. All other observers have the error dynamics

wk+1 = (Fm,d - meonm)u_)k + (Fn,d - l—‘m,d - meo(nn - Hm))wk

The matrix A =T, g — T'ng — Linco(IT, — I1,,)) can without loss of generality be
assumed to be nonzero, which implies that w;, does not converge to zero. To see
that A generically is nonzero, let us suppose A = 0. This implies

(rm,d - meonm)e_r”h —I= —meol'[ne_r"h
On the other hand,
(Cpd — LincoLy,)Pe ' — ¥ = — L, ¢, IT, e "

has the unique solution

=0

Generically, we have W # I, thus we can design L,, such that A # 0.

In the decision logic block we simply need to compare the magnitude of the
error signals w,, from observers. Under our hypothesis that only one Jordan block
at a time is active it follows that only one error signal will converge to zero.

Once it is decided which Jordan block is active the classifier goes into the
monitoring mode, where the observer corresponding to the active Jordan block



170 X. Hu, U. Joénsson, CF. Martin

is used to detect a change in the input signals. The sampling frequency in the
monitoring mode can often be chosen significantly lower than in the detection
mode. Suppose, for example, that the Jordan blocks correspond to sinusoidals
with distinct frequencies. Then by choosing the sampling frequency such that
these frequencies fold into distinct locations, we can detect a change of frequency
with a significantly lower sampling rate than the Nyquist frequency.

Perfect Steady-state Tracking

Assume we are given K sensor combinations cy, ..., cx. We derive a sufficient (and
in a sense also necessary) condition for obtaining perfect steady state tracking
using these sensors. We have the following result.

PROPOSITION 11.4.3
Suppose M = {m1,...,m,} C {1,...,M} are the active Jordan blocks. Then we
can obtain perfect tracking if

gy € Im(I13,CT)
where Allg, — g, T9s = —bgqs and

Tgr = diag(Th,,, - -,
av = (Gmys- > qm,)
CT=[cF ... k] (11.12)

Fmrl)

O

Proof: The steady state output will be y = o CTlg waqy (£), where wqs (¢) = e 'wy,,.

Hence, we obtain perfect tracking since our assumption implies that there exists
a solution to orCllgs = gqs. Note that this condition is necessary if wy,, is allowed
to take any value. Q.E.D.

If the condition of the proposition holds then we normally want to find the
vector & with the minimum nonzero coefficients such that

aClla = qy

in order to minimize the number of sensors used. This can be done off-line and
then the sensor fusion block only need to use a table look-up to decide the vector
o.

Approximate Tracking

It will often happen that we have too few sensors or too poor knowledge of the
exo-system to obtain perfect tracking. In such cases we need to optimize the sensor
fusion in order to get best tracking in some average sense.

Suppose I'(d), ¢(9) is an uncertain parameterization of the exo-system, where
0 C A is the uncertain parameters. We let A = {0} correspond to the case when
we have perfect knowledge of the exo-system. If A # {0} or if the condition in
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Proposition 11.4.3 does not hold then we let the sensor fusion be determined by
the solution to some optimization problem

min L, (| CTI(8) — q(5)])

where L, is some functional over A and I1(9) is the solution to AII(I'(d)) —
I1(6)T'(6) = —bq(5). Some examples are given in [5].

An Example of optimal output design

As an example to demonstrate our methodology, we consider a car-like base and a
robot arm mounted on it. By using the homogeneous representation of rigid body
motions, we can easily compute the position of the end-effector, relative to the
base, rﬁ, and thus the kinematic model as

xA = f(xA,u).

Under the assumptions that the velocity of the car is constant, and that the
side slip angle is small, we can get a simplified model of the base vehicle as follows:

x=vcosg(¥ + ) (11.13)
y =vsing(y + B) (11.14)
,B+r= % = a1 + aior + b116¢ (11.15)
V=r (11.16)
po il =Bl a1 B + agr + b8y + d(2), (11.17)

J

where (x,y) is the center of gravity of the vehicle, m is the vehicle mass and
J is the moment of inertia, and the a and b coefficients depend on the physical
parameters of the vehicle.

The disturbance d(t) could be for example, side wind or roughness on the road
surface.

This example shows that by measuring the orientation (y) and yaw rate (r),
it is possible to recover d(¢) in some cases, which shall be useful to know for the
control of the arm.

The advantage of using the output fusion method, in comparison to the
observer method, is that the lateral dynamics of the car is typically very fast.
Thus this method converges fast, while not having the transient peakings that
might be induced by the pole placements of an observer.

Figure 11.2 shows a simulation where by combining r(¢) and w(¢) we can
track a sinusoidal disturbance d(¢) in stationarity. The upper diagram shows the
convergence of the output and the lower bound shows the error y — u.

11.5 Concluding Remarks

We have discussed conditions for steady state input tracking for stable linear
systems. It has been shown that these results can be used to devise a sensor
fusion scheme for input tracking in some situations. We need to further study the
robustness issue of such methods (for example, when there are uncertainties in
I' and/or in the measurements) and ways to generalize them.
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Figure 11.2 Simulation of the sensor fusion.
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The Convergence of the Extended Kalman Filter

Arthur J. Krener

Abstract

We demonstrate that the extended Kalman filter converges locally for a broad class
of nonlinear systems. If the initial estimation error of the filter is not too large
then the error goes to zero exponentially as time goes to infinity. To demonstrate
this, we require that the system be C? and uniformly observable with bounded
second partial derivatives.
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12.1 Introduction

The extended Kalman filter is a widely used method for estimating the state
x(¢) € IR" of a partially observed nonlinear dynamical system,

= f(x.u)
= h(x,u) (12.1)
x(0) = «°

from the past controls and observations u(s) € U C R™, y(s) € IR?,0 <s <t and
some information about the initial condition x°. The functions f, 2 are known and
assumed to be C2.

An extended Kalman filter is derived by replacing (12.1) by its linear approx-
imation around the trajectory x(¢) and adding standard white Gaussian driving
noise w(lt) € R' and independent, standard white Gaussian observation noise
v(t) € R',

z = f(&x@),ul®)+Al#)z+ Gw
y = h(x(t),u(®)+Ct)z+v (12.2)
z(0) =

where G is a n x [ matrix chosen by the designer,

A0 =Leeuw), o=t Ew.u00), (123)

and 2° is a Gaussian random vector independent of the noises with mean £° and
variance P? that are chosen by the designer.
The Kalman filter for (12.2) is

, () + P(t)C" (y(¢) — h(2(¢), u(t)) — C(¢)2(¢))
A(t)P(t) + P(t)A'(t) + T — P(t)C'(£)C(t)P(t)

N>

u(t)) + A(t)

P(t) =
20) = x°
P(0) = P°
(12.4)
where I' = GG'.
The extended Kalman filter for (12.1) is given by
B(t) = fE0),u()+POC(1) (y(£) = h(2(£) u(t))
P(t) = A@)P@E)+P@)A(t)+T —P()C'(t)C(¢)P(¢t) (12.5)
£0) = x°
P(0) = PO

Actually there are many extended Kalman filters for (12.1), depending on the
choice of the design parameters G, x°, P°. We could also broaden the class
of extended Kalman filters for (12.1) by allowing G = G(%(¢)) and putting a
similar coefficient in front of the observation noise in (12.2). We chose not to do
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so to simplify the discussion. For similar reasons we omit the discussion of time
varying systems. We expect that our main theorem can be generalized to cover
such systems. For more on the derivation of the extended Kalman filter, see Gelb
[3].

Baras, Bensoussan and James [1] have shown that under suitable conditions,
the extended Kalman filter converges locally, i.e., if the initial error x(0) =
x(0)—x(0) is sufficiently small then %(¢) = x(¢)—x(¢) — 0 as ¢ — oo. Unfortunately
their conditions are difficult to verify and may not be satisfied even by an
observable linear system. Krener and Duarte have given a simple example where
any extended Kalman filter fails to converge. More on these points later.

By modifying the techniques of [1] and incorporating techniques of the high
gain observer of Gauthier, Hammouri and Othman [2] we shall show that under
verifiable conditions that the extended Kalman filter converges locally. To state
the main result we need a definition.

DEFINITION 12.1
[2] The system

é = f(gau)
y = h(Gu)

is uniformly observable for any input if there exist coordinates

(12.6)

{jj:i=1,...,p, j=1,....0;}

where 1 <[y < ... <[, and > [; = n such that in these coordinates the system
takes the form

Vi = %1+ hi(u)

Xi1 = xi0+ fin(xy, 1)

xij = xjpatfija,u) (12.7)
X1 = X, + fi-1(%g,_1,u)

xili = fili (&lld u)

fori=1,...,p where x; is defined by

Qj = (xu,...,xl,j/\ll,xgl,...,xpj). (12.8)

Notice that in x; the indices range over i = 1,...,p; k= 1,...,min{j,/;} and the
coordinates are ordered so that second index moves faster than the first.

We also require that each f;; be Lipschitz continuous, there exists an L such
that for all x,£ € R",u € U,

\filxju) = fi(g ,w)l < Llx; =& | (12.9)

=J

The symbol |- | denotes the Euclidean norm. O
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Let
o0 1 O-Zixli
00 1 0 A, o o]
A = A= 1o 0
0 0 0 1 0 0 A,
(0 0 0 |
¢, o o 17"
G =[100 o] e = | 0
0 0 G |
fil(gl,u) 1;x1 - f_‘l(x,u) - nx1
filx,u) = fleu) =
fir, (%, u) i folx,u)
-hl(u) px1
h(w) = z
| fp(w)
then (12.7) becomes
£ = Azt f(xnu) (12.10)
y = Cx+h(un)

A system such as (12.7) or, equivalently (12.10), is said to be in observable form
[4]. )

We shall also require that the second derivative of f is bounded, i.e., for any
x,Se€R  ueU,

0*f
6xi8xj

(x,u)&E | < LIEP (12.11)

On the left we employ the convention of summing on repeated indices.
THEOREM 12.1
(Main Theorem) Suppose

e the system (12.1) is uniformly observable for any input and so without loss
of generality we can assume that is in the form (12.10) and satisfies the
Lipschitz conditions (12.9),

e the second derivative of f is bounded (12.11),

e x(t), y(t) are any state and output trajectories generated by (12.10),
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e (G has been chosen to be invertible,

e %(¢) and P(¢) are a solution of the extended Kalman filter (12.5) where P(0)
is positive definite and %(0) = x(0) — £(0) is sufficiently small,

Then |x(¢) — x(¢)| — 0 exponentially as ¢t — oo. O

12.2 Proof of the Main Theorem

We extend the method of proof of [1]. Since the system is in observable form

Alf) = A+A(@) (12.12)

Ccit) = C
where oF

A(t) = 5 (&(0), u(?)),
and oF
Ten () =0
ifk>r.
First we show that there exists mq > 0 such that for all £ > 0

P(t) < mI™ (12.13)

Consider the optimal control problem of minimizing
t
¢'(0)P(0)£(0) + /0 §'()TE(s) + u'(s)u(s) ds
subject to
(s) = —A(s)E(s) — Cluls)
s = ¢
It is well-known that the optimal cost is
J'P(t)¢
where P(t) is the solution of (12.5).
Following [2] for 8 > 0 we define S(6) as the solution of
A'S(6)+S(O)A—-C'C = —65(0). (12.14)

It is not hard to see that S(0) is positive definite for & > 0 as it satisfies the
Lyapunov equation

<_A _ ZI)IS(H) +5(6) (—A - gz) - _¢¢
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where C, (—A — £1) is an observable pair and (—A — £I) has all eigenvalues equal
to —Z. It follows from (12.14) that

Siipo(6) = Sijpo(1) _ (1) ( jto—2 ) |

gj+o-1 gj+o-1 J -1

Let T(0) = S71(6) > 0 then
Tijpo(0) = 677°7'T po(1)
and T'(0) satisfies the Riccati equation
—AT(0) - T(0)A' + T(0)C'CT(0) = 6T(6).

We apply the suboptimal control 4 = —CT (0)¢ to the above optimal control
problem and conclude that

J'P()S < 5/(0)P(0)§(0)+/0 &'(s) (T+T(6)C'CT(0)) &(s) ds (12.15)
where

E(s) = (—A'(s)+C'CT(0))&(s)
&) = ¢.

Now

% '($)T(0)E(s) = &'(s) (0T(0) + T(6)C'CT(6)) &(s)

—&'(s) (A(s)T(6) + T(0)A'(s)) £(s).
Because of the Lipschitz condition (12.9) we conclude that
[A(s)] < L

and 5 B
|A(s)| < L+ |A].

From the form of A(s) and T(6) we conclude that
(A($)T(9)),;,, = OBy
while on the other hand
0T;jps(0) = 67Ty ,6(1).
Hence we conclude that for any o > 0 there exists @ sufficiently large so that

0T (6) + T(0)C'CT(6) — A(s)T () — T(0)A/(s) > aI™".
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Therefore for 0 < s < ¢
g'()T(0)e(s) < eI
Now there exists ms(6) > 0 such that
&'(s)é(s) < m2(0)¢'(s)T(0)S(s)

so we conclude that
&'(5)&(s) < ma(0)e”tIL¢.

There exist constants mg > 0,m4(0) > 0 such that

P(0) < mgl™™
I +T(O)C'CT(0) < my(0)I™"

From (12.15) we obtain the desired conclusion,
t
CPOC < mae {4 ma(6) [ e 0 ds
0

t

PO < mal' + ma(6) / Ho0EE ds

—0Q0

ms + m4(6)

P = ————¢¢

Define

then @ satisfies

Q) = —A()Q() - QNA(M) - QNI Q(t) +C'C

L (12.16)
Q0) = P10)>0
Next we show that there exists ms > 0 such that for all £ > 0
Q) < msI™".
This will imply that
Pl) > —pn (12.17)
zZ o . .

Consider the optimal control problem of minimizing

¢'(0)Q(0)¢(0) +/0 &'(s)C'CE(s) + (' (s)u(s) ds
subject to

E(s) = Als)E(s) + Gu(s)
@) = ¢
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It is well-known that the optimal cost is

¢'e(6)¢

where Q(t) is the solution of (12.5).
We use the suboptimal control

pu(s) = Gl (al™" — As))&(s)

so that the closed loop dynamics is

Es) = a(s)
) = ¢
Es) = L.

From this we obtain the desired bound
RS < £'(0)Q(0)5(0)
/ &' (s C’ C+ (aI™" — A/(s))F_l(aI”X” — A(s))) &(s) ds

IN

Q)¢ e 2'Q(0)¢ + /0 PN (C'C + (o + L)’T ) ¢ ds
£ < (me+5r) ¢S
where

(0) < mslnxn
C'C+(a+L)T 1t < mgI™™.

Now let x(¢),u(t), y(t) be a trajectory of the system (12.10) starting at x°.
Let x(¢) be the trajectory of the extended Kalman filter (12.5) starting at 2° and
%(t) = x(t) — (¢), ¥ = 2 — 2°. Then
Y OPMEE) = —#(t) (C'C+POTP()) ()

+28 ()P(t) (F(x(t),u(t) - F(&(t), u(t)) — A@D)Z(t)) -

Now following [1]

Since G is invertible there exists m; > 0 such that

1—* Z m7ln><n



The Convergence of the Extended Kalman Filter 181

and so
a FOPOF) < —TTR@))? + miLIE@))?
dt - mg
< 3

(_"mlg +myL (ms® (£) P(£)%(1))
5

) msx' (£)P(2)x(¢).
Therefore if .
m1L (m5x'(0)P(0)x(0))2 < —

then |X(¢)| — 0 exponentially as ¢t — oo.

12.3 Conclusions

The above result does not follow from that of Baras, Bensoussan and James [1].
To show local convergence of the extended Kalman filter they required "uniform
detectability". They define this as follows. The system

- )

12.18
_ Cx (12.18)

is uniformly detectable if there exists a bounded Borel matrix-valued function
A(x) and a constant & > 0 such that for all x,& € R"

¢ (Sw+rmc)s < ik

This is a fairly restrictive condition as not all observable linear systems are
uniformly detectable. Consider

oo
x = X
a; ag
y = [ 10 }x
Suppose
o ﬂ,l(x)
A(x) = [ Ao(x) ]
then
of B A1(x) 1
9 ) T AEC = Aa(x) + a1 ag ]

Ifas >0and & = { 01 } then
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so the system is not uniformly detectable. This system does satisfies the conditions
of Theorem 12.1 so an extended Kalman filter would converge locally. Since the
system is linear, an extended Kalman filter is also a Kalman filter that converges
globally
An example [5] of a highly nonlinear problem where an EKF may fail to
converge is
x = f(x)=x(1-x?)

 — h(e) a2 (12.19)

where x,y € IR. The system is observable as y, y, y separate points but it is not
uniformly observable. The dynamics has two stable equilibria at x = +1 and
an unstable equilibrium at x = 0. Under certain initial conditions, the extended
Kalman filter fails to converge. Suppose the x° = 1 so x(¢) = 1 and y(¢) = 1/2 for
all ¢ > 0. But A(—1/2) = 1/2 so if x° < —1/2 the extended Kalman filter will not
converge. To see this notice that when %(¢) = —1/2, the term y(¢) — h(x(¢)) = 0 so
% = f(&(t)) = f(—1/2) = —3/8. Therefore &(t) < —1/2 for all ¢ > 0.
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On the Separation of Two Degree of Freedom
Controller and Its Application to H., Control for
Systems with Time Delay

Yohei Kuroiwa Hidenori Kimura

Abstract

An advantage of the two degree of freedom control scheme lies in the fact that
the feedback controller and the feedforward controller can be designed separately.
The former is designed to meet feedback properties such as sensitivity, robust
stability and disturbance rejection, while the latter is designed to improve tracking
performances. However, it is not completely clear whether the designs of feedback
controller and feedforward controller can be done independently. The two kinds of
specifications may interfere each other. In this note, a design scheme of the two
degree of freedom control is established that guarantees the independence of each
controller. This result is applied to the tracking H., control for systems with time
delay based on previous researches [1][2]. It is shown that the problem is reduced
to two independent mixed sensitivity problems with time delay.
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Co

Figure 13.1 A standard form of the two degree of freedom control systems

13.1 Introduction

There are a number of important specifications for control system designs, that is,
internal stability, reference tracking and feedback properties such as sensitivity,
robust stability,etc. In conventional unity feedback control systems, as the plant
input is generated by the controller based on single information, that is, the error
between the actual plant outputs and the reference signals, there are fundamental
limitations which need some sort of trade-off among the specifications. It is
known that if one wishes to achieve the above specifications simultaneously, the
two degree of freedom controller which is initially discussed by Horowitz [3] is
necessary, instead of the usual unity feedback controller.

In the two degree of freedom control systems, the control inputs are generated
by the reference signals and the measurements. Fig.1 illustrates a standard form
of the two degree of freedom controller. Here the plant input is given by u,

u = Cir + Cyy, (13.1)

where r and y are reference signals and measurements, respectively, and C; and Cy
denote feedforward controller and feedback controller which guarantees internal
stability, respectively. The two degree of freedom controller of this type may be
parametrized in terms of two stable but otherwise free @ parameters [4][5].

The basic idea of the two degree of freedom control scheme is that the role of the
feedback controller is to meet the specifications of internal stability, disturbance
rejection, measurement noise attenuation and sensitivity minimization, while that
of the feedforward controller is to improve the tracking performances. In this sense
the objectives of the feedback controller and the feedforward controller are clear.
However, it is not completely clear whether designs of the feedback controller and
the feedforward controller are independent to each other.

Design problems of the two degree of freedom controller have been discussed
by many researchers in the area of H,, control [1][4][6]. The approach of the two
degree of freedom problems can be extended in the general multivariable case,
if a separation is achieved, where the feedforward controller and the feedback
controller are obtained independently. In the paper [1], the two degree of freedom
H,, minimization problems are solved by transforming the original problems
into two standard problems. Also the feedback error learning scheme which
was proposed as an architecture of the brain motor control is formulated as a
two degree of freedom controller equipped with the adaptive capability in the
feedforward controller [7]. The salient feature of the feedback error learning lies
in its use of feedback error for learning the inverse model.
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In this note, we shall show that each controller can be designed independently
in the framework of H., control. By the separation [1], the H,, control problem
of feedforward part for systems with time delay becomes equivalent to the mixed
sensitivity H,, control problem for systems with time delay. Recently, this problem
is solved by <J-spectral factorization approach [2], so we can use the solution
for the problem directly. We apply this separation to the H,, tracking control
problem for systems with time delay. More precisely, this problem is reduced to
the H.-norm minimization of the transfer function from reference, disturbance
and measurement noise to tracking error, the plant and controller inputs.

13.2 System Description and Compensator
Structure

We consider a two degree of freedom control system shown in Fig.2, where P is
a linear time invariant multivariable plant which can be infinite dimensional, C;
is a feedforward controller, and C; is a feedback controller. The reason why the
block PC; is inserted from r to v will be explained later. The following notation
is used to denote the dimension of the vector, for example, dim( r ) = n,. The
tracking error is defined as

e=y—r. (13.2)

The controlled outputs are defined by

4l Wll)
2o | = | Wou |, (13.3)
23 W3e

where Wy, Wy and W3 are weighted functions, which are stable transfer functions.
And we obtain the transfer function X(Cj, C;) from external inputs to controlled
outputs

z = Z(Cl, Cz)w, (134)
0 -WiS —-WiS
2(C, Gp) = W5 Cy —WeQ —-We@Q |, (13.5)

Ws(I — PC;) —WsS  WsT
where the sensitivity function S for the aforementioned feedback system shown
in Fig.2 is
S=(I1+PC)™, (13.6)

the complementary sensitivity functions T is
T = PCy(I + PCy) 7, (13.7)
and the @ operator is defined as follows:

Q = G(I + PGy) . (13.8)
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: PC 1—O—— C- é P :

C

/

Figure 13.2 The two degree of freedom controller

Obviously, X(Cy, Cs) can be written as

2(CLG) = | 5(0r) 22(G) | (13.9)
where
0
2(G) = W Cy , (13.10)
| Ws(I - PCY)
and
-W S —-WiS
S(C) = | —WaQ —Wo@ |. (13.11)
W3S  WiT

The representation (13.5) implies that the feedforward controller C; and the
feedback controller C, appear separately, and this separated form is due to
insertion of PC; from r to v. It allows the separation between the tracking
properties included in £ (C;) which is a function of C; only and feedback properties
such as sensitivity, robust stability and disturbance attenuation included in X5(Cs)
which is a function of the C; only. Normally in the scheme of Fig.2, C; is
parameterized by P~'W where W is a filter with appropriate relative degree that
makes P~!W proper. This is well known two degree of freedom control scheme.

The system shown in Fig.2 is said to be internally stable if all the transfer
functions from external inputs to each controller and plant outputs are stable. We
note, at this point, that the feedback part of the two degree of freedom controller,
namely Cs, must stabilize the closed loop. The feedforward part of the two degree
of freedom controller, namely PC; and Cj, have to be stable since they are open
loop.

13.3 Application of H., Control to Systems with
Time Delay

The characteristic of systems with time delay is that the action of control inputs
takes a certain time before it affects the measured outputs. We consider the typical
systems with time delay,

P=e*"P,, (13.12)
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where P, is some rational function, and 4 is a delay time. Models like this appear
frequently in applications. It can represent a number of type of delay systems
in the real world such as transport delay, sensor delay and actuator delay. They
often serve as a simple yet adequate model for otherwise complicated high-order or
infinite dimensional systems. Though it is not trivial whether infinite dimensional
system is Bezout domain, the systems with time delay like (13.12) have a matrix
fraction representation over H,, which is coprime in the sense that a matrix
Bezout identity can be satisfied. [8][9].

We consider the sub-optimal H., minimization problem of X(Cj, Cy) which is
defined in the previous section, that is,

IZ(C1, Go)]oc <7 (13.13)
From (13.9), it follows that
IZ(Cr, Go)lloo < [[Z1(C1)[oo + [IZ2(Co)|oos (13.14)

if we select the feedforward controller C; and the feedback controller Cy respec-
tively to satisfy

1Z1(C1)lloe < 71, [|22(C2) 0 < 72 (13.15)

such that ¥ > y1 + ¥4, then (13.13) holds.

Fundamentally, the solution of the minimization problems of X1 (C) and Z9(Cs)
are based on that for the mixed sensitivity H,., problem shown in Fig.3 based on
the J-spectral factorization approach [2]. Like the Smith predictor, it solves the
problem by transforming original problem, which is infinite dimensional, into the
finite dimensional one. The essence of its solution is that the irrational J-spectral
factorization is reduced to the rational J-spectral factorization via a partial frac-
tion expansion of an irrational transfer function, and the controller corresponding
to central solution is a feedback interconnection of a finite dimensional system
and a finite memory system, see Appendix. The computations needed to construct
these controllers are all matrix computations involving only a finite dimensional
Riccati equation, so the method is easy to implement.

Now we concentrate on solving H, control problem of (13.15), where Xo(Cs) is
different from the mixed sensitivity setting. Nevertheless, /-spectral factorization
approach given in [2] which is discussed in Appendix is applicable. £5(Cs) can be
derived by

23(G) = HM (Gs; Go), (13.16)

where Gy is defined as follows:

—Wz —W2 0 0
Gy:=| 0 WP —-W; 0 |, (13.17)

0 I 0

o P 0 I
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and HM represents HoMographic transformation defined in [10]. The fundamen-
tal computations shown in Appendix to reduce the infinite dimensional problem
to a finite dimensional problem are as follows:

~ T shT
Gy, Gy = R (13.18)
e Ty To
__— [ W, W, — y2P.P, W, Wo
R I A W, W, + P,W,W5P, — 2P,P,
__— [ 2P, 0 [ =P —W,WsP,
12 - S 25 s 421 — 9
_PrW3W3 'l Pr 0 i Pr
oo [ W, Wy + W Ws — 2T W, Wy
22 - I w/in w/in _ yZI >

where its components of Tj;(i,j = 1,2) are finite dimensional transfer functions.
The form of (13.18) is identical to that of (A.5) which is derived in [2], so we apply
this method.

As before, the plant P is assumed to be the form e~*"P, with the P, rational,
so the rational part of the plant has the standard coprime factorization [4], that
is,

P.=P;'P,, (13.19)

where P; and P, are in RH ., and P; can be chosen inner. So we can rewrite the
H ,-norm minimization problems,

IZ1(C1) P3|l < 71, |1Z2(C2) Py M loo < 72. (13.20)

As a result, the multiplication of P;! makes (13.20) equivalent to a mixed
sensitivity setting [2].

Next, we focus on the the sub-optimal H.,-norm minimization of ;(C; ), whose
components are linear functions of the feedforward controller C;. The H.,-norm
minimization problem for systems with time delay is given by

0
W2 Cy Pl (13.21)
Ws(I — PCy)

with constraints on stability of the open loop transfer functions C; and PC;, which
is equivalent to the mixed sensitivity H., problem for systems with time delay,
that is,

0

WoCo(I + PCy)™ | PY| . (13.22)
Ws (I + PC())_1

[ee]
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Figure 13.3 The mixed sensitivity configuration

Here we represent C; as
Ci1 = Co(I + PCy)™. (13.23)

As above mentioned, the mixed sensitivity H,, problem for systems with time
delay shown in Fig.3 is solved [2].

So we can use that solution directly. This two-block H.,-norm minimization
problem is solved, and the closed loop transfer function is a stable transfer
function, that is,

(I+PCy)™ (13.24)

is stable. This means that C; and PC; are both stable transfer functions. The
controller Cy corresponding to central solution is the feedback interconnection of
the finite dimensional part K and the infinite dimensional part Fi,;, where the
definition of K and Fy,; are given in (A.9) and (A.6) ,respectively,

Co = (I - KFya) 'K, (13.25)

which is derived by the solution for the mixed sensitivity H,, problem for systems
with time delay. As a result, the controller C; corresponding to central solution
shown in Fig.4 is given by

Ci = (I —-K(Fuw—P))'K. (13.26)

At this point, it follows that the further feedback interconnection incorporating
the plant must be appended. This is the essential difference from the controller
of the mixed sensitivity setting.

13.4 Conclusion

In this note, it has been shown that a separation of the two degree of freedom
controller is established, which enables to design the feedforward controller and
the feedback controller independently. The result is applied to the tracking H,
control problem for systems with time delay. As a result, the tracking H., control
problem is reduced to two H.,-norm minimization problems. One is the design
of feedback controller. The other is concerned with the design of feedforward
controller with stability constraints on the open loop transfer functions. However,
the H,,-norm minimization problem of feedforward controller can be transformed
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Fstab B

P L

Figure 13.4 The controller C; corresponding to central solution

to an equivalent mixed sensitivity problem which was already solved in [2], and
its solution achieves the stability of open loop transfer functions automatically,
that is, the stability of the closed loop means the stability of open loop.

Although in the previous research [1] the separation of the feedback controller
and the feedforward controller is regarded as a tool which enables to transform
the two degree of freedom H,., minimization problem into two standard problems,
it has more potential beyond the only tool to separately design two controllers.
For example, it can be used for various adaptive scheme including feedback error
learning one. These are topics for further research.
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Appendix

We briefly review the results of [2] which enable to reduce the mixed sensitivity
problem for systems with time delay to usual mixed sensitivity one. Fig.3 shows
the closed loop configuration corresponding to the mixed sensitivity problem for
systems with time delay, that is, ||H|| < 7, where H is defined as follows:

Wi(I + PC)~1P;?

= Al
WoC(I + PC)~1P;! (4.

Here P is the typical systems with time delay,
P=e""p, (A.2)

where the P, is rational, and has the standard coprime factorization, that is,
P, = P;'P,, where P, and P;! are in RH,, and P;' can be chosen to be inner.
The open loop(i.e., the controller taken away) can be expressed as a map from
(u, y) to (w,z1,22) as

—Z21 0 W1
u
29 = Wg 0 ] 5 (A3)
—w eshp, P, Y
where we define as follows:
0 W1
Gi=| W, 0 |eHuatm)xbuim) (A4)
eiSth P,
and
Inz1 0 0 I 0
Jy = 0 I, 0 ,d = "
2 0 —I,

0 0 —721nw

From the algebraic manipulations, it follows that

Su e S1z

9’ A-5
e"S91 S (4.5)

GJ,G := [

where S;; (i, j = 1,2) are the rational transfer functions. Here we write e~*" S5 So;
as a sum of a irrational, but stable, part Fy,;, and a proper rational part R

e’ShS§21821 = Fgu + R, (A6)



192 Y. Kuroiwa, H. Kimura

then write
I —F - 1 0
0 := b | G, G
0 I —Fyapr 1
_S.8:5] ; ;
_ S11 — 812855 So1 + RS2sR RS (A7)
SeoR Sao
The point is that © defined here is rational and proper, and that the factor
I 0
[ ] is bistable. A stabilizing controller exists such that ||H||. < ¥ if

—Lstab
and only if the following three conditions hold [2].
(1) ©(c0) is nonsingular and has the same number of positive and negative
eigenvalues as ¢/, and O(jo) is nonsingular on the imaginary axis.
(2) A bistable @, exists such that ® = @,J@Q, , and the lower right n, xn,-block

I 0
Myy of M := G | s ] @ is bistable.

—Lstab
(3) @22(00) <0if A >0.
In this case, all stabilizing controllers are parameterized by

C=(Z1uU+ Z12)(ZaU + Zs) ", (A.8)
I 0 n, n X(n, n ny Xn .
where Z = | J1ete g tn) and U € H™ with ||U]|w <
—Lstab

1. Moreover, @, can be chosen such that its upper-right n, x n, block @, 12
satisfies @, 12(c0) = 0, and for this choice of @,, the controller is causal for any
strictly proper U. The controller corresponding to central solution is given by
C=(I—-KF,u;) 'K , where

K =127132Z3, (A.9)

is finite dimensional, and @;! is defined as follows:

Zr11 Zra2

-1._
Q1=
Zror Zroo

(A.10)
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The Principle of Optimality in Measurement
Feedback Control for Linear Systems

Alexander B. Kurzhanski

Abstract

This paper discusses a Dynamic Programming approach to the solution of the
measurement feedback target control problem in finite time for a linear system
with unknown but bounded disturbances in the system inputs and measurement
channel. The control parameters and unknown items are subjected to hard (in-
stantaneous) bounds. The paper also emphasizes the feasibility of the techniques
of duality theory of nonlinear analysis for calculating the solutions.
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14.1 Introduction

This paper deals with the problem of measurement feedback target control for
linear systems subjected to unknown but bounded disturbances with hard bounds
on the controls and the uncertain items. The basic problem is split into two
coupled problems - the one of guaranteed (set-membership) state estimation and
the other of feedback control under incomplete information. The solution to the
first one is described by level sets for the solution of a related HJB (Hamilton-
Jacobi-Bellman) equation and the solution to the second one through an HJBI
(Hamilton-Jacobi-Bellman-Isaacs) equation in the space of value functions for the
first equation. This is a complicated scheme. Nevertheless, in the case of linear
systems the overall problem is solvable through an array of finite-dimensional
optimization problems.

14.2 The Basic Problem and the Cost Functional

We start with the formulation of the basic problem and of the general approach
to its solution.
Consider the system

dx/dt = A(t)x + B(t)u + C(t)v(t), (14.1)

with continuous matrix coefficients A(t), B(¢), C(¢). The realizations of the controls
u(t), and disturbances v(t) are taken to be bounded by hard (geometric) bounds

u(t) € Pt), v(t) € Q(t), (14.2)

for all ¢ € [to,¢1] . Here P(¢),Q(t) - are set-valued functions with values in
the variety of convex compact sets of the Euclidean spaces IR?,IR? respectively,
continuous in the Hausdorff metric.

The online information on the vector x arrives through available observations
due to the measurement equation

y(t) = Ht)x + w, (14.3)

where y(¢) € R is the given measurement, w(¢) is the unknown but bounded
measurement "noise"

w(t) € R(t), t€ [to, ta]. (14.4)

with function R(¢) similar to P(¢), Q(¢) and H(t) continuous.
The initial condition is given by the inclusion

x(to) € X°, (14.5)

where X - is a given convex compact set in IR”. The pair {tg, X °} will be referred
to as the initial position of the system.

Given the initial position {#9, X°}, the functions A(¢), B(t),C(t), H(t), the
realization of the "used" control u[s], s € [to, t], as well as the set-valued functions
Q(t),R(¢) and the available measurements y;(s) = y(¢ + s),s € [¢o — £, 0], one
may apply the theory of guaranteed (set-membership) estimation, [5], [7], [14]
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to calculate the information sets X(t,y:(-)) = X(¢,-) of system (14.1)- (14.4),
consistent with its parameters and with the measurements obtained within time
[0, t].

Therefore the state space variable (or the"current position") of the system may
be taken as the pair {¢, X (¢,-}.

In a loose formulation the problem under consideration consists in specifying
such a feedbak control strategy U (¢, X (¢,-)),(possibly multivalued), that would
steer the system ( namely, transfer the state space variable) from any initial
position {7, X(7,-)},7 € [to, t1], to a preassigned neighborhood of a given target set
M at time ¢, despite the unknown disturbances and the incomplete information.
At the same time the class of admissible strategies Uy = {U(¢, X (¢,-))} must
ensure the existence and prolongability of solutions to the equation (differential
inclusion) (14.1)) with u = U (¢, X (¢,-)), t € [to, 1]

In the sequel we will formulate a more rigorous setting of the basic problem.
However, even the loose setting indicates that the problem may be split into two
- Problem (E) of set-membership estimation and Problem (C) of feedback control.
The overall problem may be described through the following cost functional.

V(to, X°) = ml}nmax{—dz(x(to),XO) + /T(dz(u(t),fP(t)) —d%(v(t),Q(t))dt

to

- /tT d*(y" () — H(t)x(t), R(£))dt + d*(x(t1). M) |x(to); v(t) € Q1) £ € [to. 7]}

(14.6)

Here the minimum is to be taken over strategies of the type U = U(¢, X (¢,-)),

where X (t,-) is the information (consistency) domain which determines the cur-

rent state {¢, X (¢,-))} of the system. The details of this problem are explained in
the next sections.

14.3 Guaranteed (Set-Membership) Estimation

As mentioned above, the problem of calculating the functional ¥ (7, X (z,-)) can
be split into two problems, starting with Problem (E) - the one of guaranteed
(set-membership) estimation. We consider Problem (E) in two possible settings —
E1 and EQ.

Problem E;

At instant 7 given are system (14.1) - (14.2) and measurement equation (14.3)),
(14.4), as well as initial position {to, X°} , available observation (measurement)
y = y*(t), t € [to, 7] , and the realization u = u*(¢) of the control that had already
operated throughout the interval ¢ € [¢o, 7] .

One is to specify the information set X (z,-)) of solutions x(7) to system (14.1)
consistent with measurement y*(¢), ¢ € [to, 7] under constraints (14.1) - (14.5))
and given realization u*(¢),¢ € [to, 7] !

The "information set" X (z,-)) is a guaranteed estimate of the realized solution
of equation (14.1) which contains the unknown actual actual vector x(7) of this
equation. The calculation of set X(7,-)) is the topic of guaranteed estimation
theory [5], [14]. In order to treat the problem of this paper it is however necessary
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to decribe not only X (z,) itself, but also its evolution in time. This can be done
through the following auxiliary problem whose form is borrowed from the theory
of H,, control [1], [4].

Problem E,

Given initial position {¢y, X°} , measured values y*(¢) , and control realization
u*(¢) for t € [to, 7], specify

—V(t,x) = max{—d?(x(t0), X°) + /T(—dz(v(t),Q(t))dt

to

T
—/ d*(y" () — H(t)x, R(t))dt |x(to); v(t) € Q1) ¢ € [to, 7]} (14.7)
to

under condition x(7) = x, due to system (14.1)!

Function V(7,x) will be referred to as the "information state" of the overall
system (14.1) - (14.5).

LEMMA 14.1
The information set X(z,-) is the level set of function (the information state)
V(r,x):

X(z,))={x:V(r,x) <0}.

O

From the last assertion it follows that the current position (state space variable)
of system (14.1) - (14.5)) may be selected not only as {7, X (7, )} , but also as the
pair {7, V(r,-)}. We will further accept the last option.

For the function V(z,x) we introduce the notation V(r,x) = V(r,x|V(to,")),
emphasizing the dependence of V(z,x) on V (¢, x).

LEMMA 14.2
The following property is true

V(1. 2|V (to,") = V(02| V(.| V(to. ), to <t < T. (14.8)
O

REMARK 14.1
Formula (14.8) expresses the "Principle of Optimality" for Problem (E) taken in
form Es !

The latter formula yields a partial differential equation for V(¢,x), whose
formal derivation follows the standatd routines of Dynamic Programming.

Thus we have

o T mflx{(%,A(t)x + B(t)u+ C(t)v)} (14.9)
—d?(v,Q(t)) — d*(y"(t) — H(t)x), R(t)) = 0,

under boundary condition
V(to,x) = d*(x, X°). (14.10)



The Principle of Optimality in Measurement Feedback Control 197

Equation (14.9), (14.10) may have no classical solution as V(¢,x) may not be
smooth. Then the solution to this equation should be understood in the generalized
sense, as "viscosity", [3] or "minmax" [16] solution. In the general case it may be
defined trough Dini subdifferentials or through equivalent notions [2].

THEOREM 14.1
If with u = u*(¢), y = y*(¢), ¢ € [to, 7] given equation (14.9), (14.10) does have a
generalized (viscosity) solution V(¢,x), then

X(1,-)) = {x: V(z,x) <0}

O

The existence of a generalized solution to equation (14.9), (14.10) is necessary and
sufficient for the solvability of Problem (E). In this case V(¢,-) = V(¢,|V (o, "))
satisfies the evolution equation

ov
57 = @@ V(E).w(2).y" (1)), (14.11)
in the Hilbert space of elements {V(¢,-)}, which is nothing else than equation
(14.9), (14.10).
A question arises whether does the tube X[r] = X (z,-) satisfy any evolution
equation in the space of set-valued functions? The answer known at this time

is given in paper [7], where such an equation is given in the form of a funnel
equation for a differential inclusion of type

dx/dt € A(t)x + B(t)u*(t) + C(t)Q(¢), (14.12)
under the state constraint
H(#)x e Y(&) =y (¢t) — R(¢t). (14.13)
Here is one of such equations
lin+10 o thi(Z[t+ o), (I +cAl)(Z()NY(2)+
+B(t)u’(t) + C(¥)Q(z)) =0, (14.14)
where - i, - is the Hausdorff semidistance:
hi(X',X") =min{e : X' C X" + B},

B is a unit ball in IR". The solution Z[t]; of equation (14.14) — is a set-valued
function with Z[ty] = X°. This solution is nonunique.

The desired solution X|[t], which coincides with the realization of the set-
valued function X (¢,-), is the solution of (14.14) which is maximal with respect to
inclusion, namely, X [t] D Z|t].

Note that equation (14.14) makes sense for piecewise-continuous functions
u(t), y(t) which in this paper are taken to be right-continuous.

We now pass to Problem (C) of control synthesis for system (14.9), (14.10).
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14.4 Control Synthesis for the Set-Valued Control
System

Consider equations (14.9))-(14.10), which describe the dynamics of value function
V(t,x), whose level sets are the estimates X (¢,-) of the phase vector x(¢) of the
original system (14.1)-(14.2).

Problem (C)

With V(7,x) given, find value functional

V@, V(T )V (t.") = (14.15)

= min max{—V (7, x)+

U xow

+ / " (@(U.P(0) - d20,Q0) — d(y(t) — C(O)x(e). R(t))dt + B2 (X (t1, ) M)},

along the solution V (¢, x) of equation

% + mfx{(%,A(t)x + B(t)u) + C(¢)v)) }—
~d*(0,Q(t) - (y(t) — G(0)x(1). R(£)) = O, (14.16)

with starting position {7, V(z,-)} given, being obtained from equation (14.9),
(14.10)!

Thus the state space variable (“the position”) of the overall system with
incomplete measurements is the pair {¢,V(¢,-))} and its “trajectory” in time,
described by equation (14.16), is V(¢,-) - a function of ¢ with values in the space
of functions of x which, with ¢ fixed, are V(¢,x), x € R". We therefore have to
minimaximalize (14.15) over the indicated “trajectories” V(¢,-).

The control U = U(¢,-) in (14.15) is to be selected as a set-valued functional of
the state space variable {¢,V(¢,-)}, namely, as U = U(¢, V(¢,-)) , where the latter
functional is continuous in ¢ and upper semicontinuous in V(¢,-) in the metric
given by an L3(B(r)) - norm. (In this paper we presume that functions V (¢*,x)
are elements of a ball with center at the origin, of radius p in the Hilbert space
L3 (B(r)) of n-dimensional functions square-integrable in the domain B(r) - a ball
of radius r in IR", where p,r are sufficiently large, B(0) = {0}.)

The function x(¢) = x(¢,7,x") in (14.15), (14.16) is the trajectory of system
(14.1) which starts at {7,x*}, x* € X(r,-) = {x : V(r,x) < 0} and the term

d*(X (t1,-), M) = max{d?(x, M)|V (t1,x) < 0}.
The boundary condition for (14.16) is then given by condition
V(t1, V() = max{d?(x, M)|V (t1,x) < 0}, (14.17)

We may now specify the underlying “principle of optimality”.
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LEMMA 14.1
The following Principle of Optimality in the class of state space variables
{t, V(¢,)} is true (t <t <ty): .

V(,V(r, )t V(t, ) = V(r, V(e )t V(¢ |t, V (11, ),
where v/ (¢1,-)) is determined by the boundary condition (14.17). O

The last assertion yields a generalized HJBI equation which may formally be
written as

dvV (r,V(z,-
min max{ TETED 2, 2(0)) — a2 (0,Q(0) — a2y — H)x(0), R0} = 0,
u v,y
(14.18)
where y € Y(¢) and d¥/ (7, V(z,-))/dt is the complete Dini-type derivative of
functional ¥ (7, V(z,-)) along the trajectories of the evolution equation (14.9),

(14.10). The previous equation actually reduces to

dV(z,V(z,-))

at +d%(u, P(t)) — d?(v,Q(t))} = 0.

muin rnéax{

The detailed interpretation of the last equations will be the topic of a separate

paper, being important for the analysis of systems when the original equations

(14.1), (14.3) are nonlinear. In the linear case however the function V(¢,x) and

the functional ¥ (¢, V(¢,-)) may be calculated through the techniques of duality
theory of nonlinear analysis.

14.5 Solution through Duality Techniques

In this section we demonstrate the application of duality techniques of nonlinear
analysis ([15], [2]) to the problems of this paper, assuming C(¢) = 0. The more
general case of C(t) # 0 may be treated along the lines of papers [6], [11].
Starting from Problem (E), we note that in our case function V(¢,x) may be
found as
V(t,x) = min{d?(x(to), X °)+

+/T d2(y* () — H(t)x(t), R(t))dt |x(to)}, x(7) = x. (14.19)

to

This function may also be calculated as
. . 1
min{d”(x(to), X")|x(t)} = min{max{(L, x(ts)) — p(LIX") = 7(L.))} | x(t0)}

under restrictions
x(7) = x,
d*(y*(¢t) — H()x(t),R(t))* <0, ¢ € [to,7].
Solving this problem through the techniques of nonlinear analysis [5], [7], [15],
[13], we have

V(t,x) = max s/llg){(s(t), x)+



200 A.B. Kurzhanski
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to

—p(I]X°) — %(1,1) -3 / (A(2), A(2))dt, (14.20)

to
where the row s(¢) is the solution of the adjoint system for Problem (E)
s =—sA(t) + A(t)H(¢t), s(to) =1.
Given V(r,x), we may now calculate the support function

p(IX[2]) = max{(l, )|V (z.x) < 0}

of set X(z,).
Note that set X (¢,-) = {x: V(¢t,x) <0}, ¢ € [to, 7] evolves due to equation
ov. oV
57 T (G A0 + B’ (1) + d*(y*(¢) — H(t)x, R(t)) = 0.

V(to,x) = d*(x,X°),

where u = u*(t),y = y*(¢) are given realizations of the control v and the
measurement y for the interval [¢o, 7].
We may now pass Problem (C) which is

V(7. X(z.)) = min max{{d(x. M|V (t1.x) < 0}|U € Uy}, (14.21)

Here Uy - is the class of feedback control strategies U (¢, V(-)) mentioned in the
previous Section. Recall that these strategies are convex compact-valued in IR?,
continuous in ¢ and upper semicontinuous in V(-) € L3[B(u)]. One may observe
that by maximizing over x,w in (14.21) we have to maximize over all possible
future realizations of the information function V' (¢4, x), or in other words, over all
the possible future realizations of the information set X (¢4, -).

For each given realization of u(¢), ¢ € [, 1] the possible information set X (¢1, -)
depends on u(¢) and also on the possible realization y(t), ¢ € [r,¢;] which in its
turn depends on the pair x € X(z,-),w(¢) € R(¢),t € (7,#1]. In other words, with
u(t) given, each possible set X (¢1,-) is the cross-section (“the cut”) of trajectories
x(¢,7,x) that satisfy for a fixed u(t) the constraints

y(t) — H(t)x(t,7,x) € R(¢), x € X(z,")

generated through y(¢) by some pair x € X(z,-),&(¢) € R(¢t),t € [1,¢1]. Denoting
all the possible future realizations of y(¢), ¢ € [r,#1] as ) (¢), we further denote
X(z,") = X(z,-|u(-),y(:))) for all future realizations of set X(z,-) , emphasizing
their dependence on u(t), y(¢), t € (,t1].

Also denote

X (1,7, X(2.)u()) = Gt 2)X(2,) + /tl G (1, £) B (u(t)dt,

where G(t,7) is the transition matrix of the homogeneous equation (14.1).
A standard calculation indicates the next property.
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LEMMA 14.1
The following equality is true:

X (t1, 7, X (7, ) |u()) = U{X (7, [u(), y()| 2() € Y(2), ¢ € (7, 11]}.

Therefore Problem (C) is now reduced to the minimization of the distance
e(r,X(7,-)) = min{d*(X (t1, 7, X (z,-)|u(-))), M) (14.22)

over all the controls u(t) € P(t), t € (7,#1]. (In the absence of disturbance v(¢) the
open and closed-loop solutions to this problem are the same).
Obviously we have
e, X(z,)) =V (r,X(z,")).
The latter value may now be calculated through duality techniques of nonlinear
analysis. This gives

V(1,X(z,")) = max{—(~h"(1,1) — / " p(UP()dt I € R} (14.23)

where
h(t,1) = p(I|X (7,-)u(-)) — p(UIM) — %(lal)-

and the second conjugate ~A**(7,l) is taken only in the second variable.

THEOREM 14.2
The value functional ¥ (7,.X(z,-)) is given by formula (14.23) as a result of a
finite-dimensional optimization procedure. O

(The finite-dimensionality of the related optimization problem (14.23) also holds
for the general case C(t) # 0).

The functional (14.23) produces a unique maximizer [° = (°(z, V(z,-)) which
further yields a guaranteed solution strategy U°(z, V(z,-)) which belongs to class
Uy described above.

THEOREM 14.3
The solution strategy for the basic problem is given by formula

Uz, V(z,)) = argmin{({°(z, V(z,-)), B(t)u))|u € P(7)},

where [°(7, V(z,-) is the maximizer for problem (14.23), whilst V (z, x) is given by
formula (14.20).
Strategy U°(z, V(z,-)) ensures the inequality

d?(x(t1), M) <V (to, X°),

whatever be the disturbances v(-),w(-) at the system inputs and the initial vector
x(tg) = x° subjected to constraints (14.2), (14.4), (14.5). O

The numerical realization of the presented scheme may be achieved through the
techniques of ellipsoidal calculus which effectively allows to deal with set-valued
functions along the lines of publications [8], [9], [10]. But this a subject for a
separate publication.
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Linear System Identification as Curve Fitting

Lennart Ljung

Abstract

The purpose of this contribution is to point out and exploit the kinship between
identification of linear dynamic systems and classical curve fitting. For curve
fitting we discuss both global and local parametric methods as well as non-para-
metric ones, such as local polynomial methods. We view system identification as
the estimation of the frequency function curve. The empirical transfer function
estimate is taken as the “observations” of this curve. In particular we discuss
how this could be done for multi-variable systems. Local and non-parametric
curve fitting methods lead to variants of classical spectral analysis, while the
prediction error/maximum likelihood framework corresponds to global parametric
methods. The role of the noise model in dynamic models is also illuminated from
this perspective.
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15.1 Introduction

A linear dynamic system in discrete or continuous time can be described by
y(¢) = G(o)u(t) +v(z) (15.1)

where o is the differentiation operator p in continuous time and the shift operator
g in discrete time. The identification problem is to find the transfer operator G and
possibly also the spectrum of the additive noise v. There is an extensive literature
on this problem, see among many books, e.g. [7] and [11].

One may distinguish three main approaches to this problem:

o Spectral Analysis which forms estimates of the spectra of the output, the
input and the cross spectrum between input and output, ®,(®), ®,(®),
®,,(w) and then the estimates

Gliow) = © (15.2)

b, (0) = Dy(0) — G(io)D,(0) (15.3)

See, e.g. [5], [1] for thorough treatments of this approach.

e Parametric Methods that explicitly parameterize the sought transfer func-
tions and estimate the parameters by maximum likelihood or related tech-
niques.

o Subspace Methods that conceptually can be described as model reduction
schemes of simple high order estimates. See, e.g. [14], [6] or [15].

It is the purpose of this contribution to put such identification methods into
the perspective of simple-minded curve fitting techniques. To put it another way:
We are not so far from Gauss’ basic contributions on least squares.

15.2 Curve Fitting

To bring out the basic features of the estimation problem, let us study a simple
example. Suppose the problem is to estimate an unknown function go(x),—1 <
x < 1. The observations we have are noise measurements y(k) at points x;, which
we may or may not choose ourselves:

y(k) = go(xr) + e(k) (15.4)
How to approach this problem?
Parametric Methods
Global Parameterizations One way or another we must decide “where to
look for” g. We could, for example, have the information that g is a third order

polynomial. This would lead to the — in this case — grey box model structure

g(x,0) = 01 + Oox + 3% + ...+ G, x" " (15.5)
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Figure 15.1 A piece-wise constant approximation.

with n = 4, and we would estimate the parameter vector € from the observations
y, using for example the classical least squares method.

Now suppose that we have no structural information at all about g. We would
then still have to assume something about it, e.g. it is an analytical function, or
that it is piecewise constant or something like that. In this situation, we could
still use (15.5), but now as black-box model: if we assume g to be analytic we
know that it can be approximated arbitrarily well by a polynomial. The necessary
order n would not be known, and we would have to find a good value of it using
some suitable scheme.

Note that there are several alternatives in this black-box situation: We could
use rational approximations:

6,+0 O3x% 4+ ...+ 0,471
g(x,0) = o 2X T O T T O (15.6)
140510+ 60062+ ...+ Oppp_1xm™1

or Fourier series expansions

9(x.0) =60+ > _ 021 cos(lxx) + Oy sin((rx) (15.7)
(=1

Local Parameterizations Alternatively, we could approximate the function
by piece-wise constant functions, as illustrated in Figure 15.1. The mapping g can
be parameterized as a function expansion

g(x,0) = oux(Bi(x — 7)) (15.8)
k=1

Here, x is a “mother basis function”, from which the actual functions in the func-
tion expansion are created by dilation (parameter ) and translation (parameter
7). For example, with ¥ = cos we would get Fourier series expansion with S as
frequency and y as phase. More common are cases where k is a unit pulse. With
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that choice, (15.8) can describe any piecewise constant function, where the gran-
ularity of the approximation is governed by the dilation parameter . Compared
to Figure 15.1 we would in that case have

e n=4,
*r1=L7y2=2y3=357y:=7,

* p1=1p32=2/3,p3=1/35,4=1/3
e 01 =0.79,09, =11, 3 =13,4 = 1.43

A related choice is a soft version of a unit pulse, such as the Gaussian bell. Alter-
natively, ¥ could be a unit step (which also gives piecewise constant functions),
or a soft step, such as the sigmoid.

Estimation Techniques and Basic Properties

It suggests itself that the basic least-squares like approach is a natural approach
for curve fitting: A
Oy = arg min Vn(0)

Z,uk Xk,e))2

Here u;, is a weight that in a suitable way reflects the

(15.9)

e “reliability” of the measurement k. This is typically evaluated as the variance
of e(k), so we would have uj ~ 1/4;, where 1, is the variance of e(%).

e “relevance” of the measurement k. It could be that we do not fully believe
that the underlying model g(x, 0) is capable of describing the data for all x.
We could then downweigh a measurement at a point x; outside a region of
prime relevance for the model.

In case y and go are vectorvalued (column vectors), the criterion takes the
form

N
=D (v(k) — g(x2, 0)"Ax (y(R) — g (. 0) (15.10)
k=1

where the matrix A, takes care of the weightings. For the reliablity aspect, A,
would be the covariance matrix of e(%).

Non-Parametric Methods
Basic Idea: Local Smoothing A simple idea to form an estimate of the

function value g(x) at a point x is to form some kind of average of the observations
y(k) corresponding to x; in the neigbourhood of x:

N
= W(x, 1)y (15.11)
k=1
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where the weights W are chosen appropriately, and typically being zero when the
distance between x and x; is larger than a certain value (“the bandwidth”). The
choice of such weights is the subject of an extensive literature in statistics. See,
among many references, e.g. [3], [13], [2], and [9]. It is not the purpose of this paper
to give an overview of such methods, but we can point to some basic choices.

Nearest Neighbor Smoothing Perhaps the simplest idea is to take as an
estimate of g the observed value y(k) at the nearest observation point. This
corresponds to choosing W(x, x;) to be 1 for that x; in the observation set that is
closest to x and 0 otherwise.

Kernel Smoothers Take

W(x,2z) = x(|Jx — 2|/h) (15.12)
where k(&) is some bell-shaped function that is zero for £ > 1. A common choice
is the Epanechnikov kernel

K(x) =

1—«? for|x| <1
(15.13)

0 for|x| > 1
Local Polynomial Methods Polynomial approximations of a curve may be

efficient, at least locally. Instead of the global model (15.5) one may seek a local
approximation in the neigbourhood of x by

9(2,0) =61 +62(z—x) +03(z—x)* +...0,(z—x)"! (15.14)

Then estimate these coefficients e.g. by weighted least squares
N ~
minZuk W(x—axp) - |y(k) — 01 — Oz(x), —x) — ... — O, (2 —x)" 12 (15.15)
k=1

Here uj is a weight that reflects the reliability of the k:th measurement (the
variance of e(k)) and W concentrates the fit to a suitable neighbourhood of x. The
resulting estimate 6 will be linear in y(%) and choosing 6, as an estimate for g(x)
will give an expression of the type (15.11).

Direct Optimization of Weights In a recent approach, [10], the choice of
weights W in (15.11) is formulated as a min-max optimization problem for the
mean square error E|g(x)—g(x)|?. This is either a quadratic programming problem
or a convex one and can be solved quite efficiently to achieve optimal weights
without relying upon asymptotic theory.

15.3 Linear Dynamic Models

The Curve: The Frequency Function

A linear dynamic system is uniquely defined, e.g., by its impulse response or by
its Frequency Function

G(®T) or G(iw) (15.16)
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in discrete time, or continuous time, respectivly. For simplicity in the sequel we
will use the continuous time notation.

Therefore it is possible to interpret all methods for linear system identification
as methods to estimate the frequency function curve.

The Observations: The ETFE

The primary observations from a dynamical system are always the sequences of
sampled inputs and outputs, u and vy,

= {u(tr), y(t1),...,u(tn), y(in)} (15.17)

From these we may form the Fourier transforms

N
1 io(k—1)T
= —= Y u(ty)e (15.18)
VN5
N
\/%Zy goth=T (15.19)

k=

[y

(These expressions give the DFT for equidistantly sampled data: ¢,.1 — ¢, = T,
but several variants can be envisioned.)

For a scalar input we may now form the Empirical Transfer Function Estimate,
ETFE as

i) = 32

(15.20)

In case the observations y and u have been obtained from a noise-corrupted linear
system with frequency function Gy(i®) it can be shown that the ETFE has the
following statistical properties: (Lemma 6.1 in [7].)

EGy(io) = Go(io) + \/N%N(w) (15.21)
D, () P2

E|Gy (io) — Go(io)]? =

[Ty (@) " NUn(@) (15.22)

Here @,(w) is the spectrum of the additive noise (at the output of the system)and
pi are constant bounds that depend on the impulse response of the system, the
bound on the input, and the covariance function of the noise. Moreover, it can be
shown that the EFTE’s are asymptotically uncorrelated at frequencies on the DFT
grid.

All this means that we can think of the ETFE as a “noisy measurement” of
the frequency function:

G (ioy) = Golioy) + v (15.23)

with v, being a zero mean random variable with variance ®,(wy)/|Un(@z)|?. We
have then ignored the terms with p in the expressions above.
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Something must also be said about the frequency grid in (15.23): If the Fourier
transforms are obtained by DFT of equidistantly sampled data, the natural
frequencies to use in (15.23) are the DFT grid:

o, =kr/N; k=0,...,N—1 (15.24)

This gives two advantages:

e Frequencies in between these carry no extra information: they are merely
(trigonometric) interpolations of the values on the DFT grid. This also
determines the maximum frequency resolution of the frequency function.

e v, are (asymptotically) uncorrelated on this grid.

In the case of p outputs, vy is a column vector and @, is a p X p matrix.

The Multi-input Case

When there are several inputs, so that « is an m-dimensional column vector and
G is a p x m matrix, there is no unique way of forming the ETFE, and this
has apparently not been discussed in the literature. One of the possibilities is to
split the data record into m parts, like (assume N = mM and ¢, — ¢, = 1 for
simplicity)

M
1 .
Ul (0) = = STu((r - )M + k)Y r=1..m (15.25)
k=1

and similarly for Y . The corresponding DFT-grid for @ will be reduced by a
factor m to

w=lr/M;t=0,....M -1 (15.26)
On this grid we can define
Gy(io) = [YP(@) .. YW(@)][UJ@) ... U]
=)n (@) Uy (0)™ (15.27)

provided the m x m inverse exists (which is the generic case). A related possibility
is to take DFTs of the whole data record and form the estimate using m-tuples of
neighboring frequencies.

It can be shown, analogously to the single input case that

G (ioy) = Golioy) + v (15.28)

where now v, is a sequence of p x m matrices with (asymptotically) zero means
and asymptotically uncorrelated on the DFT-grid (15.26) with covariance matrix

[Un (o) Uy ()] © () (15.29)

for vec(vy,). Here ® denotes the Kronecker product, and vec means stacking the
columns of a matrix on top of each other.
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15.4 Fitting the Frequency Function Curve by
Local Methods

The basic relation between the Fourier data and the frequency function is
Y(a)k) = G(La)k)U(wk) + V(a)k), k=1,...,N (15.30)

This holds in the general multi-variable case. The covariance matrix for V() is
the m x m spectrum matrix ®(w). For compact notation we form the p x N matrix

Y as
Y =[Y(w1),...,Y(on)] (15.31)

and similarly the m x N matrix U and the p x N matrix V. Then, if G were a
constant (complex valued) p x m matrix (15.30) could be rewritten

Y =GU+YV (15.32)

This could be compared to the local polynomial approach (15.14) where we have

only taken the constant term (n = 1). To estimate this constant G we would apply

weighted least squares (15.15) where the weighting function W(w; — @) would

measure the distance between the value @, where we seek an estimate of G and

the frequencies @, where we have the observations. Form the N x N matrix W/

as the diagonal, real-valued matrix of these weights. Then the weighted least
squares estimate of G is

G=ywWuw |uwu|* (15.33)

This is the estimate at frequency @ and the dependence on w in this expression

is hidden in W .
To estimate the disturbance spectrum @, (@) we estimate V' by

V=9 -GU=7I-WU [UWU]|'U=YP, (15.34)
where the last step is a definition of P,. Note that
PWP: =P, W (15.35)

A natural estimate of the spectrum ®, is to form a weighted sum
. 15 o~
D, = ;‘V‘T/V‘V (15.36)

The question is, what should the normalization factor p be? Consider the i,j
element of the matrix above and note that &' P, = ¥ P,. Thus

Eb = Lup, WP = L wmyivp,W
p p
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Assuming @, to be constant (at least over the interval covered by the weights), and
that the frequency grid is such that v(®;,) are uncorrelated (recall the comment
below (15.24)) we have

E‘V;‘Vi = (I)li}’j . IN><N
with the N x N identity matrix. Moreover
n=trP, W = trW — te(UW U UW U (15.37)

This shows that the correct normalization in (15.36) is p = 17 (Note that in case
equal weigths are used, that is, /W = I, then the normalization becomes the
familiar p = N — m.)

This way (15.33) of estimating the frequency function is closely related to
classical spectral analysis, since U U* can be seen as an estimate of the input
spectral matrix and W U* is an estimate of the cross spectrum. (See also
Chapter 6 in [7].) The weights in 7/ then correspond to the frequency (or tapering)
windows, like the Bartlett, Parzen or Hamming windows typically applied in
spectral analysis. Displaying the kinship to local polynomial modeling in curve
fitting gives extra insight into the role of these windows. It also shows how to
find the right normalization for unbiased estimation of the additive disturbance
spectrum, which is important for narrow frequency windows. It may be easy to
overlook the second term of (15.37).

Nothing in this treatment requires that the window 9/ is the same for all
frequencies. On the contrary, it is natural to let the bandwidth depend on the
actual frequency where G is estimated. This is how the function spafdr (spectral
analysis with frequency dependent resolution) in the SYSTEM IDENTIFICATION
TooLBOX, [8], is implemented. A related approach to smoothing the ETFE is
described in [12].

15.5 Fitting the Frequency Function by
Parametric Methods

The Model Structure

A model structure for a linear system is simply a parameterization of the frequency
function

G(iw, 0) (15.38)
possibly together with a parameterization of the additive noise spectrum
D, (w,0) = H(iw, 0)A(0)H" (iw, 0) (15.39)

where the second step shows the spectrum factorized using a monic, stable and
inversely stable transfer function H.
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The actual parameterization can be done in many different ways. The under-
lying description could be a discrete time ARMAX model

A(q)y(t) = B(q)u(t) + C(q)e(t)

with the coefficients of the polynomials (in ¢~!) A, B and C comprising 6. This
gives

G(e®,0) = ig:;
H(e”,0) = EEZZ;

Note the similarity with the basic forms (15.5) and (15.6) for x = e~%®.
A physically parameterized state space model

where K (0) and A(6) are computed from A, C, @ and R as the steady state Kalman
filter’s gain and innovations variance.
Many other types of parameterizations are of course possible.

Frequency Domain Data

Assume that the data are given in the frequency domain. We can then form
the ETFE as described in Sections 15.3 and 15.3. The weighted least squares
fit between the ETFE and the parameterized curve is then obtained as in (15.10):

M A

V(9) =) vec(G(im,) — G(io., 0)){[UnUy] ® 0, (00)} (15.40)
/=1
x vee(G (iy) — G(iwy, 6)) (15.41)

where the frequencies @, are from the grid (15.26). Here we have first formed

a column vector from the matrix G — G and then weighted with the inverse
covariance matrix, (15.29), of the measurement noise at the frequency in question.
(Note that (A ® B)™! = A~! @ B~1.) Applying the formula

vec(D*)*(C* ® A)vec(B) = tr(ABCD)
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now gives
M N N
V(o) = Ztr[G(iwg) — G(iw, 0)][UnUy][G(iw) — G(iw, 0)]'®, () (15.42)
=1
which in view of (15.27) also can be written

M
V(@) = Ztr[%\;(a)/) — G(ia)/, H)TJN(w/)]*dD,jl(a)/)[Q/N(a)/) — G(ia)(g, 9)111\7(0)1)]
- (15.43)

The expression within bracket is a p x m matrix which means that we can go back
to the original vectors U)(w;) and Y)(@/) in (15.25) to obtain

M m
v(e) =" N [YY (@) - Gliww. 0)UY (@) @, ()
1
x [V (@) = Gliww, 0)UY ()] (15.44)

Here we have an m-fold repetition of frequencies on the courser grid (15.26). By
a small approximation we can move to the finer grid (15.24) and obtain

N
V(0) = > [Yu (0 — Gliw, 0)Un (1)) ®; (@4)[Y (@1) — G(iow, 0)Ux(@4)]
! (15.45)

Prediction Errors From Time Domain Data

If we start with time domain data (15.17) we could of course directly transform
to frequency domain data and go through steps of the previous subsection. It is
instructive to follow the calculations directly in the time domain.

The discrete time domain version of the model (15.38), (15.39) is

y(¢) = G(q,0)u(t) + H(q, 8)e(t) (15.46)

For equidistantly sampled data we can form the prediction errors for this model
as

e(t,0) = H'(q,0)(y(t) — G(q. 0)u(t)) (15.47)

Assuming that these have covariance matrix A, a natural criterion to minimize
(which equals the maximum likelihood criterion if A is known and e is Gaussian)
is

N
V(0) =) &"(t,0)Ae(t,6) (15.48)
k=1
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Applying Parseval’s relationship to (15.48), (15.47) and ignoring transient effects
(or assuming periodic data) now gives for this criterion

N
V(6) = 3 [Yiv(@s) — G(ion, 6) Uy (@1)]' ®; (@4, 0)
k=1 (15.49)
x [Yn(@r) — G(iok, 0)Un(®})]
P, (w,0) = H(iw,0)AH (iw, 0)

This is the same as (15.45) and we can now track back to the curve fitting
expression between the ETFE and the parameterized curve in (15.40). Even in the
time domain, multi-variable case the basic methods consequently still are curve
fitting. We have also displayed the nature of the noise model in (15.46): It just
provides the weighting in this fit.

15.6 Conclusions

Phrasing standard methods for linear system identification as curve fitting brings
out several common features and gives some additional insight. It also shows that
the bottom line in identification is quite simple and relies upon early work in
statistics.

The subspace methods were not explicitly discussed in this contribution. The
link to curve fitting is conceptually as follows: The first step in subspace methods
is to form a big Hankel matrix from observed data. This can be seen as a high order
ARX model for the system. The second step is to approximate this matrix with a
low rank one using SVD. This is basically related to Hankel norm approximation
of high order systems by lower order ones, which in turn can be interpreted as
approximating the corresponding frequency functions, see [4].
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16.1 Introduction

This paper deals with problems of model order reduction for linear time-invariant
(LTI) systems. Reduced order transfer functions are frequently used in model-
ing, design, and computer simulation of complex engineering systems. Despite
significant research efforts, several fundamental questions concerning LTI model
reduction remain unsolved.

A mathematical formulation of a model reduction problem can be given in
terms of finding a stable transfer function G (the reduced model) of order less
than % such that |G — G|| (the approximation error measure quantifying the size
of the model mismatch A = G — G) is minimal. Here G is a given stable LTI
system (the non-reduced model), and || - || is a given norm (or sometimes a semi-
norm) on the vector space of stable transfer functions. While G is not rational
in many applications, it is usually reasonable to assume that a high order high
quality finite order approximation Gq of G is available, and therefore the optimal
model reduction problem is formulated as

|Go — G|| — min, (order(G) < k), (16.1)

entirely in terms of finite order transfer functions.
Based on the wisdom of modern robust control, the most desirable norms || - ||
to be used in optimal model reduction are the so-called weighted H-infinity norms

Al = WA, (16.2)

where W is a given rational transfer function. However, to the author’s knowledge,
no polynomial time algorithms are known for solving (16.1) in the case of a non-
zero weighted H-infinity norm || - | (even when W = 1). (It is also not known
whether the problem is NP-hard or not.)
The case when _
1Al = l[Afl = min A + 6| (16.3)

(6 ranges over the set of stable transfer functions) is the so-called Hankel norm
appears to be the only situation in which a polynomial time algorithm for solving
(16.1) is commonly known. The theory of Hankel model reduction is the main
concentration of rigorous results on model reduction. Since

[Alln < [|A]l (16.4)

for every stable transfer function A, solving the Hankel model reduction problem
provides a lower bound in the (unweighted) H-infinity model reduction problem.
In addition, there is some evidence, both formal and experimental, that, for “rea-
sonable” systems, the H-infinity model matching error delivered by the Hankel
optimal reduced model is not much larger than the optimal Hankel model reduc-
tion error.

The positive statements concerning Hankel model reduction and its relation
to H-infinity model reduction do not cover the case of weighted Hankel norms

1] = 1Dy = min [[W(A + 8)|oc
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The theory also does not extend to the case of G being defined by a finite number
of frequency samples. The main point of this paper is that an alternative class of
system norms || - ||, called weighted maximal real part norms, yields most of the
good properties known of the Hankel model reduction, while providing the extra
benefits of using sampled data and freqency weighted modeling error measures.
For the weighted maximal real part model reduction, the paper provides a
polynomial time optimization algorithm, and states a number of results concerning
its relation to H-infinity and Hankel model reduction. Outcomes of some numerical
experiments are also presented.

16.2 Maximal Real Part Model Reduction

For convenience, model reduction of discrete-time systems will be considered. Thus,
a stable transfer function will be defined as a continuous function f : T — C for
which the Fourier coefficients

T
flnl= [ fle)emds
-
are all real and satisfy the condition
fln]=0 Vn>o.
Here C is the set of all complex numbers, and

T={zeC: |z|=1}

is the unit circle centered at z = 0. The set of all stable transfer functions will be
denoted by A. The set of all rational stable transfer functions of order less than %
will be denoted by A;.

The Unsampled Setup

The unsampled version of the maximal real part model reduction problem is
defined as the task of finding G € A; which minimizes ||Go — G||,jw, Where
W= |H|2’

[Allyw = [[WRe(A)[|oo,

Gy, H € A are given rational transfer functions, and
[ lloc = max|f(2)]
zET

for every continuous function /' : T — C.
It is easy to see that

0.5[Alyw < |Alljw < [WALe ¥V A €A,
where the first inequality takes place because of

1Dl = min [W(A + 8)ll < [W(A + &) oc = 2]l
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Therefore ||Al|,jw is a norm which relaxes the corresponding weighted H-infinity
norm and is stronger than the associated weighted Hankel norm.

It will be shown later in this section that the unsampled maximal real part
optimal model reduction problem can be reduced to a semidefinite program of
the size which grows linearly with £ and the orders of Gy and H. This extends
significantly the set of model reduction setttings for which a solution can be found
efficiently.

The Sampled Setup

Applications of model reduction often deal with the situation in which the order
of Gy (hundreds of thousands) is so large that it becomes not practical to handle
the exact state-space or transfer funcion representations of Gy. In such cases it
may be useful to work with sampled frequency domain values of G.

The sampled version of the maximal real part model reduction problem is
defined as the task of finding G € A; which minimizes ||Go — G||sv, where
V = {(W, ti)}fll is a given sequence of pairs of real numbers ¢; € [0, 7], W; > 0,

— . jti
I8l = max WiRe(A()),

and Gy is a stable transfer function which is given (incompletely) by its samples
GO,i = G(ejtl) ) A

Note that [|Go — G||sv is completely determined by G, V = {(W;, )}, and
the samples Go; = G(¢’%). Practical use of the sampled setup usually relies on an
assumption that G(e’!) does not vary too much between the sample points ¢;.

It is possible to propose various modifications of the sampled modeling error
measure || - ||gw. For example, assuming that 0 = ¢ < #; <t <--- <ty < tny1,
one can use the mixed cost

J(Go,G) = max W; max |G(e%) — G()].

1<i<N telti—1.tiv1]

The main point, however, is the possibility to reduce the model reduction setup to
an equivalent semidefinite program, to be shown in the next subsection.

The Convex Parameterization

By a trigonometric polynomial f of degree m = deg(f) we mean a function
f: T — R of the form

g(e) = ng cos(kt),
k=0

where g, € R and g,, # 0.
The following simple observation is a key to the convexification of maximal
real part optimal model reduction problems.

LEMMA 16.1
For every f € A,, there exist trigonometric polynomials a, b such that

deg(a) < m, deg(b) <m, a(z) >0 VzeT, (16.5)
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and b(2)
z
R =—=V T. 16.6
(@) = 5 V=€ (16.6)
Conversely, for every pair (a,b) of trigonometric polynomials satisfying (16.5)
there exists f € A,, such that (16.6) holds. O

Proof. If f € A,, then
Fe) =22 vaem

where p,q are polynomials of degree less than m, with real coefficients, and
q(z) # 0 for |z| > 1. Hence (16.6) holds for a, b defined by

a(z) = q(2)q(1/2), b(z) = %(Q(Z)p(l/z) +49(1/2)p(2)) (2 #0), (16.7)

or, equivalently, by

a(z) = 1q(2)I’, b(2) = Re(p(2)q(2)) (lz| =1).

It is easy to see that a, b defined by (16.7) are trigonometric polinomials satisfying
(16.5).

Conversely, let a,b be trigonometric polinomials satisfying (16.5). Let r =
deg(a). Then h(z) = z"a(z) is an ordinary polynomial of degree 2r. Since a(z) > 0
for all z € T, h(z) has no zeros in T U {0}. Since a(z) = a(1/z), all zeros
of h(z) can be arranged in pairs (z;,1/z;), where |z;| < 1,7 = 1,...,r, ie.
h(z) = qoz"qr(2)qr(1/2) where qo is a constant, and

9(2) = (z-2z1)(z—22) -~ (2= 2)

is a polynomial with no zeros in the region |z| > 1. Moreover, since 2 has real
coefficients, the non-real zeros of & come in conjugated pairs, and hence ¢, has
real coefficients as well, and gy € R. Equivalently, we have

a(2) = qolg-(2)]* Vz€eT.
Since a(z) > 0 for all z € T, we have gy > 0. Let

1/2 _m—r-1
o <%

Q(Z) =q Qr(z)'

Then ¢ is a polinomial of degree m — 1 with no zeros in the region |z| > 1, and
lg(2)|? = a(z) for all z€ T.

It is left to show that a polynomial p(z) of degree less than m with real
coefficients can be found such that

2b(2) = p(2)q(1/2) + p(1/2)q(2).

Indeed, the set V of all real polynomials p of degree less than m forms an m-
dimensional real vector space. The map

M,: p(z) — p(2)q(1/z) + p(1/2)q(2)
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is a linear transformation from V into the m-dimensional real vector space of
trigonometric polinomials of degree less than m. Moreover, ker M, = {0}, since

p(2)q(1/2) = —p(1/2)q(2)

would imply that p and ¢ have same set of zeros (here we use the fact that all
zeros of g are in the open unit disc |z| < 1), hence p(z) = cq(z) and ¢ = 0, i.e.
p = 0. Therefore M, is a bijection. O

Using Lemma 1 it is easy to convexify the maximal real part optimal model
reduction problems. In particular, the unsampled version originally has the form

y — min subject to |H(2)|?|(Re)(Go(z) —G(2))| <y V z€T, G €A,.
Replacing Re(G(z)) by b(z)/a(z) where a,b are the trigonometric polynomials
from Lemma 1, we obtain an equivalent formulation

y — min subject to |H(2)*|a(z)Re(Go(2)) — b(2)| < ya(z) V z € T,

where the decision parameters a,b are constrained by (16.5). Since, for a given
y, the constraints imposed on a, b are convex, the optimization problem is quasi-
convex, and can be solved by combining a binary search over y with a convex
feasibility optimization over a, b for a fixed y. For practical implementation, using
an interior point cutting plane algorithm with a feasibility oracle utilizing the
Kalman-Yakubovich-Popov lemma is advisable here. Another option would be
to use the Kalman-Yakubovich-Popov lemma to transform the frequency domain
inequalities

a(z) > 0, £[H(2)[*(a(2)Re(Go(2)) — b(2)) < ya(z) V z €T,

(which defines an infnite set of inequalities which are linear with respect to the
coefficients of a, b but infinitely parameterized by z € T) into a set of three matrix
inequalities, linear with respect to the coefficients of a,b, and three auxiliary
symmetric matrix variables Py, P,, P_. If n denotes the sum of m and the orders of
H and G, the matrix inequalities will have sizes m+1,n+1 and n+ 1 respectively,
and the sizes of Py, P. will be m-by-m and n-by-n. Therefore, the model reduction
problem will be reduced to semidefinite programming.

Similarly, the sampled version of the maximal real part optimal model reduc-
tion problem can be reduced to the convex optimization problem

y — min subject to W;|a(e’)Re(Gy;) — b(e/)| <y (1<i<N),

where the decision parameters a, b are constrained by (16.5).

Note that the complexity of this quasi-convex optimization grows slowly with
N, which can be very large. The complexity grows faster with m, but this does not
appear to be a significant problem, since m, the desired reduced order, is small in
most applications.
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16.3 H-Infinity Modeling Error Bounds

In this section, H-infinity approximation quality of maximal real part optimal
reduced models is examined. For a given stable transfer function G € A let

d%(G) = min |G — G|,
éeAm

G% = arg min |G — G|la,
GeA,,

denote the minimum and the argument of minimum in the corresponding optimal
model reduction problems, where o € {o0, h,r} indicates one of the unweighted
norms: H-infinity, Hankel, or maximal real part. In the case when the optimal
reduced model is not unique, the model delivered by a particular optimization
algorithm can be considered. Let

G% = G% + argmin ||G — GZ — ¢||w.
<R

In other words, let G% be the result of an adjustment of (A?,O,‘L by an additive constant
factor (which obviously does not change the order) to further optimize the H-
infinity model reduction error. Practically, the modified G"‘ is easy to calculate.
Obviously, G°° = G°°
Since
1Alloo 2 |All5> (1Al = (1Al

for all A € A, the quantities d,(G) and d’,(G) are lower bounds of d°(G).
One can argue that a maximal real part modified optimal reduced model G'"
(or, alternatively, a Hankel optimal modified reduced model Gh ) is an acceptable
surrogate of G when ||G — G, || is not much larger than dJ, (respectively, when
|G — G ||+ is not much larger than d” ). For the Hankel optlmal reduced models,
a theoretical evidence that this will frequently be the case is provided by the
inequality

IG — Gl <> dhL(G). (16.8)

k>m

Since for a “nice” smooth transfer function G the numbers d” (G) converge to zero
quickly, (16.8) gives some assurance of good asymptotic behavior of H-infinity
modeling errors for Hankel optimal reduced models.

Since 2||Al|, > ||A||x for all A € A, one can argue that the maximal real part
norm is “closer” to the H-infinity norm than the Hankel norm. However, the author
was not able to prove a formal statement confirming the conjectured asymptotic
superiority of maximal real part reduced models over the Hankel reduced models.
Instead, a theorem demonstrating asymptotic behavior roughly comparable to that
of the Hankel reduced models is given below.

THEOREM 16.1
Forall GeAand m >0

IG = G} llo <12 2% mdy,,, (G). (16.9)
k=0
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O
Proof. From (16.8), for every f € A,

o0

If = Follee < D di(f) < ndi(f) = nliflln < 2nl|f]l-

k=0

Note that £ is a constant transfer function. We have
16, = Gl <16 — Gl + 1G5, — G- < 24;,(G).
Hence . .
1G, = G2n = Callo < 12nd,,(G)

for an appropriately chosen real constant c,. Hence

Gy, — G —clloe <12 2"mdy,, (G)
k=0

for an appropriately chosen constant ¢, which in turn implies (16.9). O

It may appear that (16.8) is a much better bound than (16.9), since d,,(G) is
not being multiplied by m in (16.8). However, the calculations for d,, ~ 1/m? as
m — oo, where ¢ > 1, result in the same rate of asymtotic convergence for the
two upper bounds:

16.4 Minor Improvements and
Numerical Experiments

There is a number of ways in which the H-infinity quality of the maximal real
part optimal reduced models can be improved. One simple trick is to re-optimize
the numerator p of G’ = p/q with the optimal g being fixed (this is partially
used in Hankel model reduction when Gh is being replaced by G%). A further
improvement of the lower bound d;,(G) can be achieved when, in a weighted
H-infinity model reduction setup ||W(G Gm)|lse — min G,, will be replaced by

Ge bR+ =2)e@)

m a(z)

where a, b are constrained by (16.5), and ¢ is an arbitrary trigonometric polyno-
mial of degree less than m — 1. Then optimization with respect to a, b, ¢ is convex,
and the optimal a can be used to get the denominator g of the reduced model,
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Figure 16.1 functions with delay

after which the numerator p is to be found via a separate optimization round.
Note that, since

|G (2) = G, (2)| = [Re(G(2)) - b(2)/a(2)],

where the equality is achieved for ¢ = 0, the original maximal real part model
reduction is a special case of the general scheme.

With these improvements implemented, the maximal real part model reduction
performs reasonably well, as demonstrated by the following examples. The soft-
ware used to produce the data (requires MATLAB and CPLEX) can be obtained
by sending a request to ameg@mit.edu.

Functions With Delay
Here G is the infinite dimensional transfer function

1

G = (1— 9e)(1+ .35)°

For a 10th order approximation, a lower bound dj,(G) > 0.35 was found. The
resulting reduced 10th order model G, satisfies

G — Golloe < 1.4.

Focus Servo of a DVD Player

59 frequency samples obtained as an experimental data were provided. For a 10th
order fit, the lower bound of about 1.6 was obtained. The actual H-infinity error
on the sampled data was approximately 6.2.
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Figure 16.3 fluid dynamics control

Fluid Dynamics Control

A jet engine outlet pressure is to be controlled by regulating a discharge valve in
midstream. The complete dynamical model of the actuator dynamics is given by
partial differential equations. Computational fluid dynamics simulations provided
a 101 sample of the transfer function. A 5th order reduced model was sought for
the system. The lower bound of achievable H-infinity quality is 0.0069. A reduced
model of quality 0.009 was found.
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17.1 Introduction: Schrodinger’s Problem

In 1931/32 [1, 2], Schrodinger considered the following problem. A cloud of N
Brownian particles in R" has been observed having at time ¢, an empirical
distribution approximately equal to po(x)dx. At some later time ¢1, an empirical
distribution approximately equal to p;(x)dx is observed. Suppose that p;(x)
considerably differs from what it should be according to the law of large numbers
(N is large), namely

ty
| ettt 0po()ds.
0

where

x — y?
2(t —s)
is the transition density of the Wiener process. It is apparent that the particles
have been transported in an unlikely way. But of the many unlikely ways in which
this could have happened, which one is the most likely?

In modern probabilistic language, this is a problem of large deviations of the
empirical distribution [3]. By discretization and passage to the limit, Schrédinger
computed the most likely intermediate empirical distribution as N — oo. It
turned out that the optimal random evolution, the Schriodinger bridge from pg
to p1 over Brownian motion, had at each time a density p(-,¢) that factored
as p(x,t) = ¢(x,¢)d(x,t), where ¢ and ¢ are a p-harmonic and a p-coharmonic
functions, respectively. That is

pls, y.t,x) = [27(t — s)] "2 exp [_ ] , s<t,

¢(t’x) = /p(t>x’tl’y)¢(tl5y)dy’ (171)

~

¢(t’x) = /p(to,y,t,x)q;(to,y)dy. (172)

The existence and uniqueness of a pair (¢,) satisfying (17.1)-(17.2) and the
boundary conditions ¢(x,¢0)d(x,t0) = po(x), ¢(x,t1)p(x,t1) = pi(x) was guessed
by Schriédinger on the basis of his intuition. He was later shown to be quite right
in various degrees of generality by Fortet [4], Beurlin [5], Jamison [6], Féllmer [3].
Jamison showed, in particular, that the Schrodinger bridge is the unique Markov
process {x(¢)} in the class of reciprocal processes (one-dimensional Markov fields)

introduced by Bernstein [7] having as two-sided transition density

p(s, x;t, y)p(t, y; u, 2)
p(s,x;u,2)

q(s,x;t, y;u,2) = , s<t<u,

namely q(s, x;t, y;u, z)dy is the probability of finding the process x in the volume
dy at time ¢ given that x(s) = x and x(u) = z. Schrodinger was struck by the
following remarkable property of the solution: The Schriodinger bridge from p;
to po over Brownian motion is just the time reversal of the Schrodinger bridge
from pg to p;. In Schrodinger’s words: “Abnormal states have arisen with high
probability by an exact time reversal of a proper diffusion process". This led him to
entitle [1]: “On the reversal of natural laws" A few years later, Kolmogorov wrote
a paper on the subject with a very similar title [8]. Moreover, the fact that the
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~

Schrodinger bridge has density p(x,t) = @(x,¢)¢(x,¢) resembles the fact that in
quantum mechanics the density may be expressed as p(x,t) = y(x, )y (x,t). This
analogy has inspired various attempts to construct a stochastic reformulation of
quantum mechanics [9]-[12] starting from [1, 2, 7]. In order to discuss a more
general Schrodinger bridge problem, we recall in the next session some essential
facts on the kinematics of finite-energy diffusions as presented in [13, 14, 15, 16].

17.2 Elements of Nelson-Follmer Kinematics of
Finite Energy Diffusions

Let (Q, #,P) be a complete probability space. A stochastic process {&(¢);t0 <
t < t1} mapping [t,t1] into L2(Q, F,P) is called a finite-energy diffusion with
constant diffusion coefficient I,02 if the path £(w) belongs a.s. to C([to,?1]; R?)
(n-dimensional continuous functions) and

s(t)—&(s) = /tﬁ(f)dr+aw+(s,t), to<s<t<t, (17.3)

where the forward drift B(¢) is at each time ¢ a measurable function of the past
{&(7);0 < 7 < t}, and wy(-,-) is a standard, n-dimensional Wiener difference
process with the property that w,(s,t) is independent of {£(7);0 < 7 < s}.
Moreover, f must satisfy the finite-energy condition

E {/tt B(7) ﬁ(r)dr} < 0. (17.4)

We recall the characterizing properties of the n-dimensional Wiener difference
process w.(s,t), see [13, Chapter 11] and [15, Section 1]. It is a process such
that wi(¢,s) = —wi(s,t), wi(s,u) + wi(u,t) = wi(s,t), and that wi(s,t) is
Gaussian distributed with mean zero and variance I,|s — ¢|. Moreover, (the
components of) w,(s,t) and w,(u,v) are independent whenever [s,¢] and [u,v]
don’t overlap. Of course, w. (¢) := w4 (to, ¢) is a standard Wiener process such that
w,(s,t) = wy(t) —w,i(s). In [14], Follmer has shown that a finite-energy diffusion
also admits a reverse-time differential. Namely, there exists a measurable function
7(¢) of the future {&(7);¢ < 7 < t1} called backward drift, and another Wiener
difference process w_ such that

E()—£&(s) = /ty(r)dr +ow_(s,t), to<s<t<t. (17.5)

Moreover, ¥ satisfies

E { /t ") -}/(r)df} < 0, (17.6)

0

and w_(s,t) is independent of {{(7);¢ < 7 < t1}. Let us agree that d¢ always
indicates a strictly positive variable. For any function f defined on [to, ], let

dif(t) =f(t+dt)—f()
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be the forward increment at time ¢, and
d_f(t) =f(&) - f(t —di)
be the backward increment at time ¢. For a finite-energy diffusion, Féllmer has also

shown in [14] that the forward and backward drifts may be obtained as Nelson’s
conditional derivatives, namely

po) = tim B{ *= D < v <o),
and
v(t) = lim E {d_jt(t) g(e)t <7< tl} :

the limits being taken in L2(Q, 7, P). It was finally shown in [14] that the one-
time probability density p(-,¢) of £(¢) (which exists for every ¢ > #;) is absolutely
continuous on R” and the following duality relation holds V¢ > 0

E{B(t) = y(t)I£(8)} = 0*V1og p(&(2). 1), ass. (17.7)

REMARK 17.1

It should be observed that in the study of reverse-time differentials of diffusion
processes, initiated by Nelson in [17] and Nagasawa in [18], see [19, 20] and
references therein, important results have obtained by A. Linquist and G. Picci in
the Gaussian case [21, 22] without assumptions on the reverse-time differential.
In particular, their results on Gauss-Markov processes have been crucial in order
to develop a strong form of stochastic realization theory [21]-[24] together with a
variety of applications [24]-[30]. O

Corresponding to (17.3) and (17.5) are two change of variables formulas. Let
f :R"x[0,T] — R be twice continuously differentiable with respect to the spatial
variable and once with respect to time. Then, if & is a finite-energy diffusion
satisfying (17.3) and (17.5), we have

(600 - 1E6hs) = [ (32480 + Fa) FlEleman
+[ovie@. o du. (79

1600 - €6 = [ (o247 9= F8) (.0
+/St0'Vf(§(T),r)~d_w_(7). (17.9)

The stochastic integrals appearing in (17.8) and (17.9) are a (forward) Ito integral
and a backward Ito integral, respectively, see [15] for the details.
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17.3 Schrodinger Bridges

The solution to the Schriodinger problem can be obtained by solving a stochastic
control problem. The Kullback-Leibler pseudo-distance between two probability
densities p(-) and ¢(-) is defined by

H(p,q) := /R log zg;p(x)dx.

This concept can be considerably generalized. Let Q := C ([to, 1], R") denote the
family of n-dimensional continuous functions, let W, denote Wiener measure on
Q starting at x, and let

W::/dex

be stationary Wiener measure. Let DD be the family of distributions on Q that are
equivalent to W. For @, P € D, we define the relative entropy H(Q, P) of @ with
respect to P as

aQ
H(Q,P) = Egllog —].
(Q.P) = Eqllog 2]
It then follows from Girsanov’s theorem that [16, 14, 3]

H(Q.P) = Hla(to)p(ro) + Bo | [ 18~ B7(0)] 160~ B0

t
— Higlen). o) + Eo | [ 517°0) = 7" (0] 1r°(0) ~ " (0)at] (1.10)
Here q(t() is the marginal density of @ at ¢y, 39 and y® are the forward and the
backward drifts of @, respectively. Now let py and p; be two everywhere positive
probability densities. Let D(pg, p1) denote the set of distributions in D having the
prescribed marginal densities at #y and ¢;. Given P € D, we consider the following
problem:

Minimize H(Q,P) over D(po,p1).

In view of (17.10), this is a stochastic control problem. It is connected through
Sanov’s theorem [3, 32] to a problem of large deviations of the empirical distri-
bution, according to Schrodinger original motivation. Namely, if X!, X2,...is an
i.i.d. sequence of random elements on Q with distribution P, then the sequence
Pn[% >, O0xi € ] satisfies a large deviation principle with rate function H(-, P).
If there is at least one @ in D(py, p1) such that H(Q, P) < oo, it may be shown that
there exists a unique minimizer @* in D(py, p1) called the Schridinger bridge from
po to p1 over P. If (the coordinate process under) P is Markovian with forward
drift field &% (x,¢) and transition density p(o,x,7,y), then @* is also Markovian
with forward drift field

bY (x,t) = bE (x,8) + Viog ¢(x, 1),

where the (everywhere positive) function ¢ solves together with another function
¢ the system (17.1)-(17.2) with boundary conditions

O(x,t0)P(x,t0) = po(x),  P(x,t1)p(x,t1) = pa(x).
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~

Moreover, p(x,t) = ¢(x,t)9(x,t),Vt € [to,t1]. This result has been suitably ex-
tended to the case where P is non-Markovian in [31]. For a survey of the theory
of Schrodinger bridges with an extended bibliography see [32].

Consider now the following simpler problem: We have a reference stochastic
model P € D. We think of P as modeling the macroscopic evolution of a thermo-
dynamic system. Suppose we observe at time ¢; the (everywhere positive) density
p1 different from the marginal density of P. Thus we need to solve the following
optimization problem

Minimize H(Q,P) over @ € D(py).

where D(p;1) denotes the set of distributions in D having density p; at #;. Let
us assume that H(p1,p(t1)) < oo. In view of (17.10), this stochastic control
problem can be trivially solved. The unique solution is given by the distribution
Q* having backward drift y”(¢) and marginal density p; at time ¢;. Thus, the
result of measurement at time ¢; leads to the replacement of the stochastic model
P with @*. Notice that the backward drift y”(¢) is perfectly preserved by this
procedure. Symmetrically, if we were to change the initial distribution at time ¢y,
the procedure would preserve the forward drift A7 (¢).

17.4 Elements of Nelson’s Stochastic Mechanics

Nelson’s stochastic mechanics is a quantization procedure for classical dynamical
systems based on diffusion processes. Following some early work by Feynes [33]
and others, Nelson and Guerra elaborated a clean formulation starting from 1966
[34, 13, 35], showing that the Schrédinger equation could be derived from a
continuity type equation plus a Newton type law, provided one accepted a certain
definition for the stochastic acceleration. In analogy to classical mechanics, the
Newton-Nelson law was later shown to follow from a Hamilton-like stochastic
variational principle [36, 37]. Other versions of the variational principle have
been proposed in [38, 39, 40, 41].
Consider the case of a nonrelativistic particle of mass m. Let {w(x,#);t0 <¢ <#}
be the solution of the Schrodinger equation

0 ih i

a—”t’ = oAy — TV (x)y, (17.11)
such that

IVWII3 € Ligelto, +00). (17.12)

This is Carlen’s finite action condition. Under these hypotheses, the Nelson
measure P € D may be constructed on path space, [42],[43], [39, Chapter IV],
and references therein. Namely, letting Q := C([to,¢1],R") the n-dimensional
continuous functions on [ty,#1], under the probability measure P, the canonical
coordinate process x(¢, ) = ®(t) is an n-dimensional Markov diffusion process
{x(t);¢0 < t < t1}, called Nelson’s process, having (forward) Ito differential

dx(t) = ]ZV(EKlogl//(x(t),t)+Slogl//(x(t),t))} dt+\/zdw(t), (17.13)
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where w is a standard, n-dimensional Wiener process. Moreover, the probability
density p(-,t) of x(t) satisfies

p(x,t) = lw(x,t)|?, VtE [to,t1]. (17.14)

Following Nelson [13, 38], for a finite-energy diffusion with stochastic differentials
(17.3)-(17.5), we define the current and osmotic drifts, respectively:

Clearly v is similar to the classical velocity, whereas u is the velocity due to
the “noise" which tends to zero when the diffusion coefficient 6 tends to zero.
In order to obtain a unique time-reversal invariant differential [40], we take a
complex linear combination of (17.3)-(17.5), obtaining

) = 2(s) = [ |F5 B0+ 50| ar
+% (1= 2)(w+ () —wi(s)) + (1 + 1) (w-(¢) —w-(s))].
Let us define the quantum drift

0(t) == 15 B8 + T (E) = o) — iu(e),

and the quantum noise

Hence,
x(t) —x(s) = /s Ug(T)dT + Owg(t) — wq(s)]. (17.15)

This representation enjoys the time reversal invariance property. It has been
crucial in order to develop a Lagrangian and a Hamiltonian dynamics formalism in
the context of Nelson’s stochastic mechanics in [40, 44, 45]. Notice that replacing
(17.3)-(17.5) with (17.15), we replace the pair of real drifts (v,u) by the unique
complex-valued drift v — iu that tends correctly to v when the diffusion coefficient
tends to zero.

17.5 Quantum Schrodinger Bridges

We now consider the same problem as at the end of Section 17.3. We have a
reference stochastic model P € D given by the Nelson measure on path space that
has been constructed through a variational principle [37, 38, 40]. This Nelson
process x = {x(¢);t0 < ¢t < t1} has an associated solution {y(x,?) : tp < ¢ < #;1}
of the Schrédinger equation in the sense that the quantum drift of x is v,(¢) =
%V log (x(t),¢) and the one-time density of x satisfies p(x, ) = |y(x, ¢|2. Suppose
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a position measurement at time #; yields the probability density p;(x) # |w(x,¢1)[%.
We need a suitable variational mechanism that, starting from (P, p;), produces
the new stochastic model in D(p;). It is apparent that the variational problem of
Section 17.3 is not suitable as it preserves the backward drift. Since in stochastic
mechanics both differentials must be granted the same status, we need to change
both drifts as little as possible given the new density p; at time #;. Thus, we
employ the differential (17.15), and consider the variational problem:

Extremize on (%,0,) € (D(p1) x V) the functional

2 mi

: op, Wa(E(2),8) = 0q(2)) - (vg(%(2). 2) — 0g(2)) dt}

subject to: £ has quantum drift (velocity) o,,.

Here vg(x,t) = 2 Vlogy(x,¢) is quantum drift of Nelson reference process, and
D(p1) is family of finite-energy, R"-valued diffusions on [¢o,¢;] with diffusion
coefficient %, and having marginal p; at time ¢;. Moreover, 7 denotes the family
of finite-energy, C" - valued stochastic processes on [to,?;]. Following the same
variational analysis as in [45], we get a Hamilton-Jacobi-Bellman type equation

op ih ih
e +vg(x,t) - Vo(x,t) — %A(p(x, t) = %th(x, t)-Vo(x,t), (17.16)

with terminal condition ¢(x,t;) = 1 log pp(;(,fl)). Then X € D(p;) with quantum drift

0a(E(0). 1) + L=V p((2). 1)

solves the extremization problem. Write y(x,¢;) = p(x,t1)? exp[£S(x,¢1)], and
let {y(x,¢)} be solution of Schrodinger equation (17.11) on [¢o,¢1] with terminal
condition

_ 1 i
(x,t1) = p1(x)* exp[ - S(x, 1)]-
Next, notice that for ¢ € [to, 1]

i 5 ] (7)o S = (2

where vy(x,2) = 2 Vlogy(x(t). It follows that ¢(x,¢) := log %(x, t) solves (17.16),
and the corresponding quantum drift is

0g(E(0), 1) + =V (E(1), ) = -1V log i (£(1) 1)

Thus, new process after measurement at time ¢ (quantum Schrédinger bridge) is
just the Nelson process associated to another solution ¥ of the same Schridinger
equation. Invariance of phase at ¢; follows from the variational principle.



Quantum Schrodinger Bridges 235

17.6 Collapse of the Wavefunction

Consider the case where measurement at time ¢; only gives the information that
x lies in subset D of configuration space R” of the system. The density p;(x) just
after measurement is

_ Xp(x)p(x,t1)

[y px ty)dx

where p(x,¢1) is density of Nelson reference process x at time #;.. Let A be
subspace of L2(R") of functions with support in D. Then A' is subspace of L?(R")
functions with support in D¢. Decompose ¥ (x,%1) as

p1(x)

v(x,t1) = xp(@)y(x,t1) + xpe (¥)y (x, t1) = pa(x) + ya(x),

with y; € A and yy € A*. The probability p; of finding particle in D is

p1 = / (e 12) 2 = / v (x) 2dx.
D Rn

If the result of the measurement at time #; is that the particle lies in D,
the variational principle replaces {x(¢)} with {%(¢)} and, consequently, replaces
v(x,t1) = w1(x) + wa(x) with y(x,¢1) where

W (x,t1) = pla); exp[%S(x, t1)] = ﬁ:;gﬁ)z

Postulating the variational principle of the previous section (rather than the in-
variance of the phase at ¢;), we have therefore obtained the so-called “collapse
of the wavefunction", see e.g. [46] and references therein. The collapse is instan-
taneous, precisely as in the orthodox theory. It occurs “when the result of the
measurement enters the consciousness of the observer" [47]. We mention here
that, outside of stochastic mechanics, there exist alternative stochastic descrip-
tions of (non instantaneous) quantum state reduction such as those starting from
a stochastic Schridinger equation, see e.g. [48] and references therein.

17.7 Conclusion and Outlook

We shall show elsewhere [49] that the variational principle of section 17.5 may be
replaced by two stochastic differential games with real velocities with an appealing
classical interpretation. We shall also show that, using Nelson’s observation
in [38, 15] and this variational principle, it is possible to obtain a completely
satisfactory classical probabilistic description of the two-slit experiment.

If the variational mechanism described here can be extended to the case where
both the initial and final quantum states are varied, it would provide a general
approach to the steering problem for quantum systems (extending [50]) that
has important applications in quantum computation [51], control of molecular
dynamics [52] and many other fields.
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Segmentation of Diffusion Tensor Imagery

Eric Pichon Guillermo Sapiro Allen Tannenbaum

Abstract

Segmentation paradigms in diffusion tensor imagery (DTI) are discussed in this
paper. We present a technique for determining paths of anatomical connectivity
from the tensor information obtained in magnetic resonance diffusion tensor
measurements. The basic idea is to construct optimal curves in 3D space, where
the optimality criteria is based on the eigenvalues and eigenvectors of the tensor.
These curves are constructed via partial differential equations computed using

multiple level-set functions. We also discuss our current efforts in clustering in
DTI.

A. Rantzer, C.I. Byrnes (Eds.): Directions in Mathematical Systems Theory and Optimization, LNCIS 286, pp. 239-247, 2003.

© Springer-Verlag Berlin Heidelberg 2003



240 E. Pichon, G. Sapiro, A. Tannenbaum

18.1 Introduction

Fundamental advances in understanding complex biological systems require de-
tailed knowledge of structural and functional organization in the living system.
In the case of the human brain for instance, anatomical connections are related
to the information pathways and how this information is processed.

During the past three decades, the neuroscience and medical communities
have witnessed a tremendous growth in the field of in-vivo, non-invasive imaging
of brain function. Magnetic Resonance Imaging (MRI) evolved into the modality of
choice for neuroradiological examination, due to its ability to visualize soft tissue
with exquisite anatomical detail and contrast.

However the resolution of MRI is well above the dimension of neural fibers
and the current understanding of the nervous system is still incomplete because
of the lack of fundamental connectivity information.

Diffusion Tensor MRI (DT-MRI) adds to conventional MRI the capability of
measuring the random motion (diffusion) of water molecules due to intrinsic
thermal agitation [2, 3]. In highly structured tissues containing a large number of
fibers, like skeletal muscle, cardiac muscle, and brain white matter, water diffuse
fastest along the direction that the fibers are pointing in, and slowest at right
angles to it. By taking advantage of the very structure of such tissues, DT-MRI
can be used to track fibers well below the resolution of conventional MRI.

Information obtained by DT-MRI consists of the diffusivities and orientations
of the local principal axes of diffusion for each voxel. A wide range of techniques
have been explored to provide explicit connection information from this tensor
field. Early work [13] attempted to use a similarity measure to group together
neighboring voxels. Other methods [4, 21] follow locally the direction of highest
diffusion (this is closely related to the so called “hyperstreamline” method of [10]
for tensor field visualization). In [18] a Markovian approach is used to regularize
the candidate curves.

In this paper we discuss a technique to compute the anatomical paths which is
based on 3D optimal curves computed via multiple level-set functions. The ideas
are based on prior work on geodesic active contours [7, 9, 14], combined with
numerical techniques developed in [5, 6]. The basic idea is that given two user
marked points, we construct a 3D optimal-effort curve connecting these points. The
effort is based on weights obtained from the diffusion tensor. The computational
construction of these curves is based on representing it as the intersection of two
3D surfaces, and evolving these surfaces via the techniques developed in [5, 6].
Alternatively, one could use the work introduced in [15] for this computation. Note
that the fast techniques in [12, 19, 20, 23] can not be used in the general case
we discuss below due to the type of energy we use. This is in contrast with the
work in [17], where the energy is artificially modified to fit the requirements for
using these fast numerical approaches. It is interesting to extend the work in [9]
to be able to incorporate directionality, as done below, into the penalty function,
thereby permitting the use of fast numerical techniques. If the images need to be
regularized prior to the geodesic computation, the approaches in [8, 18] could be
used for example (see also [22] for a general theory for denoising non-flat features).
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18.2 Active Contours and Diffusion Tensor
Imaging

Once we have enhanced the DTI, e.g., via the techniques in [8, 18], we can use
this to construct the flow paths (fiber tracking), e.g., for visualization. The basic
idea for this is to use our prior work on geometric active contours [7, 14], as well
as [9].

Brief Background on Geodesic Snakes

We briefly review some of the relevant results from (7, 14] now. We work in the
plane for simplicity. All of the results extend to R?® as well. We first define a
positive stopping term ¢ : R? — R which will act as a conformal factor in the
new metric we consider for our snake model. For example, the term ¢(x, y) may
be chosen to be small near an edge, and so acts to stop the evolution when the
contour gets close to an edge. Hence, one may take

1

- 18.1
11 [VGy =12 (18.1)

0=

where I is the (grey-scale) image and G, is a Gaussian smoothing filter.
We use ¢ to modify the ordinary Euclidean arc-length function along a curve
C = (x(p), y(p))T with parameter p given by

ds = (2 + y2)"/2dp,

to
dsy = (22 + y2) 29 dp.

Then we want to compute the corresponding gradient flow for shortening length
relative to the new metric ds.
Accordingly set
0= [ 12%00ap
7o 8C oC

TR

denote the unit tangent. Then taking the first variation of the modified length
function Ly, and using integration by parts, we get that

Let

Ly(t) = _/0 <ac 6K N — V) ds

which means that the direction in which the Lj perimeter is shrinking as fast as
possible is given by

aa—c —¢K’N Vo
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dOC

Since we can ignore the tangential component of the spee when evolving

the curve C, this flow is geometrically equivalent to :

ocC

a7 = (px — V- N))N (18.2)
This is precisely the weighted L2-gradient flow corresponding to the minimiza-

tion of the length functional Ly. The level set, [16], version of this is

oY

i P VY| div(==) + Vo - VV. (18.3)

IWW

One expects that this evolution should attract the contour very quickly to the
feature which lies at the bottom of the potential well described by the gradient
flow (18.3). Notice that for ¢ as in (18.1), V¢ will look like a doublet near an
edge. Of course, one may choose other candidates for ¢ in order to pick out other
features. This will be done for diffusion tensor images next.

Geodesic Snakes and Diffusion Tensor Imagery

For the case of DTI, we use a combination of the principal direction of the tensor
with a measurement of anisotropy to define ¢ and construct curves that will
indicate the principal direction of flow (fiber tracking). Note that this can be
combined with our prior work [1], where we have shown how to smoothly construct
and complete curves from partial tangent data. The explicit use of a directionality
constraint limits the computational techniques that can be used to find the optimal
curve.

Note that in contrast with what is primarily done in the literature, when only
single slices are used, we use multiple-slices (and then 3D) for these works. For
this we use the computational technique developed in [5, 6], where the 3D active
contour that is deforming toward the minima of the energy is represented as the
intersection of two 3D surfaces. We will then need to move 3D curves, with fix
end points, having the curve represented as the intersection of two deforming
surfaces.

To each point in the domain Q C R? we associate a 3 x 3 positive semidefinite
symmetric matrix A(x, y, z) with (real eigenvalues) 4;(x,y,z) = 4;, i =1,2,3 and
associated unit eigenvectors &;(x,y,2) = €;, i = 1,2,3. We always assume that
A1 > A9 > A3 > 0.

We define the fractional anisotropy to be [17, 18]:

V(A1 = 22)2 + (A2 — 43)% + (A1 — A3)?
V24/A% + A% + A2

(See our discussion below for some properties of this function.) We will also
consider

¢(x,3,2) ==

v(x,y, 2) = ¢(x5y’ 2) 81(.96, Y, Z)
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Diffusion Flow
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In this section, we will formulate the flow which will move an arbitrary initial
curve with given endpoints to a curve with respect to the weighted conformal

metric defined by v. We state the results in both the plane and in space.

In what follows, we assume that we are given an embedded family of differ-
entiable curves C(p,t) : [0,1] — R? where p is the curve parameter (independent
of ¢), and ¢ denotes the parameter of the family. The arc-length parametrization

will be denoted by ds so that

ds = \/x2+ y2 + 22 dp.

We can now state our result:

THEOREM 18.1
Let ¢, €1 and v be as above. Consider the energy functional

1

L
La(t) == 5/0 ler — G20 ds.

By minimizing L4 (t), the following flow is obtained :

C; = ¢ Css — curl(v) x C; — V.

Proof.
We note that

1 L
Lat) = 5/0 (61— Cy 1 — C) pds

L
= %/0 [(Sl, €1> + <Csa Cs) - 2(‘91’ CS>] ¢d8

L
= / ¢ds—/(£1,Cs>¢ds
QL L
L) L% (1)

As above, we can compute that the first variation of L} (¢) is :

, L
Ly(t) =— /0 (¢ Css —V9,Cy)ds

In order to compute LZ(t) , set

(18.4)
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Then since )
L4(6) = [ (axp + byy + c2,)dp.
0

we have that (integrating by parts)

1 Xt Xt Xt
Li(t):/o (Va-| y: | 2p+Vb-| y: | yp+Ve | v | 2p—apxi—bpyi—cpzi] dp.
2t 2t 2t

The expression in the integral is

(bxyp + Cx2p — QyYs — 22p) % + (AyXp + Cy2p — beXp — by2p) v + (18.5)

(azxp + b,yp — CxXp — CyY¥p) 21

Noting that
cy—b,
curlv) = | a,—c. |,
by —a,
we see that we may write (18.5) as
Xp
—(curl(v) x | y, |.C),
Zp
and so
Xp
L4(¢) = — / (curl) x | y, |.C)ds.
Zp
Since

the theorem follows. QED

Remarks:

1. The above energy is minimum when the tangent of the curve C is most
closely aligned with the direction of the principal eigenvector £;. Moreover
this constraint is weighted by the anisotropy ¢ defined previously. When A
is almost isotropic, we have A; ~ As ~ A3. In this region, ¢ ~ 0 ensures
that we will not penalize a curve that would not be perfectly aligned with
€1 (which here cannot be considered the unique direction of diffusion). On
the other hand, if 11 > A2 > A3 there is no ambiguity : £; is the preferred
direction for diffusion and ¢ ~ 1 ensures that the curve will follow closely.
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2. In two dimensions, we can consider that c = 0 and a, = b, = 0. Asis standard
we define curlopy to be the scalar b, — a,. We set curlgp(v) := curl(v).
Therefore the following relation holds :

0
0

by —ay

= curl @ e
= 2D b 2

Since e, x T = N (T is the unit tangent and N the unit normal), we get the
flow

curlgp (v)

C; = (¢px — (V9,N) — curlypy (v))N (18.6)
Note that by the standard Frenet formulas in the plane

Css = KN,

so that equations (18.4) and (18.6) are consistent.

3. The above curve deformation is implemented in 3D deforming the intersect-
ing of two 3D surfaces. In addition, the end points of the deforming curve
are fixed.

4. In case an advanced initialization is needed, we can use for example the
technique in [17]. We are also investigating the use of the geodesics obtained
from just [ ¢ds, which can be computed using fast numerical techniques, to
initialize the flow.

5. The above described technique can be used for finding discrete connectivity
lines. We are currently also working on the use of techniques such as those
in [11] to cluster the diffusion direction information.

18.3 Conclusions

In this paper, we discussed a geodesic snake technique for the segmentation of
diffusion tensor imagery. DTI is an increasing important non-invasive methodol-
ogy which can reveal white matter bundle connectivity in the brain. As such it is
useful in neuroscience as well as image guided surgery and therapy.

Using the conformal metric ideas we derived an explicit flow for the segmen-
tation of such imagery in three dimensions. In future work, we plan to test our
flow on some explicit examples. Level set ideas will of course be very important
in the computer implementation and the development of fast reliable algorithms
based on the equation (18.4).
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Robust Linear Algebra and Robust Aperiodicity

Boris T. Polyak

Abstract

We consider some simple robust linear algebra problems which provide new
insight for the robust stability and aperiodicity. Uncertainties are defined via
various matrix norms, which include vector-induced and component-wise norms.
First, the solution set of uncertain systems of linear algebraic equations is
described. Second, the radius of nonsingularity of a matrix family is calculated.
Third, these results are applied for estimation of aperiodicity radius.
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19.1 Introduction

Uncertainty plays a key role in control [1, 2, 3] as well as in numerical analysis
[4, 5]. We try to present an unified framework to treat uncertainties in linear
algebra. For a nominal real matrix A a family of perturbed matrices is considered
in a structured form A + BAC where A is a (rectangular) real matrix, bounded
in some norm. We analyze various norms, which include such widely used ones
as spectral, Frobenius, interval. The main tool is given by Theorem 19.1, which
validates that the set {Aq,||A|| < €} is a ball in some specified norm (Section
2). Based on this result, we are in position to describe a set of all solutions of
perturbed systems of linear equations (A+ BAC)x = b (Section 3). The next issue
to be addressed in Section 4 is the distance to singular matrices (nonsingularity
radius). Another basic problem of robust linear algebra is pseudospectrum — set
of all eigenvalues of perturbed matrices. We study a real version (i.e. the set of
all real eigenvalues) of this notion in Section 5. Finally we apply the results to
control. Namely, we address aperiodicity property of matrices and aperiodicity
robustness (Section 6).

19.2 Matrix Norms and Preliminaries

In this Section we introduce various norms for matrix perturbations and establish
their properties. All vectors and matrices in the paper are assumed to be real.

As usual ||x||, denotes [/, norm of a vector x € R",1 < p < o0, i.e. ||x][, =
0 |xi|p)1/P. For matrices A € R™*" with entries a;;,i = 1,...,m,j =1,...,n
two types of norms are considered. The first is induced norm:

|| Ax||
||Al|pq = max = x [|Ax|[q.
A0 |lxllp iadlpst
The second is component-wise norm:
1/p

1Al = | D lai;1?
i

The most important examples are listed below; explicit expressions for norms can

be found in the literature or easily validated. Vector a; € R" denotes i-th row of
A.

||A]loo,00 = miaxz lai;l;
J

IAl[11 = mJaXZ |aijl;
i

|A]l22 = 6(A) = max(4;(ATA)"%),

here 6(A) is the largest singular value of A while 4;(B) are eigenvalues of B.
This is widely used spectral or operator norm of a matrix;
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[[All100 = [[A]loc = maxjay;],

this norm is sometimes called interval one (the family of matrices A+A, ||A||1.00 < €
is the interval matrix);

1All20 = max(y a2)'
J

IAll2 = max(3" a2)"
i

1Allz = [|Allr = (D af)"?,
i.J
this is another widely used norm — Frobenius one;

Al = laijl;
i

[Allsex = max > |(ai.x)];
i

(120

Al = max, (3 (ar x))""%
=T

A = max Z a;,x)|;
Al = mas 3 )l

Note that the first eight formulas provide explicit (or easily calculated, as for
spectral norm) expressions, while three last ones reduce calculation of the norm
to the optimization problems. These problems are maximization of a quadratic
or piece-wise linear convex function on a convex set. They are known to be NP-
hard; moreover it is proved in [6] that calculation of ||A||,, is NP-hard for any
p,q > 2,p+ q > 4. There are computationally tractable bounds for these norms
with precise estimation of their tightness [6, 7, 8, 9], but we are unable to discuss
this important problem here. Nevertheless, calculation of ||A||1 Or ||A||c.2 is not a
hard task for matrices of moderate size. Indeed, the solution of above optimization
problems is achieved at a vertex of the unit cube, thus it suffices to check 2" points.
For n < 15 this can be performed with no difficulties.

The main property of the above introduced norms is given by the following
result, which will be intensively exploited.

THEOREM 19.1
For every x € R”, € > 0 the set {y = Ax, ||A|| < €} is a ball, specifically

{y=24x, AcR™" |Allpg <e}={ycR":|lylly < ellxlp}, (19.1)

{y=Ax, AeR™™" |[All, <e}={y€R™:||yllp < ellxllp.}. (19.2)
where 1 < p, < co is the index conjugate to p: 1/p+1/p. = 1. O
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Proof. For induced norms the inequality ||Ax||, < ||A|[pqllll%]l, < €lx||, follows
from the definition. For component-wise norm it can be validated via Holder
inequality:

1Al =D 1> AP < D 1A P)lIxllp, = 1Al ][5,
i J i J

hence ||y||, < €||x||p,. On the other hand, if y € R™,||y|l; < €]||x||,, then take
A = yvT, where v € R" is the vector such that vTx = 1,|v||,.||x|[, = 1. Then
Ax = yvTx = y and for induced norms

18llpg = max [lyllglv"2l < |[yllgllvllp. < ellxllplloll,. = e.
ll=ll,<1

Similarly for component-wise norms if y € R™, ||y||, < €||x]|,., take A = yvT,v €
R, vTx = 1,||v||,||x||,, = 1 and for this A

1Al = (O il los 1)V = 119llplloll < ellxllp. |loll, = .
i

Thus for both kinds of norms the equivalence of two sets in (19.1),(19.2) is
validated.

19.3 Solution Set of Perturbed Linear Algebraic
Equations

Let A € R™", B € R"™,C € R™ " be given matrices, A is nonsingular, b € R" is
a given vector, € > 0. The set

S;={x€R":3JA € R™,||A|| < &,(A+ BAC)x = b} (19.3)
is called the solution set for the nominal equation Ax = b under structured
perturbations. The level of perturbations is given by £ and the norm || - || should

be specified. The result below provides the closed-form expression for Se.

THEOREM 19.2
If [[Al] = [[Allpq then

Se ={x=A7(b—By):[lylly < €llCA™' (b — By)ll} (19.4)
and if ||A|| = ||A||, then
Se ={x=A7(b—By):[lyll, < ellCA™' (b — By)||,.}- (19.5)

O

Proof. If (A + BAC)x = b then denoting y = ACx we get x = A~}(b — By) and
y = ACA~1(b — By). Due to Theorem 19.1 all y satisfying the last equation with
[|A]| < & coincide with the set ||y|| < ||CA~!(b — By)|| with corresponding norms



Robust Linear Algebra and Robust Aperiodicity 253

in the left- and right-hand sides. Substituting these norms and returning to x
variables we arrive to the Theorem assertions.

Let us consider some particular cases of the above result.

1. Unstructured perturbations. B = C = I. Then we can express y via
x:y =b— Ax and the solution set becomes

Se = {x: [|Ax — bll, < ellxll,} (19.6)
for induced norms and

Se = {x: ||[Ax — b], < &l|x||,. } (19.7)
for component-wise norms.

2. Spectral or Frobenius norm. For p = q¢ = 2 (induced norms) or p = 2
(component-wise norm) we get the same expression

Se ={x=A"'(b—By): |yl < ]|CA™ (b — By)|[2}. (19.8)
This leads to the following conclusion.

PROPOSITION 19.1
If ¢ < 1/6(CA71B), then the solution set for perturbations bounded in spectral
or Frobenius norm is an ellipsoid. O

Proof. Under above assumption on ¢ the quadratic form ||y||2 — £2||CA~1By||3 is
positive definite, thus the set of y defined by (19.8) is an ellipsoid. Hence the set
S is an ellipsoid as well, being a linear image of the ellipsoid.

3 Solution set for interval equations. Suppose B = C = I,p = 1,q = oo, that is
S; is solution set for interval equations:

Se={x:3A;|<ei,j=1,....n, (A+A)x=0} (19.9)

Then according to Theorem 19.2

Sy = {x: ||Ax — bl|o < €]]x]]1}- (19.10)

This is a polytopic set; however it can be non convex for arbitrary small £ > 0.
1 0 1

For instance for n = 2,A = 0 1 ,b = ( 0 ) the set S, = {x € R? :

max{|x1 — 1|, |x2|} < &(]x1]| + |x2|)} is nonconvex for any £ > 0.

The structure of all solutions for interval equations has been described first in
[10]. More details can be found in the monograph [11].

In the above analysis we supposed that the right hand side of the equation —
vector b — remains unperturbed. It is not hard to incorporate more general case,
but we do not address the issue here.
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19.4 Nonsingularity Radius

We consider the same framework as above: let A €¢ R, B € R"™,C €
R™™ be given matrices, A is nonsingular. The problem is to find the margin of
perturbations A which preserve nonsingularity of the matrix A + BAC. More
rigorously, we define the nonsingularity radius as

p(A) = min{||A|| : A + BAC is singular. }

The norm in the above definition should be specified; we denote the radius as
P(A)pq or p(A), for induced and component-wise norms respectively. Notice that
standard definition deals with complex unstructured (B = C = I) perturbations
and spectral norm while we address real structured perturbations and arbitrary
norms.

THEOREM 19.3
The nonsingularity radius is given by

P(A)pq = 1/[[CAT'Bllq, (19.11)
P(A)p = 1/[[CAT By, (19.12)
O

Proof. Matrix A + BAC is singular if and only if the equation (A + BAC)x =0
has nonvanishing solution, that is if the solution set for this equation contains a
nonzero point. Consider induced norms case first. From Theorem 19.2 with 6 = 0
it means that the inequality ||y||; < €||CA™'By||, holds for y # 0, = ||A||pq-
This is equivalent to ||A|[,4 > 1/||CA™1B]||,,- Thus nonsingularity arises if the
last inequality holds; this leads to (19.11). The case of component-wise norms is
treated similarly.

Some particular cases are of interest.

1. Unstructured perturbations, induced norms with p=q. For B=C =1,p =

q we obtain from (19.11):
P(A)pp = 1/||A7Y |-

This is the classical result due to Kahan [12].
2. Interval norm. Taking p=1,q =00,B = C = I we get

P(A) 100 = p(A)e = 1/[|A |1

Say it another way, nonsingularity radius for interval perturbations is reciprocal
to the (oo, 1)-norm of the inverse matrix. As we have mentioned, calculation of
such norm is NP-hard problem, however it requires to compute 2" numbers. Thus
the problem is tractable for moderate n, say n < 15.

3. Scalar perturbation. f m =r =1,B =¢;,C = eJT, e; is i-th ort, then BAC is
the matrix with the only ij-th entry nonvanishing (equal to A € R!) and all other
entries equal to 0. Thus

min{|A| : A + AE is singular } = 1/|mj;|,

where E = ((en)), k.l = 1,...,n,e;; = Lep = 0, (k, 1) # (i,7), A7t = ((mw)), b, 1l =
1,...,n.
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19.5 Real Pseudospectrum

We proceed to investigation of spectrum of perturbed matrices, which is often
called pseudospectrum. In contrast with numerous works on this subject [13, 14,
15] we deal with real perturbations and eigenvalues. We call (real) pseudospectrum
of a matrix A € R"*" the set

Ae(A) = {1 € R':3A € R™,||A|| < &€, 1 is an eigenvalue of A+ BAC.} (19.13)
The level of perturbation &€ > 0 and the norm in the above definition should be
specified; we denote the pseudospectra as A;(A),, or A (A), for induced and
component-wise norms respectively. Below we use notation

G(A)=C(A-AI)"'B

THEOREM 19.4
The real pseudospectra is given by

Ac(A)pg ={A €R" 1 1/||G(A)]|gp < €} (19.14)
Ae(A), ={A €R : 1/|GA)||pp. < £} (19.15)
O

Proof. 1 is an eigenvalue of a matrix A + BAC if and only if A — Al + BAC is
singular. Thus we can apply Theorem 19.3 to the matrix A — AI; A belongs to the
pseudospectrum if and only if € < p(A — AI). This coincides with the assertion of
Theorem 19.4.

COROLLARY 19.1
Suppose matrix A € R™*" has no real eigenvalues. Then

min{||Al|p4 : A+ BAC has areal eigenvalue} = ﬁng}{l/HG(ﬂ,)Hq,},} (19.16)
S

min{||A||, : A+ BAC has areal eigenvalue} = irég}{l/HG(l)Hp,p*}. (19.17)

O

For Frobenius norm we can provide another characterization of the distance to
matrices with real eigenvalues, which avoids A gridding. Denote

A —eBBT
D, = .
—£eCCT AT

ProroOSITION 19.1

" =min{||Al|2 : A+ BAC has areal eigenvalue} (19.18)
=min{e € R': D, hasareal eigenvalue}. (19.19)

Moreover, matrix D, has a real eigenvalues for all £ > &*. O
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Proof. Optimal A in (19.18) is the solution of the optimization problem
min ||A||3, (A+BAC)x=Ax, x#0,1€R',xcR" (19.20)
The Lagrange function for the problem is
L(x,A,y) = ||All5 + (3. (A + BAC)x — Ax).

Writing the derivatives with respect to the vector variable x and the matrix
variable A we have
La=A+BTyxTCT =0,
L,= (AT + CTATBT)y — Ay =0.

Excluding A we obtain equations

Ax — ||Cx||3BBTy = Ax (19.21)
ATy — |BTy||3CTCx = Ay. (19.22)

These equations remain invariant if one replaces x with yx,y with y/y for
arbitrary ¥ # 0. We can choose ¥ so that |[|Cx|ls = ||BTy||2. Recall that A =
—BTyxTCT, thus for optimal solution ||Al|2 = ||Cx||2||BT y|lz2 = €* and (19.21),
(19.22) becomes

Ax —e*BBTy = Ax (19.23)
ATy —e*CTCx = Ay. (19.24)

Now consider the real eigenvalue problem (19.19): D.w = Aw; for w = (u,v) it
can be written as

Au—eBBTv = Au (19.25)
ATy —eCTCu = Av (19.26)

and completely coincides with (19.21), (19.22) for € = £*. Thus if £* is the solution
of (19.18) then D, has a real eigenvalue. Multiplying (19.25) by v and (19.26) by
u we conclude that ||BTv||s = ||Cul|z. If we take

x =eu/||Culls, y=+ev/|[BTvs,

then such «x, y satisfy (19.21), (19.22) and A = —B7yx"C7” has the norm equal
to £. Thus existence of a real eigenvalue of the matrix D, implies that optimality
conditions (19.21), (19.22) hold.

To prove the last assertion of Proposition 19.1 we can rewrite (19.25), (19.26)
as

(A—Alu=eBBTv (19.27)
(A—Alv=¢eCTCu (19.28)
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or denoting ¢t = Cu
£t =GA)GA)Tt, GA)=CA—-AI)'B.

Thus £2 is an eigenvalue of the nonnegative definite matrix G(1)G(4)7 if and
only if (19.25), (19.26) hold. We conclude that if € > 1/ max; 6(G(1)) = &* then
D, has a real eigenvalue.

Let us apply the above expressions of matrix pseudospectrum for finding zero
sets of perturbed polynomials. If a family of polynomials has the form

P, ={P(s,a)=ar +ass+ - +a,s" t+5", |la—a’|,<e} (19.29)

where a* € R" are the coefficients of the nominal polynomial P(s,a*), then its
(real) zero set is

Z.={A€R':3P(s,a) €P, P(4,a)=0}. (19.30)
Such sets are sometimes called spectral sets, see [3]; usually their complex

counterparts for p = 2 are studied. To apply Theorem 19.4 for calculation of Z,
letustake m =1,r =n,C =1 and

0 1 0 0 0 o1 !
0 0 1 0 0 0o
A= : |, B= , A=
0 0 0 1 On—1
—a, —Qp-1 —Qp-3 ... —ai 1 o,

Then [|A||, is the same as ||d]|,,0 € R" and the matrix A + BAC has the same
form as A with the last row a replaced with a + 6. Hence the eigenvalues of
A + BAC are equal to the zeros of P(s,a + 0) and the zero set coincides with
pseudospectrum. It is easy to show that

G(2) = (1,4, 2%,..., A" /P(A,a)
Then exploiting Theorem 19.4 we obtain:

PROPOSITION 19.2
The zero set of a polynomial family P, is equal to

Ze = {A:|P(A.a)| < el|(1, A, A%, ..., AT |,.} (19.31)

O

For p = 2 this result (and its complex extension) was known [3], Theorem 16.3.4.
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19.6 Aperiodicity Radius

A matrix A € R"*" is called aperiodic, if its eigenvalues are all real, negative and
distinct. Such matrices play role in control, because solutions of a system x = Ax
with aperiodic A are stable and do not oscillate (each component of x(¢) change
sign not more than n times). Robust aperiodicity problem is to check aperiodicity
of a family of perturbed matrices A + BAC,||A|| < &. The similar problem for
polynomials is well studied, see e.g. [16, 17, 18]. However the matrix version of
the problem remained open; just particular results have been obtained [19].
Define aperiodicity radius for an aperiodic matrix A as

V(A) = min{||A|| : A+ BAC is not aperiodic}. (19.32)
For specific norm || - ||,4 or || - |[, we obtain v(A),, and v(A), respectively. If
Ai € RYi=1,...,n are eigenvalues of A, then the functions

¢(W)pq = 1/1G(Dllpgs  9(A)p = 1/IG(A)l]pp.

are vanishing at points A; and positive for all other 4. Computationally it is not
hard to find

P P
Ppqg = Mggiﬂ O(A)pg 9 = Aiggﬂ o(A)p
fori=1,...,n—1.
THEOREM 19.5
Aperiodicity radius is estimated by formulas
V(A)pg > min{g, .....00 " 6(0)pq} (19.33)
V(A)P Z mln{¢11)’ e Z_li ¢(0)P} (1934)

O

Proof. It follows from Theorem 19.4 that for &£ less than right hand side of
(19.33), (19.34) the corresponding pseudospectrum consists of n distinct intervals,
all located in the negative half-axis. Thus matrices A + BAC, ||A|| < & remain
aperiodic.

We conjecture that the lower bound in the Theorem coincides with the upper
bound, i.e. equality holds in (19.33), (19.34).

Of course the above result can be easily extended to discrete-time aperiodicity
when eigenvalues A; of A are assumed to be real, distinct and —1 < 4; < 0. Then
we should include ¢(—1) in the right hand side of (19.33), (19.34).

Also we can obtain results on robust aperiodicity of polynomials by using the
same technique as at the end of the previous Section.

19.7 Conclusions

In the paper we presented an unified approach to analysis of perturbations
for typical problems of linear algebra (solving systems of equations, checking
nonsingularity, finding of eigenvalues). However this approach was restricted
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with real perturbations and real eigenvalues only. While the transition to complex
perturbations often simplifies the research, the case of complex eigenvalues and
real perturbations is much harder. For instance, the challenging problem of finding
real stability radius has been solved just recently [20] for spectral norms only.
From technical point of view the difference is that critical perturbations are rank-
one matrices in the real case (as in this paper) and rank-two matrices in complex
case (as in [20]). Of course the presented approach allows to obtain various bounds
for the stability radius and related problems with different norms (including the
famous problem of robust stability of interval matrices). This is the direction for
future work.
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20.1 Introduction

A condition for almost global attractivity of the zero equilibrium in a dynamical
system, based on the existence of the so-called density functions, has been recently
introduced [7]. This condition can be regarded as a dual of the Lyapunov stability
theorem, and proves that almost all trajectories of the system converge to the
origin. Numerous results related to this convergence criterion have also been
obtained. For example, controller synthesis has been considered in [9, 10], and
a converse theorem has been derived in [8].

The present paper focuses on homogeneous dynamical systems [3, 5, 12, 6, 1]
whose equilibrium at the origin has the almost global attractivity property. It
particularly addresses the question of existence of homogeneous density functions
for such a system. As a matter of fact, on the Lyapunov side, a homogeneous
Lyapunov function is guaranteed to exist for a homogeneous system whose zero
equilibrium is asymptotically stable [11] (see also [2, 4]). Therefore it is natural
to expect that a similar result holds in the case of density functions. We show
in this paper that the existence of a homogeneous density function can be guar-
anteed when the origin is asymptotically stable. For the more general case, we
prove that if there exists a nonhomogeneous density function, then there exists
also a homogeneous density function for the same system, under some reason-
able assumptions on the decay of the nonhomogeneous density function and the
positivity of the corresponding divergence condition.

Study of homogeneous systems is appealing since homogeneous systems are
natural approximation for more arbitrary class of systems. The simplest example
is the use of a linear vector field for approximating a nonlinear one. Furthermore,
some properties of a homogeneous system are usually preserved (in a local sense)
when the vector field is perturbed by nonhomogenizing terms. Issues related to
this will also be addressed in the present paper.

The outline of the paper is as follows. Some preliminaries on density func-
tions and homogeneous dynamical systems are presented in Section 20.2. In Sec-
tion 20.3, we will first provide three motivating examples which hint at the exis-
tence of homogeneous density functions for homogeneous systems. Then the main
results of the paper are established. Finally, we consider the effect of higher and
lower order term perturbations on the attractivity property in Section 20.4.

20.2 Preliminaries

Throughout the paper, we consider systems of the form x = f(x), with x € R",
f € CY(R*,R"), and £(0) = 0, unless noted otherwise. The flow of such a system
is denoted by ¢:(x¢), with the initial condition x(0) = xo.

First, a condition for almost global attractivity of the origin is provided by the
following theorem.

THEOREM 20.1—([7]
Given a system x = f(x), f € C1(R*,R"), suppose there exists p € C1(R"\ {0}, R)
such that

(i) p(x) > 0 for all x € R™\ {0},
(ii) V- (pf) > 0 almost everywhere,
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(iii) p(’lcl)xﬁl(x) is integrable on {x € R" : ||x|| > 1},

then for almost all initial states x(0) the trajectory x(¢) exists for ¢ € [0,0) and
tends to zero as ¢ — oo. Moreover, if the origin is stable, then the conclusion
remains valid even if p takes negative values. O

We also have the following lemma, which is related to Liouville’s theorem.

LEMMA 20.2—([7, 8]
Consider a system & = f(x), f € C}(R*,R"). Assume that the integral

9¢—¢(x)

o) = [ vio-ta) lax dt

be well-defined on R” \ {0}, and that p is integrable on an open set D C R". Then
for all measurable Z C D and ¢ > 0 such that ¢,(Z) C D, Vr € |0, t], the following
holds:

t
p(x)dx—/p(x)dx:/ v (x)dxdz.
9(2) Z 0 J¢:(Z)

Furthermore, if p € C1(R"\ {0}, R), then [V - (pf)](x) = w(x) almost everywhere.
O

We will now review some basic definitions and properties of homogeneous func-
tions and homogeneous dynamical systems that will be needed in the subsequent
sections. We have the following definitions, which are quite standard.

DEFINITION 20.3

A function g : R® — R is homogeneous of degree & € R with respect to the
one-parameter dilation A} : (x1,..,x,) — (4"x1,..,4x,), where r; € [1,00),
i=1,..,n,if Vx e R*\ {0} and VA > 0,

9(A%x) = A*g(x). (20.1)

O

DEFINITION 20.4

A vector field f : R* — R" with components f; : R* — R, i = 1,..,n, is
homogeneous of degree / € R with respect to the one-parameter dilation A’ if
fi is homogeneous of degree ¢ + r; with respect to A’. O

DEFINITION 20.5
A continuous map x — ||x||, from R* — R is called a homogeneous norm with
respect to A’ if ||x||, > 0, ||x|lx =0 ¢ x =0, and ||A} x| = A||x||, for 1 > 0. O
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REMARK 20.6
Without loss of generality, we have scaled the dilation exponent r in Defini-
tions 20.3, 20.4, and 20.5 such that r; > 1 for all i. By this scaling, we can

always find for any homogeneous norm ||.||, a constant C such that “Hx“Hh < C on
{x € R" : ||x|| > 1}, implying that Theorem 20.1 is still valid when the integrability
condition is replaced by

(iii)’ p(”)ﬁ( %) is integrable on {x € R" : |jx||; > 1}.

In particular, the above condition is a sufficient condition for (iii) in Theorem 20.1.
O

Some properties of homogeneous functions are given below.

ProPOSITION 20.7
If g : R* — R is differentiable and homogeneous of degree k£ with respect to A7,
then %fi is homogeneous of degree k — r; with respect to A’,. O

Proof Differentiate both sides of (20.1) with respect to x;. O

ProPOSITION 20.8
Let S" 1 = {x € R": ||lx|| = 1}. The map & : (0,00) x S*~ 1 — R"\ {0} defined by

& (Ax) — Alx

is a bijection. Furthermore, a continuous homogeneous function g : R* — R is
entirely determined by its values on S"!. O

Proof For a fixed x € R”\ {0}, the map 4 — Zl L /12, from (0, c0) into itself is
decreasmg and onto. Therefore, glven any such X, we can find a unique A such

that Y7, 53 = 1. Now choose x; = 3% = (x1,...,%,) € 8”1 and
E(4,x) = x. This shows that fisa leeCtiOIl.

The proof of the second statement follows directly from (20.1) and the fact that
¢ is surjective. O
Finally, the flow of a homogeneous dynamical systems has the following property.

PROPOSITION 20.9
Consider a dynamical system x = f(x), where f is continuous and homogeneous
of degree ¢ with respect to A}, and let ¢;(x¢) be the flow of the system starting at
x0. Then we have
$e(A%x0) = A7 @ar4(x0)- (20.2)
O

Proof We only need to show that A ¢, (xo) is the flow of x = f(x) starting at
Al xo. For t = 0, it is clear that A% ¢ m(xo) A’ xo. Furthermore, we have

OA ae(x0) 0090y
o - M pam ™
= AL f(Pae(x0))

= (A} @ut(x0)),
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because f is homogeneous with degree ¢. This shows that A’ @;/,(xo) is indeed the
flow of * = f(x), and therefore we conclude that ¢,(A’x0) = A, ¢1(x0). O

20.3 Homogeneous Density Functions for
Homogeneous Systems

Some examples

Existence of homogeneous density functions for homogeneous systems is hinted by
the following sequence of examples. Notice that although almost all trajectories
of these systems tend to the origin, the origin itself in all the three examples has
different stability properties.

ExaMPLE 20.10
The following system is homogeneous w.r.t. the standard dilation:

X1 = —x? + xlxg,

3222 = —xg.
The equilibrium of the system is asymptotically stable, and convergence of the
trajectories follows directly. A homogeneous density function for this system is
given by p(x) = (x? + x3)75. Readers may wonder if a density function for a
homogeneous system will necessarily be homogeneous. The answer is negative,
as the same system also possesses a nonhomogeneous density function p(x) =
(x3 4+ xf + 2 + x5)76. O

ExamMPLE 20.11
The homogeneous system

%1 = —x5 + x1x3,

3252 = —X%XQ
has a stable equilibrium at the origin, although it is not asymptotically stable.
However, almost all trajectories converge to the origin, as can be proven using
p(x) = (x2 +3x2)~3. A phase portrait of the system is depicted in Figure 20.1. O

ExAMPLE 20.12
Finally, consider the homogeneous system

: 2 2
x]_ le _xz,

Xg = 2x1X3,
which has an unstable equilibrium at the origin. Convergence of almost all

trajectories to the origin can be proven using p(x) = (x?+x2)2(1—x; (x?+x2)~/2).
A phase portrait of the system is shown in Figure 20.2. O
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Figure 20.1 Phase portrait of the system in Example 20.11. Solid lines are trajectories of
the system. The origin is a stable equilibrium, but not asymptotically stable, as any point on

the xg-axis is an equilibrium of the system.
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Figure 20.2 Phase portrait of the system in Example 20.12. Solid lines are trajectories of
the system. The origin is an unstable equilibrium, yet almost all trajectories converge to it.
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Existence of homogeneous density functions

In this subsection, we will first prove that the existence of a homogeneous density
function for a homogeneous system is guaranteed in the case of asymptotically
stable origin. The more general case will be treated afterwards. The following two
lemmas concerning homogeneity of V - (pf) and integrability of ﬁ will be used
in the proofs of the main theorems.

LEMMA 20.13

Assume that p: R* > R and f : R* —» R” are differentiable and homogeneous
respectively of degree k and /. Then V - (pf) £ ¥ : R* — R is homogeneous of
degree %k + (. Conversely, if ¥ and f are homogeneous of degree £ and ¢, then
under the assumption that the integral is well defined,

/W ’¢)()

(cf. Lemma 20.2) will be homogeneous of degree & — /. O

dt (20.3)

Proof For the first statement, notice that

(Ax) = V- (£5)(A)%)

H(AGX)Y - f(A%x) + Vp(A)x) - f(A)x)
= BT - f(x) + ATV () - AT (x)
= AM(P()V - £(x) + V() - £ ()

= 2F(x).

For the converse statement, we use the result stated in Proposition 20.9. We have

plase) = / "o ))\82‘&%")

3A2¢_,m(x) 0x

/ (0l ))’3¢ (%)
= [ Ao | 25

0

= ik_(ﬁ(x).

dt

dt

dt

dt

LEMMA 20.14
Let p:R” —» R and f : R” — R” be homogeneous of degree % and ¢, and ||.||;, be a
homogeneous norm with respect to A’. Then the integral

[ sl
[lx[[n>1 [lx|
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exists, if

k+{ + maxr; +Zri <1 (20.4)
! i=1

Proof For eachi:=1,..,n, we have

_ fl(x)d
/xum”(’“) E
_ 50111 %) 50111 %)
/1<xu,l<l” SUTTH x+/z<x||h<x2 PO [, 4+
_ - fi(x)d - fi(x)d
IS x+/1§|mm|hg”(") ol 4

: (AT & i

1<l <2 [l<]ln 1<]&] <A | AL Z||n
= / [—)(x) fi (x) dx + / A tlrits, ”_1),5(92) fz~(x)d£ s
st l*lla 1<)l <2 ER

= C 4+ Abttritin-e 4

where A > 1. The sum is finite when

(k+l+ri+) ri—1)<0,
=1

and from this we conclude that fo”h>1 p(x)%dx exists if (20.4) is satisfied. O

For a homogeneous system whose equilibrium at the origin is asymptotically
stable, a homogeneous density function can be constructed from a homogeneous
Lyapunov function for the same system, whose existence is guaranteed by the
following theorem.

THEOREM 20.15—(11]

Let the zero equilibrium of the system x = f(x) be asymptotically stable with
f € C°(R",R") homogeneous of degree ¢ w.r.t. A, and let p be a positive integer.
Then there exists a homogeneous Lyapunov function V& CP(R",R) N C*(R" \
{0},R) with positive degree of homogeneity such that V(0) = 0 and V(x) > 0,
VV(x)- f(x) <0 forall x #0. O

The corresponding result for homogeneous density function can now be stated and
proven as follows.

THEOREM 20.16

Let the zero equilibrium of the system & = f(x) be asymptotically stable, with [ €
C'(R",R") homogeneous of degree ¢ w.r.t. A’. Then there exists a homogeneous
function p € C*°(R" \ {0}, R) with negative degree of homogeneity which satisfies
the following properties
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() p(x) >0, VxeR\ {0},
(ii) V- (pf) >0, VxeR"\{0},

(iii) p(x) [ is integrable on {x : [|x[; > 1}. O
Proof 1t can be noted that for homogeneous systems asymptotic stability actually
implies global asymptotic stability and hence global attractivity, as can be seen
from Proposition 20.9. Let V(x) be a homogeneous Lyapunov function as in
Theorem 20.15. We will use p(x) = V(x)~7 for some y > 0 as the homogeneous
density function for our system. It immediately follows that p € C*(R" \ {0}, R)
and property (i) is fulfilled. We will now show that by choosing large enough 7,
properties (ii) and (iii) will also be satisfied.

Let % be the degree of V. Choose y such that

{+max;ri+ > ,ri—1 V(x)(v f(x)) } . (20.5)

y > max{ % ’xfgsaﬁ —(VV(x) - f(x))

Since p has degree —ky and y > w, it follows that the condition
in Lemma 20.14 is satisfied and therefore (iii) also holds. Next, notice that for

p=V77 we have
V-(pf)=(V-)VT —yVU(VV .- f),

and furthermore V- (pf) will also be homogeneous (see Lemma 20.13). Hence we
only need to check the positivity of V-(pf) on S"1. For y > max,cgn 1

V(x)(V-£ (%)
—(VV(x)f(x))’
the divergence V - (pf) will be positive on S"~!, thus proving (ii). O
Unfortunately, for systems whose equilibrium at the origin is not asymptoti-
cally stable, the existence of a Lyapunov function is not guaranteed, and for sys-
tems with unstable equilibrium such a function cannot even exist. This requires
us to proceed in a different way. If for such a system there exists a nonhomoge-
neous density function p with fast decay at large x and positive V - (pf), then
the homogenization method in the following lemma can be used to construct a
homogeneous density function, as shown subsequently in Theorem 20.18.

LEMMA 20.17

Let p € CY(R*\ {0},R) be a nonnegative function such that p(x) = 0 for
x € {x : ||x]] < L}, for some L > 0. In addition, assume that there exists a
constant M such that

lim 7 p(ATx) < oo, (20.6)
T—00
. 0p .
M r —
Tlgglor ’axi (Alx)| < o0, i=1,..,n, (20.7)

for all x € S"!. Let £ > —M + max; r;. Then the function p : R* \ {0} — R given
by

ple) = [ T p(ade
0
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is

(i) well-defined and nonnegative,

(ii) homogeneous of degree & with respect to A},

(iii) of class C*. O

Proof (i) Since p(x) = 0 when x is close to the origin, for every x we can find
7(x) > 0 such that p(A7x) = 0 for all 7 < 7(x). Thus

plx) = / o+ p(ATx)d.
7(x)

From property (20.6) it follows that the integral is well defined, since £ > —M . It
is obvious that p(x) is nonnegative, since the integrand is also nonnegative.

(ii) We have

(iii) Since p is homogeneous, its partial derivatives (if exist) will also be homoge-
neous (cf. Proposition 20.7) and they will be entirely determined by their values on
S~ (cf. Proposition 20.8). Therefore, to prove that pis C! on R"\{0}, we only need
to show that it is C! at any x € S"~!. Now, since p(x) = 0 for small x, we can find
7 > 0 such that p(A7x) =0forallz < fandforallx € E 2 {x: 1—¢ < ||x|| < 1+¢},
where € is a fixed positive number less than one. For all such x, we have

p(x) = / k1 p(AT . (20.8)

T

Because of property (20.7), we can find constants K,T > 0, and N > 1 such that

~

k11r 0P [ or
T k 1+187(A1x)

Xi

<Kt N, i=1,.,n,

D (s
()

for all x € E and 7 > T. Rewriting equation (20.8) as

T 00
px) = / 1 p(ALx)dr + / 7 *1p(Alx)dx,
T T

and using comparison test as well as Leibniz’s rule, we conclude that p is C! on
int(E) and therefore also at any x € S"1. By the homogeneity property, p is C*
on R™\ {0}. O



On Homogeneous Density Functions 271

THEOREM 20.18

Suppose that for a system x = f(x), f € C}(R",R"), which is homogeneous of
degree ¢ w.r.t. Alx, there exists a (not necessarily homogeneous) density function
p(x) € CYH(R" \ {0},R) that is nonnegative and has a fast decay at large x, i.e.,
properties (20.6) and (20.7) in Lemma 20.17 hold for all positive M. In addition,
suppose that V-(fp) > 0 for all x € R”\{0}. Then there exists also a homogeneous
density function p(x) € C*(R" \ {0}, R) satisfying conditions

(i) p(x) >0, Vx€R"\{0},
(i) V- (pf) >0, VxeR\{0},
(iii) p(x) [ is integrable on {x : [|x[x > 1}. O
Proof We will construct p from the nonhomogeneous function p. Let g : R" \
{0} — R* be a C! function such that g(x) = 1 for all x € {AZx : ¥ € S"1,7 > b}
and g(x) = 0 for all x € {A’X% : ¥ € S" 1,7 < a}, 0 < a < b < 1. The function
p(x) £ g(x)p(x) satisfies all the conditions in Lemma 20.17, and therefore we
can use the lemma to construct a nonnegative p(x) € CY(R" \ {0},R) that is
homogeneous of degree k, automatically satisfying condition (i). Because of the
fast decay, this condition will hold for arbitrary negative k. We will now show that
by choosing negative enough %, conditions (ii) and (iii) will also be satisfied.
Since p is homogeneous, V - (pf) will also be homogeneous (Lemma 20.13),
and therefore we only need to check the positivity condition on S™~!. On this set,
V - (pf) can be written as

V(1)@ = [ eV (of) ar)dr
b 9]
= [ p@mde + [ e () (ads
a b
The multiplication by g will cause the divergence V - (pf)(AZx) to be negative for
some 7 € (a,b). However, notice also that V - (pf)(A%x) = V- (pf)(AZx) > 0 for
7 > b. Define

C, =inf{V - (pf)(Alx) :x € S 1, 1<7<2} >0,
Co =inf{V - (pf)(Alx) :x € S" La <7< b} <0,

and assume that —& — 1 — ¢ > 0. Then it follows that
b
/ G L (BF)(ATx)dT > Co(b — a)b 1

/ R0y (BF)(Alx)dT > G,
b
from which it can be seen that by making % negative enough, equivalently —k—1—/
positive enough, we will obtain V - (pf)(x) > 0 on S"1.

Finally, to guarantee that condition (iii) is satisfied, choose % in accordance
with Lemma 20.14. O

IThis condition is actually too strict. It is enough to require that (20.6) and (20.7) hold up to some
large enough M (cf. the proof of the theorem). Unfortunately, a bound for this is not available a priori.
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20.4 Perturbations by Higher and Lower Order
Terms

Unlike the Lyapunov stability, where asymptotic stability in a homogeneous
system is preserved under higher order term perturbations [11], in the case of
density function a robustness property is not immediately obtained. In other
words, a homogeneous Lyapunov function for the homogeneous system will still
serve as a Lyapunov function for the perturbed system, whereas the corresponding
homogeneous density function will in general no longer be a density function for
the perturbed system. This is obvious, since the existence of a density function
proves a global property, which is lost under such a perturbation. However, with
some appropriate assumptions, local attractivity of the origin is still preserved.

PROPOSITION 20.19

Let x = f(x) be a homogeneous dynamigal system of degree ¢ with p a homo-
geneous density function for it, and let 6f be a higher order perturbing vector
field. Denote by D a neighborhood of the origin where V - (p(f + 6f)) is almost
everywhere positive. If I C D is an invariant set strictly containing the origin,
then almost all trajectories in I will converge to the origin. O

Proof Note that if for the original vector field we have V- (pf) > 0 on R"\ {0},
then D is guaranteed to exist (cf. proof of Theorem 3 in [11]). The proof of the
proposition proceeds in the same way as the proof of Theorem 20.1 (see [7, page
166]), using (with the same notations asin [7]) X = I, P={x € [ : ||x|| > r}, and
D={xel:|x|>¢} O

REMARK 20.20

For a system whose zero equilibrium is asymptotically stable, a homogeneous
density function p with V - (pf) > 0 on R™ \ {0} can always be constructed
(cf. Theorem 20.16). This guarantees the existence of D in Proposition 20.19. In
addition, an invariant set I can always be found. In this context, the proposition
actually corresponds to the fact that an asymptotically stable zero equilibrium
of a homogeneous system is (locally) asymptotically stable when the system is
perturbed by higher order terms. O

On the other hand, when perturbed by lower order terms, in general even local
attractivity will be lost. Yet a property related to trajectories far from the origin
can be shown to hold as follows.

PRrROPOSITION 20.21

Let & = f(x) be a homogeneous dynamical system of degree ¢ with p a homoge-
neous density function for it, and let 5 f be a lower order perturbing vector field.
Assume that V - (p(f + 8f)) is positive almost everywhere on ‘£ = {x : ||x|| > r},
where r is some positive constant. Then the set of trajectories with lim; ., ¢;(x) =
oo is a set of zero measure. O

Proof Analogous to Proposition 20.19, note that if for the original vector field
we have V- (pf) > 0 on R" \ {0}, then we can always find a positive r such that

V - (p(f + 6f)) is positive almost everywhere on £ = {x : ||x| > r}. Also notice
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Bf+61)
[EN
%‘)(@H is bounded, since otherwise

that if % is integrable on ‘E, then so is . Without loss of generality we

may assume that p is integrable on £ and i
we can introduce a new density function and an equivalent system (modulo a
shift of the time axis) that have the required property [7, page 162]. Now define
Z = {xo € E: ||¢:(x0)|| > r for ¢ > 0}. The set of trajectories with lim;,, ¢;(x) = oo
is contained in Z. From Lemma 20.2 (using D = {x : ||x|| > r}) and the fact that
p is nonnegative, it follows that

0>
o

WEES /Z p(x)dx = / / TR B

However, V - (5(f + 6f)) is positive for almost all x € £, and thus Z must have
zero measure. This implies that the set of trajectories with lim; ., ¢:(x) = oo is
also a set of zero measure. O

20.5 Conclusions

We have proven the existence of a homogeneous density function for a homoge-
neous system whose equilibrium at the origin is asymptotically stable. When the
equilibrium is not asymptotically stable, we show that a homogeneous density
function exists if there exists also a nonhomogeneous density function with fast
decay and satisfying the positive divergence criterion.

The effects of perturbations on the system have been addressed subsequently.
In particular, we show that under some appropriate assumptions local attractivity
of the zero equilibrium is preserved when the system is perturbed by higher order
terms, and that almost all trajectories cannot escape to infinity, in the case of
perturbation by lower order terms.
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Recently Guo and Luo (and independently Weiss and Tucsnak) were able to prove
that a certain damped second order system can be interpreted as a continuous
time (well-posed and stable) scattering conservative system. We show that this is a
special case of the following more general result: if we apply the so called diagonal
transform (which is a particular rescaled feedback/feedforward transform) to an
arbitrary continuous time impedance conservative system, then we always get
a scattering conservative system. In the particular case mentioned above the
corresponding impedance conservative system is as a undamped second order
system with collocated actuators and sensors.
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Figure 21.1 The diagonal transform

21.1 Introduction

In two recent articles Guo and Luo [1] and Weiss and Tucsnak [15] study the
abstract second order system of differential equations

d? 1 .d .
@z(t) + Apz(t) = -5 G T Coz(t) + Cyu(t),

y(t) = — % Coz(t) + u(?),

(21.1)

with input u, state [@ 2}, and output y. Here Aj is an arbitrary positive

(unbounded) self-adjoint operator on a Hilbert space Z with a bounded inverse.
We define the fractional powers of Ay in the usual way, and denote Z;,, = D (VA )
and Z_j/3 = (Z12)" (where we identify Z with its dual). Thus, Z;/o C Z C Z_y,
with continuous and dense injections, and A~! maps Z_; /2 onto Zy 5. The operator
C is an arbitrary bounded linear operator from Z;/; to another Hilbert space U.
Guo and Luo showed in [1] and Weiss and Tucsnak showed in [15] (independently
of each other) that the above system may be interpreted as a continuous time
(well-posed and energy stable) scattering conservative system with input u, state

x = [\/‘? Z}, and output y. The input and output spaces are both U, and the state

spaceis X = [£](=Z x Z).
Formally, the system (21.1) is equivalent to the diagonally transformed system

@ )+ Aoz(t) = % Cu (1)

— 0 = — ,

de* \f . (21.2)
y(¢) = 72 & Coz(t),

which we get from (21.1) by replacing « and y in (21.1) by u* = %(u + )
respectively y* = %(u — ). We can formally get back to (21.1) by repeating the

same transform: we replace ¢* and y* in (21.2) by u = %(uX + y*) respectively

y = %(uX — »*). This transform, drawn in Figure 21.1, is simply a rescaled

feedback /feedforward connection.
The purpose of this article is to show that the above transformations are not
just formal, but that that they can be mathematically justified, thereby giving
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a positive answer to the question posed in [1, Remark 2]. It follows directly
from [8, Theorem 4.7] that (21.2) is an impedance conservative system of the
type introduced in [8]. According to [9, Theorem 8.2], by applying the diagonal
transform to this system we get a scattering passive system. As we shall show
below, this scattering passive system is exactly the system described by (21.1).

21.2 Infinite-Dimensional Linear Systems

Many infinite-dimensional linear time-invariant continuous-time systems can be
described by the equations

y(t) = Cx(t) + Du(t), t>0, (21.3)
x(0) = xo,

on a triple of Hilbert spaces, namely, the input space U, the state space X, and
the output space Y. We have u(¢) € U, x(¢) € X and y(¢t) € Y. The operator A is
supposed to be the generator of a strongly continuous semigroup. The operators
A, B and C are usually unbounded, but D is bounded.

By modifying this set of equations slightly we get the class of systems which
will be used in this article. In the sequel, we think about the block matrix
S = [4 5] as one single (unbounded) operator from [£ ] to [¥], and write (21.3)
in the form

x(t) x(t)
=S
[y(t)} [U(t)
The operator S completely determines the system. Thus, we may identify the
system with such an operator, which we call the node of the system.

The system nodes that we use have a certain structure which makes it resemble
a block matrix operator of the type [‘é g]. To describe this structure we need the
notion of rigged Hilbert spaces. Let A be the generator of a Cy semigroup on the
Hilbert space X. We denote its domain D(A) by X;. We identify the dual of X
with X itself, and denote X_; = D(A*)*. Then X; C X C X_; with continuous
and dense injections. The operator A has a unique extension to an operator in
L(X;X_1) which we denote by A|x (thereby indicating that the domain of this

operator is all of X). This operator is the generator a C; semigroup on X_;, whose
restriction to X is the semigroup generated by A.

} , t>0, x(0)=xo. (21.4)

DEFINITION 21.1
We call S a system node on the three Hilbert spaces (U,X,Y) if it satisfies
condition (S) below:!

(S) S:= [288] : [£] D D(S) — [¥] is a closed linear operator. Here A&B
is the restriction to D(S) of [A)x B], where A is the generator of a Cy
semigroup on X (the notations Ajx € L(X;X ;) and X_; were introduced
in the text above). The operator B is an arbitrary operator in L(U;X_;),

1This definition is equivalent to the corresponding definitions used by Smuljan in [6] and by Salamon
in [4, 5].



278 0.d. Staffans

and C&D is an arbitrary linear operator from D(S) to Y. In addition, we
require that
D(S)={lil€ [F] |Axx+BueX}.
O

We shall use the following names of the different parts of the system node
S = [4%B]. The operator A is the main operator or the semigroup generator, B
is the control operator, C&D is the combined observation/feedthrough operator,

and the operator C defined by
x
Cx:=C&D [0], x € Xy,

is the observation operator of S.
An easy algebraic computation (see, e.g., [10, Section 4.7] for details) shows

that for each o € p(A) = p(Ax), the operator [(1) (“’Alf)le} is an boundedly

invertible mapping between [£] — [¥] and []}] — D(S). Since [¥}] is dense

in [X], this implies that D(S) is dense in ¥ |. Furthermore, since the second
column {(“_A\lx)*lB } of this operator maps U into D (S), we can define the transfer
function of S by

D(s) := C&D

[(s _AQX)_IB} . sep(A), (21.5)

which is a L(U;Y)-valued analytic function on p(A). By the resolvent formula,
for any two o, B € p(A),

D(a) =D(B) = Cl(er — Aix) ™ — (B~ Aix) '] B

(21.6)
=(B—a)C(a—A) (B—Ax)"'B.
Let us finally present the class of compatible system nodes, originally intro-
duced by Helton [2]). This class can be defined in several different ways, one
of which is the following. We introduce an auxiliary Banach space W satisfy-
ing X; C W C X, fix some o € p(A), and define W_; = (o — Ax)W with
|x|w, = |(e — Ajx)'x|w (defined in this way the norm in W_; depends on ¢, but
the space itself does not). Thus

XiCcCWcCcXcW_;CX_.

The embeddings W C X and W_; C X _; are always dense, but the embeddings
X; C Wand X C W_; need not be dense. The system is compatible if R(B) C W_4
and C has an extension to an operator Ciy € L(W;Y) (this extension is not
unique unless the embedding X; C W is dense). Thus, in this case the operator
Cw(a —Aix)™'B € L(U;Y) for all & € p(A). If we fix some o € p(A) and define

D :=9(a) - Cw(a —Aix)'B,
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then D € L(U;Y), and it follows from (21.6) that D does not depend on o, only
on A, B, Cw, and D (in particular, different extensions of C to W give different
operators D). Clearly, the above formula means that D can be written in the
simple form

D(s)=Cw(s—Ax) 'B+D, scp(A). (21.7)

Another way of describing compatibility is to say that the system node S can be

. A B W . W7 .
extended to a bounded linear operator [Cl‘“: D} e L([F]:[""]), where Ay is the
restriction of Ajx to W. Thus

[A&B} B {AW B}

We shall refer to the operator [’é“;" g} as a (possibly non-unique) compatible

representation of S over the space W. There is always a minimal space W which
can be used in this representation, namely W := (o« — A)"1W_; where a € p(A)
and W_; := (X + BU), but it is frequently more convenient to work in some other
space W (for example, it may be possible to choose a larger space W for which the
embedding X; C W is dense and the extension is unique).

As shown in [11], the system node S of a well-posed system is always compat-
ible, but the converse is not true (an example of a compatible system of the type
(21.2) which is not well-posed is given in [13]).

Every system node induces a ‘dynamical system’ of a certain type:

LEMMA 21.2
Let S be a system node on (U, X,Y). Then, for each xo € X and u € mel (RT;0)
with [ ,0)] € D(S), the equation

u(t

[x(tﬂ s [x(t)} L >0, x(0) = xo, (21.8)

has a unique solution (x, y) satisfying [zg” € D(S) for all ¢ > 0, x € C(R*; X),
and y € C(R";Y). O

This lemma is proved in [3] (and also in [10]).2

So far we defined Zi only for the class of smooth data given in Lemma 21.2.
It is possible to allow arbitrary initial states xo € X and input functions u €
Llloc(]R*; U) in Lemma 21.2 by allowing the state to take values in the larger

space X_; instead of in X, and by allowing y to be a distribution. Rather than
presenting this result in its full generality, let us observe the following fact.

2Well-posed versions of this lemma (see Definition 21.4) are (implicitly) found in [4] and [6] (and
also in [11]). In the well-posed case we need less smoothness of u: it suffices to take u € W-2(R*; U).

loc
In addition y will be smoother: y € Wﬁ)’f(R*; Y).
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LEMMA 21.3
Let S = [4%B ] be a system node on (U, X,Y). Let xo € X, and u € L{ (R™; U),

loc
and let x and y be the state trajectory and output of S with initial state xo, and
input function u. If x € W,o!(R*; X), then [}] € LL (R*;D(S)), y € LL,(R*;Y),
and [y] is the unique solution with the above properties of the equation

(¢ t
[x( )} =S [x( )} for almost all # >0, x(0) = xo. (21.9)

¥(#) u(t)
If u € C(RT;U) and x € C}(R*; X), then [}] € C(R*;D(S)), y € C(R*;Y), and
the equation (21.9) holds for all £ > 0. O

See [10, Section 4.7] for the proof.
Many system nodes are well-posed:

DEFINITION 21.4
A system node S is well-posed if, for some ¢ > 0, there is a finite constant K ()
such that the solution (x, y) in Lemma 21.2 satisfies

()7 + 19117200y < K (@) (20l + llelZ(0,)- (WP)

It is energy stable if there is some K < oo so that, for all ¢ € RT, the solution
(x,y) in Lemma 21.2 satisfies

(&)1 + 171720 < K (|20l + el Z2(0,))- (ES)

O

For more details, explanations and examples we refer the reader to [3] and
[7, 8,9, 10] (and the references therein).

21.3 Passive and Conservative Scattering and
Impedance Systems

The following definitions are slightly modified versions of the definitions in the
two classical papers [16, 17] by Willems (although we use a slightly different
terminology: our passive is the same as Willems’ dissipative, and we use Willems’
storage function as the norm in the state space).

DEFINITION 21.1
A system node S is scattering passive if, for all ¢ > 0, the solution (x,y) in
Lemma 21.2 satisfies

(&) — |xol* < llullZe0) — 191720, (SP)

It is scattering energy preserving if the above inequality holds in the form of an
equality: for all ¢ > 0, the solution (x, y) in Lemma 21.2 satisfies

(&) = [xol* = l[ullZe0) — 171720 (SE)
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Finally, it is scattering conservative if both S and S* are scattering energy
preserving.? O

Thus, every scattering passive system is well-posed and energy stable: the passivity
inequality (SP) implies the energy stability inequality (ES).

DEFINITION 21.2
A system node S on (U, X, U) (note that Y = U) is impedance passive if, for all
¢t > 0, the solution (x, y) in Lemma 21.2 satisfies

20 — xol% <2 / Ry (), u(t)) . (IP)

It is impedance energy preserving if the above inequality holds in the form of an
equality: for all ¢ > 0, the solution (x,y) in Lemma 21.2 satisfies

() % — lwol% = 2/0 Ry (@), u(t))vde. (IE)

Finally, S is impedance conservative if both S and the dual system node S* are
impedance energy preserving. ]

Note that in this case well-posedness is neither guaranteed, nor relevant.

Physically, passivity means that there are no internal energy sources. An
energy preserving system has neither any internal energy sources nor any sinks.
Other types of passivity have also been considered in the literature; in particular
transmission (or chain scattering) passive or conservative systems.

Both in the scattering and in the impedance setting, the property of being
passive is conserved under the passage from a system node S to its dual. See [8]
for details.

The following theorem can be used to test if a system node is impedance passive
or energy preserving or conservative:

THEOREM 21.3—I[8, THEOREMS 4.2, 4.6, AND 4.7]

Let S = [4¥2 ] be a system node on (U, X, U).
(i) S is impedance passive if and only if the system node | 438 ] is dissipative,

i.e, for all [;0] € D(S),

(LD

(ii) S is impedance energy preserving if and only if the system node [ 4¥B] is

skew-symmetric, i.e., D(S) = D([_48]) C D([_4%E]"), and

a0 (e

3If S is a system node on (U, X,Y), then its adjoint S* is a system node on (Y, X, U). See, e.g., [3].
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(iii) S is impedance conservative if and only if the system node | 438 is skew-
adjoint, i.e.,
A&B1* A&B
_ . (21.12)
—C&D —C&D
Equivalently, S is impedance conservative if and only A* = —A, B* = C,

and @(0{) + D(—a)* = 0 for some (or equivalently, for all) o € p(A) (in
particular, this identity is true for all & with R # 0).
O

Many impedance passive systems are well-posed. There is a simple way of
characterizing such systems:

THEOREM 21.4

An impedance passive system node is well-posed if and only if its transfer function
D is bounded on some (or equivalently, on every) vertical line in C*. When this is
the case, the growth bound of the system is zero, and, in particular, D is bounded
on every right half-plane C} = {s € C | Rs > £} with £ > 0. O

This is [8, Theorem 5.1]. It can be used to show that many systems with collocated
actuators and sensors are well-posed.

EXAMPLE 21.5
To get the system described by (21.2) we take the state to be x = [‘/‘?Z}, the

input to be u, and the output to be y. The input and output spaces are U, the
state space is [% ], and, in compatibility notion with W = Z; o and W_y1o = Z_1 s,
the extended system node is given by

0 VA 0
A B ’ ‘ 1 ®
| —vVA o0 \ % G

ciD 0 iC’o‘ 0

(the first element in the middle row stands for an extended version of /Ay ).
The domain of the system node itself consists of those {%} S [g} which satisfy

x1 — A0_1/2C§u € Zy2 and xg € Zy3, and its transfer function is

~

1 -1
D(s) = Co<s+ ;Ao> C: Rs#£0

(where the inverse maps Z_j3 onto Z;3). By Theorem 21.3, this system node is
impedance conservative. O

EXAMPLE 21.6
Also the system described by (21.1) can be formulated as a system node with the
same input, state, and output as in Example 21.5. This time we take the extended
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system node to be (in the notation below we have anticipated the fact, which will
be proved later, that this example is the diagonal transform of Example 21.5%)

0 VA 0
A* | B~ 1 *0 | .
=| VA ;GG ‘ (0%

CX DX
0 -G |1

(again the first element in the middle row stands for an extended version of v/Ag ).
The domain of the system node itself consists of those Hﬂ € [g} which satisfy

— A0_1/2(% C;Coxs + Cju) € Zy)2 and x5 € Zy)5, and its transfer function is
N 1. 1 -1
@(s)=1—co<s+§coco+ng) C; Rs#£0.

O

It is not obvious that Example 21.6 is scattering conservative (hence well-posed
and energy stable). That this is, indeed, the case is the main result of [15]. Here
we shall rederive that result by a completely different method, appealing to the
following general result.

THEOREM 21.7—[9, THEOREM 8.2]
A system node S = [488 ] on (U, X, U) is impedance passive (or energy preserv-
ing or conservative) if and only if it is diagonally transformable,’® and the diag-

onally transformed system node S* = Hégg}:} is scattering passive (or energy

preserving, or conservative) (in particular, it is well-posed and energy stable). The
system node S* can be determined from its main operator A*, control operator
B*, observation operator C*, and transfer function ©®*, which can be computed
from the following formulas, valid for all o € p(A) N p(A*),®

( o — A )—1 1 ( 1 B

Lo (@—A) 114D za
-1
o )L ewl) -

+Fa—ﬁm43

5\

}u+6m»*rcw—Ar111

In particular, 1+ D () is invertible and D*(er) = (1 —D(e))(1 + D ()" for all
o € p(A)N p(AX). O

4We denote the identity operator (on any Hilbert space) by 1.

5This notion will be defined in Section 21.5.

GA‘XX is the extension of A* to an operator in L(X;X*|), where X*| is the analogue of X_; with
A replaced by A*.
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Thus, in order to show that Example 21.6 is scattering conservative, it suffices
to show that it is the diagonal transform of Example 21.5. This can be achieved
via a lengthy computation based on formula (21.13), but instead of doing this we
shall derive an alternative formula to (21.13) which is valid (only) for compatible
systems. See Corollary 21.2 and Remark 21.4.

21.4 Flow-Inversion

In order to get a compatible version of (21.13) we need to develop a version of the
diagonal transform which is more direct than the one presented in [9] (there this
transformation was defined as a Cayley transform, followed by a discrete time
diagonal transform, followed by an inverse Cayley transform). Instead of using
this lengthy chain of transformations we here want to use a (non-well-posed)
system node version of the approach used in [8, Section 5]. That approach used
the theory of flow-inversion of a well-posed system developed in [12], so we have
to start by first extending the notion of flow-inversion to a general system node.”

DEFINITION 21.1
Let S = [4§B] be a system node on (U, X,Y). We call S flow-invertible if there

exists another system node S* = H‘gzg{i} on (Y,X,U) which together with S

satisfies the following conditions: the operator [Cl&lo)] maps D(S) continuously
onto D(S*), its inverse is [ ¢gp)- |, and
. {[A&B]X} B [A&B} [1 0]—1

C&DJ* 0 1|[C&D
[ ] L (21.14)
_{A&B]_[[A&B]X}{ 10 }_
|c&D] [0 1 [C&D]*|
In this case we call S and S* flow-inverses of each other. O

Obviously, the flow-inverse of a node S in unique (when it exists). Furthermore,
by [12, Corollary 5.3], in the well-posed case this notion agrees with the notion of
flow-inversion introduced in [12].

The following theorem lists a number of alternative characterizations for the
flow-invertibility of a system node.?

THEOREM 21.2
Let S = [4%B] be a system node on (U,X,Y), with main operator A, control

operator B, observation operator C, and transfer function ©, and let S* = [ {‘égg]]i }

be a system node on (Y,X,U), with main operator A*, control operator B*,
observation operator C*, and transfer function ©*. We denote D(A) = X,
(D(A*)* = X4, D(A*) = X, and (D((A*)*))* = X_;1. Then the following
conditions are equivalent:

TFlow-inversion can be interpreted as a special case of output feedback, and conversely, output
feedback can be interpreted as a special case of flow-inversion. See [12, Remark 5.5].

8In this list we have not explicitly included the equivalent discrete time eigenvalue conditions that
can be derived from the alternative characterization of continuous time flow-inversion as a Cayley
transform, followed by a discrete time flow inversion, followed by an inverse Cayley transform.
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(i) S and S* are flow-inverses of each other.
(i) The operator [ (fep< | maps D(S*) one-to-one onto D(S), and

{[A&B]X} - [A&B} { 10

0 1 | |c&D [C&D]X} (on D(S7)). (21.15)

(iii) For all & € p(A*), the operator [ 3] — S maps D(S) one-to-one onto [§ |,
and its (bounded) inverse is given by

0 0 C*(a — A¥)™1 —9%(a)

(iv) For some & € p(A*), the operator [% ] —S maps D(S) one-to-one onto [ ]
and (21.16) holds.

(v) For all @ € p(A) N p(A*), () is invertible and the following operator
identity holds in L([§];D(S)):

[ (@ —A*)"  —(a—A%) B :{(a—A)—l 0}
C@a—A"t %@ o 0 (21.17)
1
[T P e e - .

(vi) For some o € p(A) N p(A*), D(ex) is invertible and (21.17) holds.

When these equivalent conditions hold, then [} ] maps X; into D(S*), [ J | maps
X into D(S), and

A=A +B"C, A" =Aixx+BC",

0 = [C&D]* {é] 0=C&D L}} (21.18)

Proof 'We begin by observing that (21.18), which is equivalent to

o) [l =[] [Gen)[e]=[5] e

follows from (i) and (21.14) since [{'] € D(S) and {‘%} € D(Sy).

(i) = (ii): This is obvious (see Definition 21.1).

(ii) = (i): Suppose that (i) holds. Then [}¢9] [icepy] = [§9] on D(SX)
(by assumption, C&D [ gy ] =[0 1], and we have [1 0] [;5ep)<] =[1 0]).
Thus, [ &5 is a left-inverse of [ (¢4 |. However, as (by assumption) [ ¢ehy- ]
is both one-to-one and onto, it is invertible, so the left inverse is also a right
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inverse, i.e., the inverse of [(tepy<] is [{eD ] Multiplying (21.15) to the right
by [[};&%]xrl we get the second identity in (21.14). The first identity in (21.14)

can equivalently be written in the form “’égg%i} = [4%8] [(teD)* |- The top part

[A&B]* = A&B [t | of this identity is contained in (21.15)), and the bottom
part [C&D]* =[0 1] [fep)«] is always valid. We conclude that (ii) = (i).

(ii) = (iii): Let o € C be arbitrary. Clearly, (ii) is equivalent to the requirement
that [[é&%]x} maps D(S*) one-to-one onto D(S), combined with the identity (note

([5 619 [ieanp) = ([ 5] -[*3"]) e oisn

If @ € p(A*), then [(“_‘SX)A ("‘_Alxi)*le} maps [ | one-to-one onto D(S), so we

may multiply the above identity by this operator to the right to get the equivalent

identity
(s o)) o 4]
- S - ,
0 0 0 —1

which is now valid on all of [‘5] This can alternatively be written as (multiply
by [§ %] to the right)

_[r 0

o o1)”

a 0
(s o))
0 0
By tracing the history of the second factor on the left-hand side we find that it
maps | ¥ | one-to-one onto D(S). Thus, [ ]| —S is the left-inverse of an invertible
operator, hence invertible, and (21.16) holds.

(iii) = (iv): This is obvious.

(iv) = (ii): This is the same computation that we did in the proof of the
implication (ii) = (iii) done backwards, for one particular value of o € p(A*).
Observe, in particular, that [[};&%]x] maps D(S*) one-to-one onto D(S) if and
only if the operator on the right-hand side of (21.16) maps [ | one-to-one onto
D(S).

(iii) = (v): This follows from the easily verified identity

=
([ of-[cen))

B 1 0][a—A 0 1 —(a—Ax)'B
_{—C(ov—A)—1 1“ 0 —6(04)} [0 1

valid for all & € p(A).

(v) = (vi): This is obvious.

(vi) = (iv): Argue as in the proof of the implication (iii) = (v). O

The original idea behind the flow-inversion of a well-posed system introduced
in [12, Section 5] was to interchange the roles of the input and output. A similar
interpretation is valid for the flow-inversion of system nodes, too.

(0 =A%) (@—A%)'B*
C*(a — A¥)1 D ()

(0 —A*)" —(a—Af) B~
C*(a —A)! —D*(a)

oS O

(21.20)
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THEOREM 21.3

Let S = [4%B | be a flow-invertible system node on (Y, X, U), whose flow-inverse

S* is also a system node (on (U, X,Y)). Let x and y be the state trajectory and
output of S with initial state xo € X and input function u € L. (R*;U), and

loc

suppose that x € Wli’cl(]RJr;X ). Then y € LL (R*;Y), and x and u are the state

loc
trajectory and output of S* with initial state x¢ and input function y. O

Proof By Lemma 21.3, [%] € LL (R*;D(S)), y € LL (R*;Y), and [}] is the

loc loc
unique solution with the above properties of the equation

o) = o

[ Lo ] maps D(S) continuously on D(S*), so [J] = [Le ] [5] € LL (RT;D(SX)).

loc

} for almost all £t >s, x(s) = ;.

Moreover, since [é&%}_l = [[é&%]x |, we have for almost all ¢ > s,

]
B REI .

[C&D]* | | y(2)
By Lemma 21.3, this implies that x and u are the state and output function of S*
with initial time s, initial state xs, and input function y. O

Our next theorem shows that compatibility is preserved under flow-inversion
in most cases.

THEOREM 21.4
A‘W B

Let S = [4%B] be a compatible system node on (Y,X,U), and let {C‘W D} €

L([¥];["%"]) be a compatible extension of S (here X; C W C X and W_; is
defined as in Section 21.2). Suppose that S if flow-invertible. Denote the flow-

inverted system node by S* = “‘égg%i }, let X and X*| be the analogues of X;
and X_; for S*, and let WX be the analogue of W_; for S* (i.e., WX, = (¢ —A[)W
for some o € p(A*)).

(i) If D has a left inverse D;}t € L(Y;U), then X;* C W and S* is compatible
with extended observation operator C‘ﬁ, : W — U and corresponding
feedthrough operator D* given by

Cyy = —Dp.},.Cw,
W left =W (21.21)
D* = Dy,
and the the main operator A* of S* is given by
-1
A" = (Ax = BDi;;Cw) ;-

In this case the space W_; can be identified with a closed subspace of W*,,
so that X C W_; C X_; N X*. With this identification,

Aw =Aly +B*Cw, B=B"D

(where we by Ajw and Ay, mean the restrictions of Ajx and Ay to W).
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(ii) If D is invertible (with a bounded inverse), then W_; = W*,, A*W C W_4,
B*U C W_y, and the operator [g‘%: gx} e L([¥];[""]) defined by

{Alxw BX}_'AW—BD—lqw BD—T

Cyw D~ N —D1Cw D1
SRR HEE
TS
Z:AOW 8:+:B1X:|[_C’|W 1

is a compatible extension of S*.

Proof (i) Take [y] € D(S*), and define u = [C&D]* [}]. Then [] € D(S) and
y = C&D [;;] = Cjwx + Du. Multiplying the above identity by Dlz}t to the left we
get for all [}] € D(S™),

u = [C&D]* [5] = —Dj,};,Clwx + D },y.

The right-hand side is defined (and continuous) on all of W x Y. By (21.17), for
allye Y and all @ € p(A) N p(A¥),

(0 —A%)'B*y = (e — Ax) 'BD*(a)y € W,

so R(B*) € WX,. This implies that [g@vv ﬁi} is a compatible extension of S*,
with C, = _Dl_e}tC\W and D* = Dg}t. By (21.18), for all x € X[*, we have
A*x = (Ajx + BC*)x = (Ajx — BDy},Ciw)x, as claimed.

Next we construct an embedding operator J : W_; — WX,. This operator is
required to be one-to-one, and its restriction to X should be the identity operator.

We define
J=(ax—A% — B*Cw)(ax — Aw) ™,
X ( w X\W)( X\W_)1 (21.22)

The compatibility of S and S* implies J € L(W_1; WX|) and J* € L(W*; W_1)

and by (21.18), both J and J* reduce to the identity operator on X.

We claim that J* € L(WX;W_1) is a left inverse of J € L(W_;; W), or
equivalently, that (& — Ajw)*J*J (o — Ajw) is the identity on W. To see that this
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is the case we use (21.22), (21.21), (21.17), and (21.7) (in this order) to compute

(o = Apw) HT "I (@ — Apw)
= (¢ —Aw) (@ —Aw — BCj)
x (@ — Afyy) (@ — Afy — B*Clw)
= (1— (@ —Aw) 'BCy)(1— ( — Ajyy) ' B*Cw)
= (1+ (& — Aw) 'BDy;},Cw)(1 — (@ — Aw) ' BD (@) Clw)
=1+ (o — Aw) 'B[Dy}, — D7 (@) — Di},Cw(e — Aw) ' BD ()] Cw
=1+ (¢ — Aw) 'BDyf, [D(er) = D — Cw(a — Ajw) ' B]D (@) Clw
=1.

This implies that the operator J is one-to-one; hence it defines a (not necessarily
dense) embedding of W_; into W*,. In the sequel we shall identify W_; with the
range of J. That W_; is closed in WX, follows from the fact that J has a bounded
left inverse.

The identification of W_; with a subspace of W*, means that the embedding
operator J = (& — Ajy, — B*Clw)(a — Ajw)~! becomes the identity on W_;, and
hence, with this identification, (o — Ajw) = (& — A‘XW — B*Cjw), or equivalently,

Aw =Ajy + B*Cw.

The remaining identity B = B*D can verified as follows. By (21.17) and the
fact that A‘W = Aw — B*C,

B*®(ar) = (o — Aly) (e — Apw)™'B
= (¢ —Aw+B*Cw)(a —Ajw) 'B
= (B + B~ C’|W(a Aw)'B)
= (B + B*(d(ax) — D))
:BXBD(a)+B—BXD.

Thus B = B*D.
(i) Part (ii) follows from part (i) if we interchange S and S*. (This will also
interchange W_; with W*, and J with J*.) O

21.5 The Diagonal Transform

With the theory that we developed in the preceding section at our disposal we
can now proceed in the same way as we did in [8, Section 5] to investigate the
continuous time diagonal transform. First of all, by comparing (21.13) and (21.17)
we observe that it is possible to reduce the continuous time diagonal transform to
flow-inversion in the following way.
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DEFINITION 21.1
Let S = [A%E] be a system node on (U,X,U) (note that Y = U). We call S
diagonally transformable if the system node S = [‘é%g} is flow-invertible, where

1

C&D =
V2

(C&D +[0 1 ]).
. . Sx [A&B]*
Denote the flow-inverse of this system node by S* = [[ C&D]*

transform of S is the system node S* = “fcng]]i }, where

} . Then the diagonal

[C&D]* = v2[C&D]* —[0 1].

The diagonal transform can be computed more explicitly as follows.

COROLLARY 21.2
Let S = [4%E] be a diagonally transformable system node on (U, X, U). Then

the diagonal transform S* = “‘égg%z} of S satisfies

B A [P N !

If S is compatible with a compatible extension {‘a‘z g} € L([¥];["%"]) where

1+ D invertible, then S* is also compatible, with the compatible extension (over
the same space W)

[2;: l‘;i}:{A(I)W _01]+{\2} (1+D) ' [-Cw V2]

_[Aw—-B(1+D)'Cw V2B(1+D)!
_{ —V2(1+ D) 'Cy (1—D)(1+D)‘1}

(21.23)

This follows directly from Definition 21.1 and Theorems 21.3 and 21.4.

COROLLARY 21.3
Example 21.6 is a scattering conservative system node. O

This follows from Theorem 21.7 and Corollary 21.2.

REMARK 21.4

By applying the same theory to other examples of impedance passive or conser-
vative systems we can create many more examples of continuous time scatter-
ing passive or conservative systems. One particularly interesting class is the one
which is often referred to as ‘systems with collocated actuators and sensors’, dis-
cussed in, e.g., [1], [13], and [14]. O
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High-Order Open Mapping Theorems
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Abstract

The well-known finite-dimensional first-order open mapping theorem says that a
continuous map with a finite-dimensional target is open at a point if its differential
at that point exists and is surjective. An identical result, due to Graves, is true
when the target is infinite-dimensional, if “differentiability” is replaced by “strict
differentiability.” We prove general theorems in which the linear approximations
involved in the usual concept of differentiability is replaced by an approximation
by a map which is homogeneous relative to a one-parameter group of dilations,
and the error bound in the approximation involves a “homogeneous pseudonorm”
or a “homogeneous pseudodistance,” rather than the ordinary norm. We outline
how these results can be used to derive sufficient conditions for openness involving
higher-order derivatives, and carry this out in detail for the second-order case.
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22.1 Introduction

Open mapping theorems (abbr. OMTSs) are key tools in the derivation of necessary
conditions for an optimum in optimization theory, and in particular in optimal
control. For example, the usual Lagrange multipliers rule is a trivial corollary of
the following OMT.

THEOREM 22.1

Let X, Y be normed spaces, let QQ be an open subset of X, and let F : Q +— Y be
a continuous map. Let x, € Q be such that F is Fréchet differentiable at x, and
the differential DF(x.) is a surjective linear map from X to Y. Assume that Y is
finite-dimensional. Then F is open at x., that is, F maps neighborhoods of x. to
neighborhoods of F(x.). O

(To deduce the Lagrange rule from Theorem 22.1, let us consider the problem
of minimizing the quantity fo(x) subject to finitely many equality constraints
fi(x) =+ = fm(x) = 0, where fo, f1,..., fm are continuous real-valued functions
on an open subset Q of a normed space X, and assume that x, is a solution. We
then define F : Q — R™*! by letting

F(x) = (fo(x), fi(x),..., fm(x)) for x € Q,

and observe that, if we let y.(&) = (fo(x.) — €,0,...,0) € R™"! for £ € R, then
F(x.) = y.(0), and y.(¢) ¢ F(Q) whenever ¢ > 0, so F is not open at x.. If
fo, f1,..., [m are Fréchet differentiable at x., then F is Fréchet differentiable at x..,
so Theorem 22.1 implies that D F(x.) is not surjective. Therefore the m + 1 vectors
Vo(x:), Vfi(xs),..., Vfm(x.) are not linearly independent. It follows that there
exist numbers Ag, A1, ..., 4, that are not all zero and satisfy Y .- 4;V fi(x.) = 0.)

Theorem 22.1 is only valid if Y is finite-dimensional. (Precisely: if Y is any
normed space, then Y is finite-dimensional if and only if it has the property that
whenever F' : Y +— Y is a continuous map such that F(0) = 0, F is Fréchet
differentiable at 0, and the differential D F(0) is the identity map of Y, it follows
that F is open at 0.) On the other hand, L.M. Graves proved in [4] (cf. also
Dontchev [3]) the following infinite-dimensional result.

THEOREM 22.2

Let X, Y be Banach spaces, let Q be an open subset of X, and let F': Q — Y be
a continuous map. Let x. € Q be such that F is strictly differentiable at x. and
the differential D F(x.) is a surjective linear map from X to Y. Then F is open at
X O

(Graves actually proved a stronger result, in which strict differentiability with
a surjective differential is replaced by the weaker condition that there exist a
surjective bounded linear map L : X +— Y such that

lim sup |F(x) — F(x') — L(x —

W
X2, X =X XX ||x x ”

x' 11—
Wy, (22.1)

where ||L7!|| is the infimum of the numbers C such that for every y € Y there
exists x € X such that L(x) = y and ||x|| < C||y||. The definition of “strict
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differentiability” is as follows: F' is strictly differentiable at x, with differential L
if the left-hand side of (22.1) vanishes.)

The purpose of this note is to present “higher-order” sufficient conditions for
openness at a point, generalizing Theorems 22.1 and 22.2.

REMARK 22.3
Stronger results can also be proved, in which

1. in the infinite-dimensional case, the analogue of strict differentiability is
replaced by the analogue of condition (22.1);

2. in the finite-dimensional case, the analogue of differentiability is replaced
by the analogue of the condition that

lim sup | F(x) — F(x:) — L(x —

XX XA L [|loc — .||

x*)” < ”L—l”—l ;

3. F is only required to be defined on a “conic neighborhood” of x., i.e., a set S
of the form

S =Sx(x.,6C)  x: |lx—x| <ehx—x. €C},

where € > 0 and C is a convex cone in X with nonempty interior such that
0eC,;

4. the conclusion says that the map F is “directionally open” at x, in the
direction of a given vector v, € Y, provided that v. € int LC. (Precisely: for
every positive € there exists a positive ¢ such that the image F(Sx (x., &, C))
contains the set Sy(F(x.),0,D) for some convex cone D in Y such that
v, €int D.)

In this paper, however, we will only carry out the simpler task of generalizing the
non-directional theorems 22.1 and 22.2. O

Naturally, “higher-order” means “involving higher-oder derivatives.” A map F of
class C™ has a Taylor approximation

1
F(x,+h) ~ F(x.)+ Pi1(h) + §P2(h,h) o

where P; = D/F(x,) for j = 1,...,m, so each P; is a Y-valued, continuous,
symmetric, multilinear map defined on the Cartesian product X/ of j copies of
X. Openness at x. follows from the first-order theorems if the linear map P; is
surjective. When P; is not surjective, the high-order results will give openness
if the missing directions in the image P;X can somehow be realized as image
directions using higher-order derivatives. On the other hand, if the “first-order
effect” P1(h) of a particular direction £ is nonzero, then this effect will dominate
whatever contributions 2 may make through higher-order terms. This suggests
that one should only look at the second-order effects Py(h, k) of vectors A belonging



296 H.J. Sussmann

to the kernel K, of P;. So, if m = 2, we take K1 = X, Ky = ker Py, and consider
the approximation

F(x. + h1+ hg) ~ F(x.) + P1(h1) + P1(h2)
1 1
+§P2(h1,h1) + §P2(h2,h2) + Py(h1, hs),
where hy € Ki, hs € K. The remainder is clearly o(||h1]|? + ||h2]|?), which is
in particular o(||k1]| + ||h2|?). Furthermore, the terms 3Py (h1,h1) and Py(h1, ho)
are o(||h1]|), so they are o(||h1]| + ||h2|/?) as well, and can be absorbed into the
remainder. Finally, P;(hy) vanishes, because hy € ker Py, and we end up with the
approximation
1
F(x.+ k1 +ha) = F(x.) + Pi(h1) + 5 Pa(he, he) + o([[all + [|A2]*)
as h1 — 0, hg — 0, h1 € Kq, hy € K> . (22.2)

Such an approximation is valid under more general situations, even if F' is not of
class C? near x.. (For example, if F': R? — R is given by

F(x,y,2) = x + |x[*2(1+ [y|'?) + y* — 2%,

then F(x,y,2) = x + y%2 — 22 + o(|x| + y? + 22), so (22.2) holds with K; = R?,
K; = {0} x R?, and obvious choices of P; and P,.) If we define X = K; x Ks, and
write
T(hlah2) = F(x$ + hl + h2) - F(x*) )
1
G(hi,hg) = Pi(h1) + §P2(h27h2),
v(hi,hg) = |[hal + [lhs]*,

for hy € Ky, hg € Ky, then (22.2) says that

FE)=G(E) +o(v(§)  as¢g—0, geX. (22.3)

Moreover, if we let
Si(h1,hg) = (thy,tY%hy)  for  hy € K1, ho € Ko, t >0,

then

(HA.1) & = {0:}+~0 is a continuous one-parameter group of dilations on X,

(HA.2) G is 6-homogeneous, in the sense that G(5:(&)) = tG (&) whenever & € X
and t > 0,

(HA.3) v is 0-homogeneous, in the sense that v(6,(&)) = tv(&) whenever & € X
and t > 0,

(HA4) v is a “pseudonorm on X,” that is, a continuous nonnegative real-
valued function that satisfies the conditions (i) v(§) =0 <= & =0 and
(i1) llmnénﬂﬂx) V(f) = +4-00.
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So, when we rewrite (22.2) as (22.3), we find that we are really dealing with an
approximation of a map ¥ by another map G which is homogeneous with respect
to a continuous one-parameter group of dilations. Furthermore, the approximation
is of exactly the same kind as the approximation by a linear map involved in the
usual concept of differentiability, except that the ordinary norm on X is replaced
by a dilation-homogeneous pseudonorm.

Similar considerations apply to higher-order approximations. For example, if
F € C3, and we choose three linear subspaces Ki, Ko, K3 of X, then

F(x.+ h1+hg+ hs) = F(x.) + P1(h1) + P1(hs) + Py(hs3)

+

-

P3(hi,ho, ho) + P3(hi, hi, he) + P3(hi, hs, hs)

+P;(hy, b1, hs) + Ps(hg, hs, hs) + Ps(hg, ha, ha))

+o([[ha]* + llhal® + [[ha]|*)
as hl—>0,h2%0,h3—>0,h1€K1,thKg,h3EK3.

If we choose the K; such that K; = X, and K, and K3 are subsets of ker P; (so
that Py(he) = P1(hs) = 0), and absorb into the remainder all the terms that are
obviously o(||k1|| + [|h2]|* + ||As]|?)), we find

1
F(.?Cx + hi1+ ho + h3) = F(x*) + Pl(hl) + § (PQ(hz,hz) + P2(h3,h3)>

1
+Py(h2, hs) + gps(hsyhs,%) + o([[ha]| + ||h2l® + [|2s]f?) .

(The term Ps(hg, hs, hs) is eliminated because

1P3 (R, ha, k)| < |IPs|l 1Azl 1Rs]® < I Ps]I(IlAzll""® + (IRs]?)"*)
= |Psl|(lh2ll? + lIas|7/2) = o(llha|l* + [|As]®).

using the fact that the inequality ab < a? + b? holds ifa >0,6>0,p > 1,q > 1,
and (1/p) + (1/q) = 1, and taking p = 7/3, ¢ = 7/4.)

If we require in addition that “K3 C ker Ps,” in the precise sense that every
h € K3 must satisfy Py(h,h’') = 0 whenever i’ € Ky, then we find

1
F(x* + hl + hz + h3) = F(x*) + Pl(hl) + épz(hz,hz)
1
+5Ps(h3, ha hs) + o[l + [[Ral® + | As1?)
as h1—>0,h2—>0,h3—>0,h1€K1,h2€K2,h3€K3.
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So, once again, we find that (22.3) holds, if we define X = K; x K3 x K3, and let

F(h1,ho,hg) = F(x. + hy + he + h3) — F(x.),

1 1
G(hi,ho,hg) = Pi(h1) + §P2(h2,h2) + éPs(hs,hs,hs),
v(Rh1, ho, hg) = ||ha]l + ||h2]* + [|hs]® .

for h1 € K4, he € Ko, hg € K3. In addition, if we let
5t(h1,h2,h3) = (thl,t1/2h2,t1/3h3) for h1 € K1, hos € Ky, hs5 € K3, t >0,

then the four homogeneous approximation conditions HA.1-4 hold.

Our higher-order generalization of Theorem 22.1 involves a condition closely
resembling the usual formula ¥ (&) = L(£) + o(||&||) that characterizes ordinary
differentiability of F at 0. The crucial difference is that (a) the linear map L
is replaced by a map G which is homogeneous with respect to some suitable
group of dilations, and (b) a pseudonorm v is substituted for the ordinary norm.
The requirement that L be surjective, which occurs in the first-order theorems,
will be replaced by the condition that G have a surjective differential at some
point £, € X such that G(£.) = 0. We will show that these conditions imply
that F is open at 0 if the target space ¢ of ¥ is finite-dimensional, generalizing
Theorem 22.1. To get the generalization of Theorem 22.2, in which ) is allowed
to be infinite-dimensional, we will have use the appropriate “strict” analogues of
differentiability: the map G will have to be assumed to be strictly differentiable
at &,, and the approximation formula (22.3) will have to be replaced by

E()—E(E) =0(v(,<)  as&—0,8-0, feX,feX, (224)

where the error £ is defined by E(&) = F(&) — G(&), and v is a “homogeneous
Lipschitz-bounded pseudodistance,” in a sense to be defined below.

From the general theorems involving homogeneous approximations, it will
then be possible to derive high-order open mapping theorems by means of the
construction sketched above, using the obvious fact that, when ¥ is defined in
terms of F' as we have done in our second- and third-order examples, then if ¥ is
open at 0 it follows that F is open at x..

This will be done here for the second-order case in §22.5, where it will be shown
that our sufficient conditions for openness apply in particular when the Hessian
of the map has a regular zero, and in the cases considered by Avakov in [1, 2].

22.2 Preliminaries

Metric spaces, normed spaces, balls, openness at a point. If X is a metric
space with distance d, x is a point of X, and r > 0, we will use Bx (x,7) to denote
the closed r-ball with center x, i.e., the set {x' € X :d(x',x) < r}.

We use the word “neighborhood” in the usual sense of point set topology: if X
is a topological space, and x. € X, a neighborhood of x. in X is a subset U of X
such that x, is an interior point of U.
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DEFINITION 22.4

If X, Y are topological spaces, x. € X, and F : X +— Y is a map, then F is said
to be open at x, if whenever U is a neighborhood of x, in X, it follows that the
image F(U) is a neighborhood of 0 in Y. O

All linear spaces will be over R, the field of real numbers. If X is a normed
linear space, then we will write Bx (r) instead of Bx(0,r). If X, Y are normed
linear spaces, then Lin(X,Y) will denote the space of all bounded linear maps
from X to Y. If A € Lin(X,Y) and x € X, then we will use interchangeably
the expressions Ax, A - x and A(x) to denote the value of A at x. Convergence in
Lin(X,Y) is uniform convergence, i.e., convergence relative to the operator norm

Lin(X,Y) 3 A — |A| % sup{||Ax| : x € X, ||x|| < 1}.
Differentiability and strict differentiability. The word “differentiable” will

only be used to refer to maps between normed spaces, and will mean “Fréchet
differentiable.” That is, if we assume that

(A) X and Y are normed spaces, Q is an open subset of X, x.€Q, F:Q—Y is
a map, and L : X — Y is a bounded linear map,

then we say that F is differentiable at x. with differential L if
|F(x) — F(x.) — L.(x — x5)|| _

0. (22.5)
XX, XFX ||.7C — JC”

A stronger concept of differentiability is “strict differentiability,” defined as follows.

DEFINITION 22.5

Let X, Y, Q, x., F, L be such that (A) above holds. We say that F is strictly

differentiable at x. with strict differential L if the equality
_ y Al

b IF@ - F) -~ L)

XX, X =2, XF X! ||x — x’||

=0 (22.6)

holds. N

Clearly, if F is strictly differentiable at x, with strict differential L, then F is
differentiable at x, with differential L, since we can obtain (22.5) by taking x’ = x.
in (22.6).

Dilations, pseudonorms, pseudodistances, homogeneous maps.
DEFINITION 22.6
Assume that X is a normed real linear space. A continuous one-parameter group

of dilations on X is a family 6 = {J;};~0 of bounded linear maps J; : X — X such
that

D1. 9; is the identity map idy of X,
D2. 6; 0 6, = O;; whenever ¢ >0 and s > 0,

D3. the map ]0,+00[> ¢ — 6, € Lin(X,.X) is continuous with respect to the
uniform operator norm on Lin(X,.X) (that is, lim, ., ||0; — Js|| = O whenever
s> 0),
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LEMMA 22.7
If X is a normed linear space and & = {8, };~¢ is a continuous one-parameter group
of dilations on X, then

tliI+Il |6:(x)|| = 4+o0 for all x € X\{0}, (22.7)

and
the map ]0,+00[> ¢t + d(x) € X is one-to-one whenever x € X\{0}. (22.8)

O

Proof 1If x # 0 and it is not true that lim, o ||0;(x)|| = 400, then there exists
a sequence {t;}72, such that lim; . ¢; = +oco while, on the other hand, the set
S = {0;;(x) : j € N} is bounded. Then, if we let §; = &;,(x), we can pick a constant

C such that ||j|| < C for all j, and conclude that x = 6,.1(¢;), so [lx]| < C[|51]].
Since ||9, -1 || = 0—because tJT1 — 0—it follows that x = 0. This completes the proof
of (22.7).

To prove (22.8), we observe that if x # 0, 6;(x) = ds(x), and 0 < ¢ < s, then
O0r(x) = x,if 7 = s/¢t. Then 7 > 1, and d.(x) = x for £ = 1,2,..., so the norm
|6, (x)|| does not go to +co as & — oo but 7% — +oo as k — oo, contradicting
(22.7). 0

DEFINITION 22.8

Assume that X, 6 are as in Definition 22.6. A §-pseudonorm is a continuous
map vV : X — R such that (1) v(x) > 0 for all x € X, (2) v(x) =0<=x =0,
(3) limy— 4o V(x) = +o00, and (4) v(J:(x)) = tv(x) whenever x € X, ¢t € R, and
t>0. O

DEFINITION 22.9

Assume that the space X and the dilation group é are as in Definition 22.6. A
d-pseudodistance is a continuous map v : X x X — R, such that (1) v(x,x’) =
v(x',x) > 0 for all x,x" € X, (2) v(x,2") = 0 <= x = &, (3) limy_400 V(%,0) =
+00, and (4) v(d¢(x), 0:(x")) = tv(x,x’) whenever x,x’ € X, ¢ €R,and ¢t >0. O

Ifv: X xX — Ris a 0-pseudodistance on X, we define, for each positive number
R,
def v(x,x")

xy(R) = sup{ T cx,x € Byx(R), x ;éx’}, (22.9)

Then

kv (R) < oo for some positive R <= x,(R) < co whenever R > 0. (22.10)
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(Indeed, if Ry is such that Ry > 0 and «,(R() < oo, then there exists a positive
¢t such that R||d7]| < R, since limyjo||8:]] = 0. Then 8;(Bx(R)) C Bx(Ry). If
x,x' € Bx(R), then

vix,x') =t v(5;(x), 5:(x'))
< &'y (Ro) (167 (x) — 8z() |
< Ty (Ro)[|6el [l — ']l

s0 ky(R) < F 'k, (Ro)||6%]| < +00.)

DEFINITION 22.10
A pseudodistance v : X x X — R is Lipschitz-bounded if k,(R) < oo for some (and
hence every) positive number R. O

DEFINITION 22.11

Assume that X, § are as in Definition 22.6, ©)" is a normed linear space, and
G : X — 9 is a map. We say that G is d-homogeneous if G(d;(x)) =t G(x)
whenever x € X and ¢ > 0. O

Regular zeros. If X, Y are normed spaces, Q is open in X, and F is a map
from Q to Y, then a regular zero (resp. a strictly regular zero) of F is a point
x. € Q such that F(x.) = 0, F is Fréchet differentiable (resp. strictly Fréchet
differentiable) at x., and the differential DF(x.) : X +— Y is surjective.

22.3 The Finite-Dimensional Theorem

THEOREM 22.12

Assume that X and Y are real linear normed spaces, ) is finite-dimensional,
0 = {6:}+>0 is a continuous one-parameter group of dilations of X, v: X — R, is
a d-pseudonorm, and G : X — 9 is a continuous d-homogeneous map. Let Q be
an open subset of X such that 0 € Q, and let F : Q — 9 be a continuous map
such that 7(0) = 0 and

. F(E) —g@)l

lim —2——222" =0, 22.11

A ) —
Assume that G has a regular zero. Then ¥ is open at 0. O

Proof Let V be a neighborhood of 0 in X such that V C Q. Let R be such that
R >0 and Bx(2R) C V. Let &, be a regular zero of G. For t > 0, let &, = 6:(&.).
Let  be such that £ > 0 and the inequalities

16l <1, ISl < R,

hold whenever 0 < ¢ < ¢. Let L= DG(&,), so L is surjective. Let M : Y — X be
a linear map such that Lo M = idy. Then M is bounded, because Y is finite-
dimensional. Let r be such that 0 < r < R and

IIG(é)—G(é*)—L(é—é)IISW whenever  [|£ — & <r.
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Let s be such that s > 0, s||M|| < r, and V < co, where
7 =sup { V(&) : € € Bx(EssIMI) |

Let ¥ be the map from By (s) to 9 given by ¥(y) = G(& + M - y). Then, if
y € By (s), M (y) belongs to Bx(r), so

I¥(y) — 3|l = 1G(&E +M - y) — LM ()|l
=G +M - y)— G(&.) — LM (y))]

1
Ml -
S
4

IA

IA

>

using the fact that G(&,) = 0. Next, we define W, = ¢, (Bx(f*, s||9\/[||)>, and observe
that W, C Bx([|&..[l +s[|8[ |M]]) . In particular,

lim ((sup{[§]: & € Wi}) =0.

0<t<i => W,CBx(2R),

and
lim /’lt = 0,
£10
where 1F©E) - G&)|
def -
ltZSup{T6€Wt}
Define

O, (y) =t H(Fod) (& +M-y) for y€By(s), 0<t<t.
(The definition is possible because, if y € By (s) and 0 < ¢ < ¢, then
188 + M - )| = 1160 + 8u(M - )| < [1sll + sl M| < B + 7 < 2R,

50 6;(E. + M - y) € Bx(2R) and then (F o 8;) (&, + M - y) is well defined.)
Then, if we let

ut,y) = [(Fod)(o+M-y)—(God) (& +M-y),

i B u(t,y)
AEY) = S T )

Uy = sup{#(t,y):yeﬁy(S)},

we have

ﬂ(t,y)ésup{”ﬂdf)v(_é)g@)nzéewt}=ﬂt,
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so that
e = sup { fi(t, ) - V(6i(& + M - 5)) 1y € By (s) |
< Asup { v(8(£)) : & € Bx (&8 M) }
= A sup { V(&) : € € Bx(&ss| M) |
= t4 sup { V(&) : £ € B (&5 ) }
=thV.
Furthermore,

[@:(y) — Il < ¢ ult,y) + 1 G(S(E + M - y)) — vl

< tuty) +1GE +M - y) -y
<t w4+ ¥(y) -yl
< L+l

4

Now choose ¢ such that vA; < §. Then || ®,(y)—y|| < 5. Let B = By (3), B =By (s).
If y € B, define a map ¢, : B — 9 by letting (') = y' — @,(y') + y if ¥’ € B.
Then, if ¥’ € B, the inequalities

(N2

S S
1N < 1y = @)+l < 5+ 5 =

imply that {,(y') € B as well. Hence {y is a continuous map from B to B,
so ¢, has a fixed point by Brouwer’s theorem. If y' is a fixed point of {,, then
Y =@(¥) +y=0y() =5, s0 ®(y) = y. Then

CLF (81 + M- F)) =,

and (&, + M - §') € W,. So, if we let z = §;(E. + M - ¥'), it follows that z € V
(because W; C Bx(2R) C V) and ¥(z) = ty. Since y is an arbitrary member of B,
we have shown that

tB C F(V).

Therefore ¢B is a neighborhood of 0 in 9, and ¢B C F(V). This completes our
proof. O

22.4 The Infinite-Dimensional Theorem

THEOREM 22.13

Assume that X and 9 are real Banach spaces, § = {J;};~¢ is a continuous one-
parameter group of dilations of X, v : X x X +— R, is a Lipschitz-bounded
J-pseudodistance, and G : X — 9 is a continuous d-homogeneous map. Let Q be
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an open subset of X such that 0 € Q, and let ¥ : Q — ¢} be a continuous map
such that F(0) = 0 and

(7 -6©) - (F&)-6(¢)
Eo0.E—0E4E v(£,¢")

Assume that G has a strictly regular zero. Then ¥ is open at 0. O

Proof We define the error functions £: Q — 9, E: X x X — 9, by letting

i E(S) = F(&) —g(g) for € Q,
E(8.¢) =G() —G() —LE—¢) for £,.&' e X

Let V be a neighborhood of 0 in X such that V C Q. Let R be such that R > 0
and By (2R) C V. Let &, be a strictly regular zero of G. For ¢ > 0, let &.;, = 6:(&.).
Let ¢ be such that z > 0 and the inequalities

16 <1, NSl < R,

hold whenever 0 < ¢ < ¢. Let L = DG(.), so L is a bounded, surjective linear
map from X to 9. Then the Banach open mapping theorem implies that there is
a positive constant C such that

(#) for every y € X there exists a & € X such that L(E) = y and ||&]| < C||y||.

Using the strict differentiability of G at &, we choose r such that 0 <r < R
and

1% &)) < 150 whenever 12 — & < r and ¢~ & <.

Let s be such that s > 0, sC <r, and v < oo, where
7 =sup { v(£,0): & € Bx(£:5C) |
Define

W, = 8(Bx(£..5C) ).
sup {[¢1]: ¢ € W.}.

Wy

and observe that @; < ||§.;|| + s||6:]| C for every ¢. In particular,

lim Wy = 0 B
t|0

and
lim lt =0 s
)
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where

L[ [EO-EE)
TR E)

:E€Bx(my), & €Bx(wy), & # df’} )

The Lipschitz-boundedness of v implies that the constant K=&, (R + ||&.)) is
finite. For each ¢, we let

1
atdff* + C/lﬂ(

We now fix a ¢ such that
0<t<t, 42,V <s, and 20, <1, (22.13)

write 7 = 1/¢, and prove that the ball By (¢£4,V) is contained in F(W;). For this
purpose, we fix a y € )" such that ||y|| < 4.V, and construct a £ € W; such that
F(&) = y. This & will be the limit of a sequence {é’J °, of points of W,.

To begin with, we let £ = £, ,, and observe that £ ¢ W,, and the error
P T (£0) — y satisfies

e’ = F (&) = G(6er) = (F(0) = G(0)) — v,
since G(&.:) = G(0) = F(0) = 0. So

1%l < 1F (Eee) = G(€nr) = (F(0) = G(O))I| + 1y
< Av(8es, 0) + [l

= Av(6:(S-),6:(0)) + Il

tAv(&+, 0) + ||l

< tAv + |yl

= 2tA,V.

We then choose {1 € X such that £({1) = —¢71e® and ||{Y| < ¢71C||€°||, and define
L= 5,(C1), EL = E0 4yt = 8,(E, +L1). Then ££(5, (7)) = —e, and ||| < 2C A, .
Therefore 16:(EY) =&l = IS < 2CAv < 4CA,v < sC, from which it follows that
6:(&Y) € Bx(&.,sC), so that &1 € W,.

We then let e! = F(&!) — y. It follows that

= E(E) - EE°) + (FE) - v) + (6" - G(&)
= () — EE°) + ¢ +¢(G(5:(6Y) - G(5:(6))

= () — E(E) + & + tE(S:(&"), 6:(£%)) + tL(S:(n"))
= E(E) — E(E°) + tE(5:(£Y), 5:(6)
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On the other hand,

IE(EY) — £ < Av(&1.8%)
tA:v(6:(51), 6:(%))

< tAK|6:(81) — 8:(E)I
= tAR|6:(n")]|
= tAK(¢
< 2CtA%kv,
and
; 1 0 16:(8") =880 _ ISl _ 2CAwv 1, _
IZ(:("), 6:(e0)) < Pt 2re S Ie < S
Therefore

llet|| < 2CtAZkv + %M = tltf/(QCltz% + %) = 24Vt .
Next, we choose {? € X such that £({?) = —t el and ||{2|| < ¢71C||e!||, and define
n?=06:(C?), & =&+ = &1+ 6,(8%) = (& + {1+ {?). Then tL(5:(n*)) = —e',
and ||{?|| < 2CA,ve; . Therefore
16:(6%) = &ll = IS + &2 < 2CA V(1 + er) <4CAW < sC.,

from which it follows that §;(£2) € By (&.,sC), so that £2 € W,.
We then let e? = F(£2) — y. It follows that

£ + (63 - v)

= (B - HED+(@) (&) + (6 -v)
= E(E) - EE) + (FE) - v) + (6% - 6&Y)
=ﬂﬁ%&@ﬂ+é+(ﬂ&@»—ﬂ&@w)
= () — E(&Y) + ! +tE(5:(6%). 6:(6")) + tL(5:(n%))
= E(E) — E(E") + tE(5:(£2), 5:(").

On the other hand,
IEE) - EEYI < Am(E? &)
= tAv(5:(£%). 5:(")
< LAR||6:(E2) — :(E)]
= tAk|6:(n?)]
AR
tAk(2CAver)

INIA I

2CtA%Kvay,
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and

10:(6%) — (DI _ 1671l _ 2CAve, 1, _
||Z(51(§2)75r(§1))”5 4C = 4C < 4C =§)~tvat~

Therefore
__ t ., _ _ 1 _
|e®|| < 2CtAZkva, + Qltvat = 2tltv(Cﬂt7c + Z)at =2t va? .

We continue this construction inductively. Suppose we have defined

E L ERew,, &, key, L thex, . ontey,

such that
&=+ for j=1,....k,
e =F(&)—y for j =0,....k,
tL(¢7) = — 7! forj=1,...,k,
n = 6:(¢;) forj=1,...,k,
£ < 2CA o] forj=1,...,k,
le/|| < 2tAver] for j=0,...,k

We then choose {**1 € X such that
LM = —t7te" and [|CHHY| < Clef,
and define

77k+1 _ 5t(é‘k+1)’
§k+1 — §k+nk+1 =§k+5t(§k+1) :51:(‘5* _{_gl_{_“'_‘_glﬁ—l).

Then tL£(5,(n*+1)) = —e*, and
I*H < e Cllef|| < 2CAVary

Therefore

k

16:(6* ) =&l = IS+ + {FY <2027 Yo

Jj=0

2Cltv

<4CA.v,

s0 ||6,(EF ) — &, || < sC, from which it follows that &;(£#1) € Bx(&.,sC), so that
§k+1 c Wt-
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We then let e+ = F(EF+1) — y. It follows that

EE) + (G(E) - )

= (BEE - EEh) + (FEH - GE) + (G -y)
E(EHT) — (&) + (F(EH - y) + (GEH) - 6(&Y)

= E(E) — E(E) + o +¢(G(8:(E") — G(0:(&")))

E(EH) = BEH) + & + 1E(S:(E1), 8:(6") + £L(8: (™)
E(EH) - B(EH) +E(5:(E"7), 5:(6M).

On the other hand,

IEEH) — £

IN

ﬂtv(gkﬂ’ fk)
tAv(6:(8M), 8:(8%))
tAR|6:(E4T) — 6:(EM)l
tAK| S (n* )|

tAR| S|

< tAk(2CAver,)

< 2CtA%kvalk,

(VAN

and

£ 6.k [8:(€"1) = 6:(€M) _ 1€
IBG(EH), 6:(EF)) < 22— 2 o < ghval.

Therefore

_ t, . . v
||ek+1|| < 2Ctl?l('v0€f + Eﬂtvaf = 2tﬂ,tv(CﬂtK + Z)O(f = ZtAtVOtf-H

and our inductive construction is complete.

The bound ||/ < 2CA,ver] " implies—since 20, < 1—that the series PPN
converges, and the sum ¢ of the series satisfies ||{|| < 4CA,v < sC. Therefore
the limit £ = lim; ., 6;(¢’/) exists and satisfies & € Bx(&,,sC). So the limit
& = §(2) = limj_, &/ exists and belongs to W,. Furthermore, (&) —y =
lim; oo (F (&) — y) = limj e/ = 0, because of the bound |e/| < 2tAver].
Therefore F(&) = y, and our proof is complete. O

22.5 Second-Order Open Mapping Theorems

If X and Y are real linear spaces, and X x X 3 (x,x') = B(x,x') €Y is a sym-
metric bilinear map, we write @z to denote the quadratic map associated with B,

ie., themap X >x— B(x,x)dzefQB (x) € Y. It is well known that B is completely
determined by @3z, since

B(x,y) = 3 (@slx+5)~ @s(x ). (22.14)
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A quadratic map from X to Y is a map @ such that @ = @ for some (unique)
bilinear symmetric map B : X x X — Y. If @ is a quadratic map, then we will
use B€ to denote the corresponding symmetric bilinear map.

If X, Y are normed, then a bilinear map B : X x X +— Y is continuous if
and only if it is bounded, in the sense that there exists a constant C such that
||B(x,x")|| < C|lx||||«’|| for all x,x" € X. It follows from (22.14) that a quadratic
map @ : X — Y is continuous if and only if the bilinear map B€ is continuous.

DEFINITION 22.14

If X, Y are normed spaces, Q is open in X, x. € Q, and F is a map from Q to
Y, then a linear-quadratic approximation (abbreviated LQA) of F at x. is a triple
A = (L,K, Q) such that

LQA1. L is a bounded linear map from X to Y,

LQA2. K is a closed linear subspace of X,

LQA3. @ is a continuous quadratic map from K to Y.

LQA4. F(x.+x+k) = F(x.)+ Lx+ 1Q(k) + o(||k||* + ||x||) as (x, k) goes to zero

via values in X x K.
O

If (L,K, Q) is a LQA of F at x,, then it is clear that F is Fréchet differentiable at
x. and DF(x.) = L, K C ker L, and the quadratic map @ is completely determined
by K, by means of the formula.

Q(k)=2 ltilr(l)lt_z(F(x* +tk) — F(x.)) for x€EK.

The error bound of LQA4 is important because it gives an estimate of the the
error in terms of the function X x K > (x,k) — |jx| + ||k||?, which is positively
homogeneous of degree 1 relative to an appropriate group of dilations on X x K. We
make this observation precise in the following statement, whose proof is trivial.

LEMMA 22.15
Assume that (a) X, Y, Q, x,, F are as in Definition 22.14, and (b) A = (L, K, Q)
is a linear-quadratic approximation of F' at x.. Let

Xd=efX><K, fl:{(x,k)EX:x*+x+kEQ},

andeeﬁnemapsv:XH]R,&:.Xr—>.Xf0rt>0,,‘F:QHY,g:X+—>9’,

v(x, k) = ||x|| + ||| for (x,k) €eX,
Si(x, k) = (tx, Vtk) for (x,k)eX,t>0,
F(x, k) = F(x. +x + k) — F(x.) for (x,k) € Q,
Gal k) = L+ 5Q(R) for (x.k) € X,
E(x,k) = F(x. +x + k) — F(x,) — Ga(x, k)

= F(x,k) — Ga(x, k) for (x,k) €Q.
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Then 6 = {J:};~0 is a continuous one-parameter group of dilations of X, G4 is
J8-homogeneous, v is a d-pseudonorm, and the error bound

. E(x R
By vy A (22.15)

is satisfied. O

DEFINITION 22.16

Assume that X, Y, Q, x., F are as in Definition 22.14. A strict linear-quadratic
approximation (abbreviated SLQA) of F at x, is a triple A= (L,K,Q) that
satisfies conditions LQA1,2,3 of Definition 22.14 and is such that

(SLQA) (F(x, + x + k) — Lv — 1Q(k)) — (F(x. + x' + ¥) — La' — 1Q())
= 0( [l = &"[| 4+ (/M| =+ [o"[] + ([l + [[&'[])-l|1 2 — & ) as (x,k,x', k') goes

to zero via valuesin X x K x X x K.
O

If A= (L,K,Q) is a SLQA of F at x., then A is a LQA of F at x,, F is strictly
Fréchet differentiable at x., and DF(x.) = L.

As in the case of (non-strict) LQAs, the error bound of condition (SLQA) is
important because it estimates the error in terms of a function which is positively
homogeneous of degree 1 relative to an appropriate group of dilations. We make
this precise in the following statement, whose proof is trivial.

LEMMA 22.17

Let X, Y, Q,x., F, A, L, K, Q, X, Q, F, Ga, 8, E be as in the statement of
Lemma 22.15. Assume that A is a strict linear-quadratic approximation of F' at
x.. Define a map v : X x X — R by letting

Vi, ko, ) = a4+ (VIR T+ ]+ ) e | (22.16)

for (x,k,x', k') € X x X . Then

1. 6 is a continuous one-parameter group of dilations of X,
2. Ga is 6-homogeneous,

3. v is a Lipschitz-bounded §-pseudodistance,

4. the error bound

1E(x, k) — E(x', K

x—0,0' —0,x'#x V(x, k,x', k/) =0 (2217)

is satisfied.
O

An important class of maps that necessarily admit strict linear-quadratic ap-
proximations consists of the maps of class C' with a differentiable derivative.
Precisely, let us assume that
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(#) X, Y are normed spaces, Q is an open subset of X, F : Q +— Y is a map of
class Cl, x, € Q, and the map Q > x — DF(x) € Lin(X,Y) is differentiable
at x. .

Then DF is a continuous map from Q to the space Lin(X,Y) of bounded linear
maps from X to Y, and the second derivative D(DF)(x.) = D?>F(x.) is a bounded
linear map from X to Lin(X,Lin(X,Y)). Furthermore, this map is symmetric,
i.e.,, D2F(x,)(x)-x' = D?F(x.)(x') - x for all x,x’ € X . (This is true because of the
identity

D*F(x.)(x) -« =

lim o™ <F(x +ox+ax') — F(x, + ox) — Fx, + ax') + F(x*)> ,
o

whose right-hand side is clearly symmetric under the interchange of x and «'.)

It follows that we can regard D?F(x.) as a bounded symmetric bilinear map
B:X xX Y, given by B(x,x') = D?F(x.)(x) - . Then B = BX, where
Q : X — Y is the quadratic map given by Q(x) = B(x,x), so that Q = Qg
and B = BQ. Even more important for us will be the restriction @ of Q to the
kernel K = ker L, where L = DF(x..).

It turns out that the triple A = (L, K, ) is a strict linear-quadratic approxi-
mation of F' at x., as we now show.

First, we write

M(x) = L-x+%Q(x),

Galw k) = L-x+ 5Q()
E(x) = F(x. +x)— F(x.) — M(x) ,
E(x, k) = F(x. +x + k) — F(x.) — Ga(x, k) ,

forxe X, ke K.

LEMMA 22.18
Let X, Y, Q, F,L,K,Q, Q, M, Ga, A, E, E, be as above. Then

E(x) — E(x'
=020 ([lf| + [|l'[[)flx — /]|
and A is a strict linear-quadratic approximation of F' at x.. O

Proof Without loss of generality, we assume that x. = 0 and F(x.) = 0. We fix
a positive R such that Bx(R) C Q. For 0 <r <R, let

|DF(x) — £ B%x, )|
5|

o(r) :sup{ 20 < lx|l Sr}.
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Then 6 is monotonically nondecreasing, and the differentiability assumption
implies that lim, o 6(r) = 0. Clearly, the bound

IDF(&)v — Lu—BYE, v)l| < 6(r) €]l [[v] (22.19)

is satisfied whenever 0 <r <R, ¢ € Bx(r), and v € X.
Then, if x,x" € Bx (R), and we write v = x —x’ & = &’ + sv, we have

— B(x') = F(x) = F(x') = L-v— = (Q®) - Q)

DF (&) ds) v—L-v— %(Q(x) - Q(x’))

(
( i DF (&) — )ds) v — %(Q(x) - Q(X'))
/l ((DFE) — L0 - BYE, v)) ds

0

+/0 BY(&,v)ds — %(BQ(x,x) - BQ(x’,x’))

_ /01 ((DF(E) - Do - BUE,v)) ds

+BA.0) + 3 BUv.v) — £ (Bx.x) - B ¥))
- [ (@) - 00— BEw)as
0

using the identities BR(x’,v) + $BR(v,v) — %(BQ(x,x) — BQ(x’,x’)) = 0 and
) BQ&;,v)ds = B(x',v) + 1B(v,v). Then (22.19), with & = &,, yields

I(DF (&) — L)v = BYEs, o)l < O(llxll + 121 - (lxll + l12l) - flx — "Il

since ||&s|| < ||x]| +]]x’|| whenever 0 < s < 1. Integrating this inequality, we get the
bound

IE(x) — EG)) < 0(lxll + 21 - (lll + '] - ke = /] (22.20)

and (22.18) follows.

To prove that A is a strict linear-quadratic approximation of F at 0, we have
to show that

E(x, k) — E(x', ') = O(IIx — &+ VIl + lle'll + 1l + 1&]).- 16 — k’ll)
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as (x,x',k, k') — (0,0,0,0). But
E(x k) — E(x,K) = (F(x + k) — Ga(x, k) — (F(x' + &) — Ga(x', k)
= (Fa+k)—Lox- %Q(k)) (P& 4 #) L %Q(k’))

:( (x+k)—L- (x+k)—%Q(x+k))—(F(x’+k’)—L~(x’+k’)

—fQ "HE)) 45 ( (x+ k) = QU +K) = Q(E) + Q(K))
= E(x+ k)~ B( + ) + ;@m+m—mw+w—qw+qwn

—E(x+k) —E( + )+ (Q( ) = Q) + B, k) + B F)
= E(x+k) - E(x' +F)
—|—;Q(x —x')+ BR«x',x' —x) + BRx — x/, k) + Bx, k- F).

Therefore (22.20) implies, if we write k¥ = ||BY||, O(s) = s6(s), that
IE (. k) = K < O (sl + 1)+ 1l + 1#1)) - (e = ' + Ik = ]

K
+olle =7+ well |l — &l + el — &1+ D1 = E

which is clearly o |l — /|| + (v/[}ell + [T + l&ll + |1} IIk = #'] ). O

We can then apply Theorems 22.12 and 22.13 and obtain a number of open
mapping theorems. The crucial condition in all of them is, of course, the existence
of a regular zero (&,,k.) of the map Ga associated to the LQA A = (L, K, Q).
(Such a point will then automatically be a strictly regular zero, because G4 is a
polynomial map.) It turns out that this condition is equivalent to a statement in
terms of the “Hessian” H4 of A, as we now explain.

Let Z be the quotient space Y/LX, and let 7 be the canonical projection from
Y onto Z. The Hessian H, is the quadratic map

K>k n(Qk k) ¥ Huk) e Z.

DEFINITION 22.19
A regular zero of Hy is a k. € K such that Ha(k.,k.) = 0 and the map
K >k n(B®(k., k) € Z is surjective. O

REMARK 22.20

If LX is a closed subspace of Y then Z is a normed space and the quadratic map
H, : K — Z is continuous, and hence smooth. In that case, %, is a regular zero
of Hs in the sense defined above if and only if it is a regular zero in the sense
defined earlier in §22.2. Here, however, we are not requiring LX to be closed, and
the concept of a “regular zero” of H4 has to be understood in the purely algebraic
sense of Definition 22.19. O
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LEMMA 22.21

If A= (L,K,Q)is a LQA of a map F at a point x., and k. € K, then %, is a
regular zero of H, if and only if there exists . € X such that (&, &.) is a regular
zero of Ga. In particular, H4 has a regular zero if and only if G4 has a regular
Zero. O

Proof Recall that a regular zero of G4 is a pair (&,,k.) € X x K such that
L&, + 1Q(k.) = 0 and the linear map X x K 3 (x,k) — Lx + B(k,,k) € Y is
surjective.

If k. is a regular zero of the Hessian H 4, then 7(Q(k.)) = 0, so Q(k.) belongs
to LX, and then there exists £, € X such that %Q(k*) + L - &, = 0. Therefore
Ga(&. k) =0, and DGa(E. k) (%, k) = L-x+ Bk k) ifxe X, ke K. Ify€ Y,
then the surjectivity of the map K > k > 7(B9(k., k)) € Z implies that there ex-
ists a k € K such that 7(B®(k.,k)) = n(y), i.e., that y — B?(k,, k) belongs to LX .
It follows that there exists x € X with y = B(k.,k) + Lx = DGa(h.,k.)(x, k).
Since y is an arbitrary member of Y, the linear map D Ga(&., k) : X x K — Y is
surjective, so (&., k.) is a regular zero of Ga.

Conversely, if (¢.,k.) is a regular zero of G4, then %Q(k*) +L-¢ =0, s0
Q(k.) € LX, and then Hx(k.) = 0. Furthermore, if v € Z, and y € Y is such
that 7(y) = v, then we can write y = DGa(&., ki) (x, k) = Lx + B9(k., k) for
some x € X, k € K. But then v = 7n(y) = n(B9(k.,k)). Therefore the map
K 3 ks n(B9(k.,k)) € Z is surjective, and we have shown that %, is a regular
zero of Hy4. ]

THEOREM 22.22

Assume that X, Y are normed spaces, Y is finite-dimensional, Q is open in X,
x. €Q, F: QY is a continuous map, and A = (L, K, Q) is a linear-quadratic
approximation of F' at x. such that the Hessian H4 has a regular zero. Then F is
open at x.. O

THEOREM 22.23

Assume that X, Y are Banach spaces, Q isopenin X, x, € Q, F: Q— Y is a
continuous map and A = (L, K, ) is a strict linear-quadratic approximation of F
at x. such that the Hessian H4 has a regular zero. Then F is open at x,. O

In particular, we can take F' to be a map of the kind considered in Lemma 22.18. In
that case, the Hessian of F at x. is the Hessian of the strict LQA (L, K, @), where
L =DF(x.), K =kerL, and Q is the quadratic map K > &+ D?F(x.)(k, k).

THEOREM 22.24

Assume that X, Y are Banach spaces, Q isopenin X, x, € Q, F : Q — Y is a map
of class C! such that the derivative DF is differentiable at x. and the Hessian H
of F' at x, has a regular zero. Then F is open at x.. O

REMARK 22.25
Theorem 22.24 is very similar to the result proved by Avakov (cf. [1, 2]). Avakov’s
sufficient condition for openness—called “2-regularity” by some authors [5, 6]—is
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fomulated in slightly different terms, but is easily seen to be equivalent to the
existence of a regular zero of the Hessian.
Precisely, the algebraic part of Avakov’s condition says—using

L =DF(x.)(k« k), K=kerL,

and writing Q for the map X 3 x — D?F(x,)(x,x) € Y, and @ for the restriction
of Q to K—that

Avl. Lk, =0,

Av2. Q(k.) € LX,

and

Av3. the map X 5 x — A(x) d:ef(Lx,71'(BQ(k*,x))) € LX X Z is surjective.

LEMMA 22.26
The algebraic part of Avakov’s condition holds if and only if %, is a regular zero
of the Hessian. O

Proof If Avakov’s condition holds, then of course k. € K, so Q(k.) € LX, and
then H(k.) = 0. Furthermore, the surjectivity of A implies, in particular, that
given any z € Z there exists a # € X such that (Lk,z(B(k.,k))) = (0,2).
But then Lk = 0, so £ € K, and n(B9(k.,k)) = 2. This shows that the map
K 3>k n(B®(k., k) € Z is surjective, so k. is a regular zero of H.

Conversely, suppose that k. is a regular zero of H. Then 7(Q(%.)) = 0, so
Q(k.) € LX. We now show that A4 is surjective. Pick (y,z) € LX x Z. Write
y = Lx, x € X. Let v = BR(k.,x), 2 = n(v'). Then the fact that the map
K > k + n(B9k.,k)) € Z is surjective implies that there exists a ¢ € K
such that 7(B9(k.,k)) = z — 2. Then n(BR(k.,x + k)) = 2 + (2 — 2') = 2, and
L(x+ k) =Lx =y, since Lk =0. So A(x + k) = (y,z). Hence A is surjective, and
our proof is complete. O

We point out, however, that in the work of Avakov and Ledzewicz-Schéttler it also
required, in addition to the algebraic condition described above, that the space
LX be closed, whereas we do not need to make that extra requirement, because
in our framework the purely algebraic condition on the Hessian suffices to obtain
the openness theorem. O
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This paper presents new integrability conditions for classifying holonomic and
nonholonomic systems using the Frobenius Theorem in differential forms. Some
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23.1 Introduction

Dynamics of many under-actuated mechanical systems is subject to second order
differential constraints. Based on the integrability of differential constraints,
dynamic systems can be classified as either holonomic systems or nonholonomic
systems [1].

Consider a dynamic system subject to a second order differential constraint as

1(4:4,9.4) =0 (23.1)

where ¢t € R represents time. The variables q, ¢, and § € R”, n € N can be regarded
as the position, velocity, and acceleration of the physical system, respectively.

If (23.1) can be integrated completely as a constraint of a form g(q,t) = O,
than the dynamic system can be regarded a holonomic system. Otherwise, it
is a nonholonomic system defined as a system with constraints that are not
integrable. Although most examples of nonholonomic constraints presented in the
literature are kinematics, differential constraints of higher order such as second
order nonintegrable differential constraints can be considered as nonholonomic
constraint in principle. Second order nonintegrable differential constraints are
defined as second order nonholonomic constraints in the systems and control area.
This definition is adopted from classical mechanics.

It has been shown that many under-actuated mechanical systems are subject
to second order nonholonomic constraints [2], and they are nonholonomic systems.
As well known in the literature, it is impossible to asymptotically stabilize a large
class of nonholonomic systems to an equilibrium state using smooth feedback even
locally.

By the definition of holonomic and nonholonomic systems, it is clear that
the integrability conditions for differential constraints are very important for
classifying holonomic and nonholonomic systems. Some integrability conditions,
such as the Exact Integrable Theorem and the Integrable Differential Constraint
Theorem, can be easily found in many books, but not so easily be applied to
differential constraints. For many physical systems, differential constraints are
normally not simple, and it is almost impossible to investigate the integrability
properties by finding their closed forms.

Two well known results in the literature about classifying holonomic and
nonholonomic systems are given by Oriolo and Nakamura [3], and Wichlund
et al. [4]. However, the conditions are only sufficient. New conditions using the
Frobenius Theorem in differential forms are given in this paper. The conditions are
necessary and sufficient. In general, they can be applied to any order differential
constraints.

23.2 Previous Work on Integrability Conditions

The following two conditions about integrability of differential constraints have
been widely studied in the literature.

Exact Differential Theorem [5]: The left side of Y% | fi(u)du; = 0 with
continuously differentiable coefficients in two or more variables is exact if and
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only if

ofi  Ofj .
= , ,j=1,.,kkEN 23.2
du j 8ui bJ < ( )
for all values of u.
Clearly, the statement of integrability conditions for multi-variable differential
constraints, which is the case for many dynamic systems, is much more complex.

Integrable Differential Constraint Theorem [5]: With continuously differ-
entiable coefficients f;(u), the differential constraint of Zf’:l fi(w)du; = 0 in three
or more variables, is integrable if and only if

afﬂ afa afa afy af}/ afﬂ o
At ‘auﬂ)”ﬂ (5o = ) 1 (auﬁ‘auy) -0

for all ¢, 5, and ¥, and for all values of u. If the differential constraint satisfies
the above equation, then there exists an integrating factor g(u) # 0, such that
the differential form

k
> g(w)fi(w)du; =0,k €N (23.3)
i=1

is exact.

For k& = 3, there is only one condition to evaluate in equation (23.3). For & > 3,
however, there are k(k — 1)(k — 2)/6 conditions, which becomes oppressive when
k is large. It is not practical to use this condition to identify the integrability for
second order dynamic constraints.

Because of the need for conditions that can be applied directly to identify
integrability of second order differential constraints, many studies have been
conducted since the early part of the last decade [3, 4]. The following are two
well-known results in the literature.

Oriolo-Nakamura’s Conditions: Oriolo and Nakamura [3] discussed integra-
bility conditions for second order nonholonomic constraints of an under-actuated
manipulator with m actuated joints from a total of n joints. The constraint is
expressed in the generalized coordinate as

M. (q)g + Cu(q.4) + eu(q) =0 (23.4)

where ¢, ¢ and ¢ € R" are joint variables. M, (q) is an (n —m) X n inertia matrix.
C.(q,q) = cu(q,q)q are the corresponding Coriolis and centripetal torques, and
e,(q) is the gravitational term. All of these terms correspond to under-actuated
parts.

Conditions for partial integrable and complete integrable are introduced as
follows:

The constraint in (23.4) is partially integrable if and only if

e The gravitational torque e, is constant.

e The unactuated joint variables g, do not appear in the manipulator inertia
matrix M (q).
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The constraint in (23.4) is completely integrable (holonomic constraints) if and
only if

e It is partially integrable.
e The distribution A defined by null space of M, (q) is involutive.

In summary, the constraint in (23.4) is a second order nonholonomic constraint
if and only if it is not even partially integrable. If it is partially integrable, but not
completely integrable, then it is a first order nonholonomic constraint. Otherwise,
it is a holonomic constraint.

The above results are for constraints (23.4) in the generalized coordinate.
It cannot be applied directly to constraints in a moving coordinate, because
Oriolo and Nakamura’s assumptions of the Coriolis and centripetal matrix are
not satisfied in moving coordinate. This is the reason that Wichlund et al. [4]
have proposed the following conditions for a constraint in a moving coordinate,
a constraint that has a damping term and includes a kinematics transformation
from velocity to configuration.

Wichlund’s Conditions: Wichlund et al. [4] extended the results of Oriolo and
Nakamura by studying the dynamics of under-actuated vehicles. They discussed
a model in a moving coordinate as

M,0 + C,(v)v + D, (v)v+ e,(q) =0

(23.5)
q=4J(q

where g € R" denotes the position and orientation vector with coordinates in the
generalized coordinate. And, v € R” denotes the linear and angular velocity vector
with coordinates in a moving coordinate. M,, denotes the last (n —m) rows of the
inertia matrix, including added mass. It is a constant matrix. C, denotes the last
(n —m) rows of the matrix of Coriolis and centripetal terms, also including added
mass. D, denotes the last (n —m) rows of the damping matrix, and e, denotes the
last (n — m) elements of the vector of gravitational and possible buoyant forces
and moments. In (23.5), ¢ = J(q)v represents the kinematics equation. This is a
general dynamic model for under-actuated vehicles in a moving coordinate.

Wichlund’s conditions for partially integrable and completely integrable are
given as follows:

The constraint (23.5) is partially integrable if and only if

e The gravity term e, is constant.

e The Coriolis, centripetal and damping terms (C,(v) + D,(v)) is a constant
matrix.

e The distribution Q' defined by Q' = ker((C, + D,)J*(q)) is completely
integrable.

The constraint (23.5) is completely integrable (holonomic constraints) if and
only if

e It is partially integrable.
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e The Coriolis, centripetal and damping terms C, + D, = 0.
e The distribution A defined by A(q) = ker(M,J~*(q)) is completely integrable.

Just as in Oriolo-Nakamura’s Conditions, the constraint (23.5) is a second
order nonholonomic constraint if and only if it is not even partially integrable.
If it is partially integrable, but not completely integrable, then it is a first order
nonholonomic constraint. Otherwise, it is a holonomic constraint.

Oriolo-Nakamura’s and Wichlund’s Conditions are two well-known conditions
for classifying holonomic and nonholonomic constraints in the literature. However,
they are only sufficient. This conclusion can be obtained by applying them to same
dynamic systems described in different coordinate systems. Let us examine three
examples using these conditions.

Example One: Yang [6] considered a special case of an underwater vehicle
that is subject to holonomic constraint m,;§; = 0 in a generalized coordinate. The
model is obtained by considering a rigid body whose position and orientation is
described by a set of generalized coordinate ¢ = [¢f, ¢2]7, where ¢1 = [x,,2]%,
g2 = [¢,0,7]". Denote v; as the translational velocity of the rigid body in the
moving coordinate; Then, we have ¢; = J1(q2)v1, where J1qs is the matrix corre-
sponding to kinematic equation of translational velocity from moving coordinate to
generalized coordinate, which is always invertible. Assume none of the generalized
velocities are actuated, i.e., ¢; is unactuated, m,; is the mass of the body. Using
Lagrangian formalism, the part corresponding ¢; can be expressed as m,1g; = 0.

Pre-multiplying the nonsingular matrix J7 for m,141 = 0 and after substi-
tuting the kinematic equation ¢; = J1(g2)v1, we can obtain Equation (6), which
has constant matrix for the inertia coefficient; so that Wichlund’s condition can
be applied to for checking the integrability of the constraint.

mulvl + Cl(vg)vl =0 (236)

By Wichlund’s Conditions for integrability of constraint in a moving coordinate,
we conclude that the constraint (23.6) is a nonholonomic constraint(C; (v2) is not
constant). We know, however, that this is not the case.

Example Two: Consider a rigid body whose position and orientation are
described by a set of generalized coordinates ¢ = [q1, q2]" , and a set of generalized
velocities, respectively. If the body does not have potential energy due to gravity, a
simple calculation using Lagrangian Formulation gives the following differential
constraint

mgy+ 0q1 =0 (23.7)

where m is the mass of the body and o > 0 is a coefficient expressing the
correspondence of the velocity and friction force term.

Clearly, constraint (23.7) is completely integrable and the constraint is a
holonomic constraint, because the solution of the equation is

ai(t) = a1(0) + "0 (1 5y



322 T.-J. Tarn, M. Zhang, A. Serrani

If we substitute the transformation ¢; = J1(g2)v1 into the above constraint
(23.7), we have a constraint in the moving coordinate as

muvuy + Cl(Uz)Ul +oav; =0 (238)

where Cj(ve) = mvg X vy.
By Wichlund’s Conditions, one can verify that it is a nonholonomic constraint
(C1(v2) is not constant). However, we know it is not the case either.

Example Three: Consider the following holonomic constraint in a moving

coordinate
v1+v1=0 (23.9)

which is integrable.
If we transfer it back into the generalized coordinate by using the kinematic

transformation equation
v1 = J7H(g2)d1 (23.10)

then .
01 = J1 N (g2)d1 + J1 (q2)dn (23.11)

Substitute (23.10) and (23.11) into (23.9), then
Jr(g2)d1 + [ (ge) + I1(g2)] G1 =0

By Oriolo and Nakamura’s integrability conditions, it is a nonholonomic con-
straint. The available integrability conditions, however, lead to a contradiction
again.

From Example One and Example Two, we find dynamic systems which are
integrable in the generalized coordinate. After transferring the system into a
moving coordinate, Wichlund’s Conditions lead to opposite conclusions.

On the other hand, Example Three shows a system, which is integrable in
a moving coordinate. However, after transferring the system into a generalized
coordinate, Oriolo-Nakamura’s Conditions fail to identify the integrability.

The reason for the failure is that Oriolo-Nakamura’s and Wichlund’s Condi-
tions are obtained by performing derivation only for models (23.4) and (23.5), re-
spectively. For Oriolo-Nakamura’s Conditions, the Coriolis and centripetal torque
terms are also required to satisfy the Christoffel explicit expression

T A7
Cula.9) = Bu(a)i — 5 [a(qaqﬂq)]

which is a standard result of the Euler-Lagrangian equation and does not contain
any additional external terms, such as environmental effects and friction forces.

The above condition is an overly restrictive requirement for many practical
systems. Example Two also fails for this reason (there is a friction term in the
dynamic model).

It turns out as no surprise that Oriolo-Nakamura and Wichlund’s conditions
all depend on dynamic models. As a result, even though the above conditions are
thought to be sufficient and necessary, they are only sufficient conditions.
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In conclusion, a coordinate independent integrability condition that can be
used to identify integrability properties of dynamic constraints universally is
strongly desired. However, to the best of the author’s knowledge, no such results
are available in the literature.

With this goal in mind, we propose the following new integrability conditions.

23.3 New Integrability Conditions

The Frobenius Theorem [8] gives a necessary and sufficient integrability condition
that is coordinate independent for any order differential constraints. One form
of the Frobenius Theorem has been used widely in solving nonlinear control
systems [7]. Another format of the Frobenius Theorem is expressed in differential
forms. The purpose of this paper is to study integrability conditions for dynamic
constraints using the Frobenius Theorem in differential forms.

The Frobenius Theorem [8]: supposes that (@1, ®p42,...,®,) is a system
of n — p differential forms of degree 1, of class C', in an open U C R”, such that,
at each point x € U, the rank of the system (@,+1, ®p+2, ..., ®,) is equal to n — p.
Then the differential system w; = 0,(p + 1 < i < n) is completely integrable if,
and only if, the differential forms dw; N@wpi1 A@poN...ANw,, (p+1 < i < n) vanish
identically.

In order to use this theorem, we should first transform our dynamic constraints
into proper differential forms. This can be done by transforming the dynamic
systems into normal control form, i.e., first order differential equations. Then we
can cast the system into differential forms using the Frobenius Theorem. As a
result, necessary and sufficient integrability conditions can be obtained.

We will first consider systems described in a generalized coordinate, then
systems in a moving coordinate. Finally, we will give new integrability conditions
based on the discussions.

Generalized Coordinate Systems: Consider a class of under-actuated me-
chanical systems in a generalized coordinate, the differential constraint is ex-
pressed by

M.(q)g + Cu(q.4) + eu(q) =0 (23.12)

where q is the vector of generalized coordinates. M, (q) is the (n —m) x n inertia
matrix corresponding to the under-actuated part, C,(q, ¢) = c.(q, ¢)q is the vector
of Coriolis and centripetal torques corresponding to the under-actuated part, and
e, (q) is the gravitational term corresponding to the under-actuated part. Here, m
is the number of control input from total of n degrees of freedom.
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X
Let X = l 1],and
X
X1 q1
X2 q2
Xl = . = . =gq,
Xn dn
Xn+1 d1
Xn+2 6}2 .
X2 = = = q
Xon qn
Then
dX, = Xodt
Mu(Xl)ng + Cu(X)dt + eu(Xl)dt =0
where

Mp4+11 Mm412 - Mp41n
Mmi+2,1 Mm422 ... Mmi2n
M,(X;) =
L Mnpa Mmp2 ... Mpun
Cm+1,1 Cm+1,2 -+ Cm+1n
Cm+21 Cm+2,2 -+ Cm42n
Cu(X) =
L Cn1 Cn2 - Cpn
€m+1
€m+2
eu(Xl) =
L én
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After simple calculation, let

w1 = dx1

w, = dx,
Wn11 = dx1 — Xpy1dt

o, = dx, — Xo,dt
Mp+1,1(X1)dxp1 + oo + Mypi1(X7)dxo,
+ Cm_,_l,l(X)dt + ..+ Cmtin (X)dt + €m+1(X1)dt

W2n+1

WD3n—m = mnyl(Xl)dxn.H + .+ my, (Xl)dxgn
+cn1(X)dt + ... + cppn(X)dt + e, (X1)dt

We have developed a sequence of 3n — m differential forms in such a manner
that @i, s, ..., ws, forms a basis for the differential 1-forms (i.e., each different
constraint of 1-form may then be written uniquely in the form 37, o;(X)). Here,
Won i1, Won 12, ..., W3, 18 a system of n — m differential forms of degree 1. By the
Frobenius Theorem, the above system is integrable if, and only if, the differential
forms

da)i A Won+1 A Won12 AN W3pn—m = 0, (Zn +1 < i < 3n — m) (2313)
where

@; = Mi_2p4m1(X1)dXns1 + ... + Mi—gnima(X1)dxg,
+ Ciconim1 (X )dt + .. + Cion-mn(X)dt + €i_opim (X1)dt

We note that if the above system is integrable, the system (23.12) is only
partially integrable, and hence we have the following conclusion.

The second order differential constraint (23.12) is partially integrable
if, and only if, (23.13) holds.

The integrated constraints still contain the first order differential of variables
in the generalized coordinate, such as x,11,Xn12, ..., X25.

Furthermore, if the second order differential constraint (23.12) is partially
integrable, and after it is integrated into new forms involving variables X; and
Xy, then @1, @, 9,...,09, can be used to substitute X, and the first order
constraint only involves X;. The Frobenius Theorem can be used again to identify
the integrability. Thus, the following completely integrable condition holds.

The second order differential constraint (23.12) is completely inte-
grable if, and only if, it is partially integrable and the following condi-
tion holds

dw; \ WDon 1 A D12 A...\Nwsp_m =0, (2n +1<:<3n— m) (2314)

where o; is the integrated 1-form corresponding to ®; in (23.13) after
substituting Wpi1, Dp42, ..., W9pe
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Moving Coordinate Systems: Consider the case where a dynamic constraint
is given in a moving coordinate as follows

Mo+ C,(v)v+eu(q) =0 (23.15)

where v € R" denotes the linear and angular velocity vector with coordinates in
the moving coordinate. M, denotes the last (n — m) rows of the inertia matrix,
including added mass. C,(v) = ¢, (v)v denotes the last (n — m) rows of the matrix
of Coriolis and centripetal terms, also including added mass and damping terms.
Here, ¢ = J(q)v is the kinematics equation and J(q) is assumed to be invertible.

X
As in the previous discussion, let X = [Xl 1 , and
2
X1 q1
X2 q2
X = = =gq

Xn qn

Xn41 U1

Xn+2 U2
X2 = =

Xon Un

Then

M,dXs + Cu(Xz)det + eu(Xl)dt =0
Xodt = JH(X1)d X,
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where M, and J(q) are nonsingular matrices [4], and

Mm+1,1 Mm+1,2 -« Mm+1n
Mm4+21 Mp422 ... Mp42n
M, (X,) =
L mn,l mn’z mn,n
Cm+1,1 Cm+1,2 -« Cm+1n
Cm+21 Cm+22 -+« Cm42n
C.(X2) =
L Cn1 Ch2 . Cnn
€m+1
€m+2
eu(Xz) =
L €n
r 7—1 -1 —1
Ja Ji - Ji,
—1 —1 —1
1 J21 J22 J2n
JO(X)=| ]
—1 —1 -1
_Jnl Jn2 Jnn

After simple calculation, then

w1 = dxl

w, = dx,
Oni1 = Jidxy + Jgdxg + ..+ Iy dx, — xpadt

= Jtdxy + Jadxg + ... + J, dx, — x9,dt
O2n11 = Mm+11d%p41 + oo + Mypi1,,dX2n

+ cm1.1(Xo)xpi1dt + ... + 1.0 (Xo)xo,dt
+ emi1(X1)de

Wap

WD3pn—m = mn,ldxn+1 + ...+ mn,ndx2n
+cna (Xz)xn+1dt + ..+ cCun (Xz)Xgndt
+ e, (Xl)dt

Similar to the previous discussion, the following partial integrability condition
is obtained.
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The second order differential constraint 23.15 is partially integrable
if, and only if, the following condition holds:

dw; \ Won+1 A Won+2 AN...Nwsp—m =0, (27’L +1<:<3n— m)
where

W; = mi—2n+m,1dxn+1 + ..+ mi—2n+m,ndx2n
+ Ciconim1(X2)Xnr1dt + ... + Cignima (X2)X2ndt + €_gnim (X1)dE

If the second order constraint (23.15) is partially integrable, and after it is
integrated into new forms involving X; and X3, we may use the kinematics trans-
formation X, = J1(X;)X; to substitute X5, and then a first order differential
constraint involving only X; can be obtained. The Frobenius Theorem can be used
again to identify the integrability of the new first order differential constraint.
Thus, the following completely integrable condition holds.

The second order differential constraint (23.15) is completely inte-
grable if, and only if, it is partially integrable and

dd; N Dopi1 N Dopia N oo N@D3gy—y =0, (2n+1<i<3n—m)

where o; is the integrated 1-form corresponding to w; after substituting
Wni1y Wpi29eeey Wone

Simple investigation shows that the forms of the above integrability conditions
in both a generalized coordinates or a moving coordinate are the same. The only
difference is the coefficient terms in differential forms. Therefore, we have the
following new integrability conditions for classifying holonomic and nonholonomic
constraints.

Theorem 1: The second order differential constraints of under-ac-
tuated mechanical systems in the form of (23.12) or (23.15) is partially
integrable if, and only if, the following condition holds

da),- A Don+1 A Wop12 AN W3p—m = 0, (2n +1 < I < 3n — m) (23.16)
where

O; = Mi_9p4m1d%n1 + ... + Mi—2nymndXon + Ci—onim,1(X2)dt
+ ...+ Ci—ontmn (Xg)dt + ei_on+m (Xl)dt

M, = [mijl, pyun>» m+1<i<n, 1<j<n.

C, = [Cisj](nfm)xn’ m+1<i<n, 1<j<n.

ew = [ei]omyx1y m+1<i<n.

Theorem 2: the second order differential constraint (23.12) or (23.15)
is completely integrable if, and only if, it is partially integrable and

d@; N @opsr N Doppz N o A @gpp =0, (2n+1<i<3n—m)
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where @; is the integrated 1-form corresponding to o, after substituting
Dy 115Wn 4290005200

In summary, the constraint (23.12) or (23.15) is a holonomic constraint if it is
completely integrable. Otherwise, it is a nonholonomic constraint.

23.4 Applications of the New Conditions

The three examples discussed earlier show that the integrability conditions for
second order differential constraints are only sufficient. Let us see what happens
if we apply the above new integrability conditions for the three examples.

Example One: The constraint m,;§; = 0 is integrable in the generalized
coordinate. Once transferred into a moving coordinate, then

my101 + Cl(Uz)Ul =0 (2317)
and we have

® = mydvy + C1(v2)J7 (g2)dqa
do = dm, Ndvy +d [Cl(UQ)JlT(QQ)] A dq1

Then

o Ndw = my1dvy Ad [C1(v2)d7 (q2)] Ndaa

+ C1(v2)JdT (q2)dg1 A dmyy A doy
= d [C1(v2)JT (q2)] Ndgqr A my1duvy

+ dmy1 Advy A Cy(v2)d T (go)dgy
=d [CI(UQ)J%‘(qQ)dq1 A muldvl]

+d [my1dvy A Cl(vg)JlT(qg)dql]
= d [C1(v2)JT (q2)dg1 N myu1dvr + myador A Cy(v2)dT (g2)dai ]
= d [C1(v2)JT (g2)dg1 N myu1dvr — Ci(ve)d7 (g2)dgr A my1dvs |
=0

By the above Theorem 1, the constraint (23.17) is integrable, which is
consistent with the result in the generalized coordinate.

Example Two: By equation (23.8) the exact transformation to a moving
coordinate can be expressed as

muvy + Cl(vg)vl +ovy =0 (23.18)
and we have

[

mdvy + [C1(v2)J7 (q2) + ad] (g2)] da
do = dm Ndvy +d [Ci(v2)J7 (q2) + adT (g2)] N
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Then

o Ndw = mdvy Nd [C1(v2)dT (q2) + ad7 (g2)] Nda
+ [C1(v2)dT (q2) + @dT (g2)] dgr A dm A dovy
=d [Cl(vz)JlT(qz) + OchT(qz)] Adgy N mdvy
+dm N dvy A [Ci(v2)d7 (g2) + @] (g2)] dan
= d [(C1(v2)J] (g2) + a1 (g2)) dg1 A mduv,]
+d [mdvy A\ [Ci(v2)d7 (g2) + aJ{ (g2)] dgi]
=0

By the above Theorem 1, the constraint (23.18) is integrable, which is
consistent with the result in the generalized coordinate.

Example Three: Let ¢; = g3, and substitute it back into (23.10), then from
(23.9)

JrHqe)ds + [J171(g2) + J1M(g2)] g1 =0 (23.19)

and we have

o = Ji'(g2)dgs + [J7(q2) + J1 ' (q2)] dan
do = d [J7(g2)] Ndgs +d [J7(g2) + IT(q2)] Ndas

Then

o Ndo = Ji'(g2)dgs Nd [ (q2) + I1 ' (g2)] Ada
+ [J1'(g2) + I1 ' (g2) dgr Ad [I1(ge)] Adgs

= d [J7 (q2) + I1(q2)] Adagr A I (g2)dgs
+d [J7%(g2)] Ndgs A [I7%(gz) + I1(g2)] daa

= d [(J7'(q2) + Ir'(q2)) dg1 A JI1 (g2)dgs)

+d [(J1'(g2)) das N (J1'(g2) + 1 (g2)) dai
0

By the above Theorem 1, the constraint (23.19) is integrable, which is
consistent with the result in the moving coordinate.

The above three examples show that the new sufficient and necessary integra-
bility conditions can be applied to a dynamic system no matter which coordinate
has been chosen to describe the physical system.

23.5 Conclusions

This paper considers whether a differential constraint for a dynamic system is a
second order nonholonomic constraint, a first order nonholonomic constraint, or
a holonomic constraint. The conditions are obtained by the Frobenius theorem in
differential forms. The conditions are necessary and sufficient. Thus, it allows us
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to identify the essential nature of a dynamic system no matter which coordinate
system has been chosen to describe the system. If the second order differential
constraints are not even partially integrable, we have a second order nonholonomic
constraint. If the second order differential constraints are partially integrable, but
not completely integrable, it is a first order nonholonomic constraint. Otherwise, it
is a holonomic constraint. This definition of second order nonholonomic constraint
is adopted from classical mechanics for the studies in systems and control area.
In general, the conditions can be used for identifying integrability for any order
differential constraints.
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On Spectral Analysis Using Models with
Pre-specified Zeros

Bo Wahlberg

Abstract

The fundamental theory of Lindquist and co-workers on the rational covariance
extension problem provides a very elegant framework for ARMA spectral estima-
tion. Here the choice of zeros is completely arbitrary, and can be used to tune the
estimator. An alternative approach to ARMA model estimation with pre-specified
zeros is to use a prediction error method based on generalizing autoregressive (AR)
modeling using orthogonal rational filters. Here the motivation is to reduce the
number of parameters needed to obtain useful approximate models of stochastic
processes by suitable choice of zeros, without increasing the computational com-
plexity.

The objective of this contribution is to discuss similarities and differences
between these two approaches to spectral estimation.
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24.1 Introduction and Problem Formulation

The concept of representing complex systems by simple models is fundamental in
science. The aim is to reduce a complicated process to a simpler one involving a
smaller number of parameters. The quality of the approximation is determined by
its usefulness, e.g. its predictive ability. Autoregressive (AR) and autoregressive
moving-average (ARMA) models are the dominating parametric models in spectral
analysis, since they give useful approximations of many stochastic processes of
interest. The ARMA model leads to non-linear optimization problems to be solved
for best approximation, while the special case of AR modeling only involves a
quadratic least squares optimization problem. Hence, AR models are of great
importance in applications where fast and reliable computations are necessary.

The fact that the true system is bound to be more complex than a fixed order
AR model has motivated the analysis of high-order AR approximations, where the
model order is allowed to tend to infinity as the number of observations tends
to infinity. However, aspects such as the number of observations, computational
limitations and numerical sensitivity set bounds on how high an AR order can be
tolerated in practice. Herein, we shall study discrete orthogonal rational function
model structures, which reduce the number of parameters to be estimated without
increasing the numerical complexity of the estimation algorithm.

Suppose that {y(¢), t =...—1,0,1,...} is a stationary linear regular random
process with Wold representation,

thet— , RYeR, nY=1. (24.1)

Here {e(¢)} is a sequence of random variables with the properties
E{e(t)|Fo1} =0, E{e(t)?|F1} =03, E{e(t)*} < oo, (24.2)

The transfer function, often called the noise filter or the shaping filter,

o0

Ho(q) =Y hjq*, Hoy(co) =1, (24.3)
k=0

is a function of the shift operator q, ge(t) = e(t + 1). By ¢! we mean the
corresponding delay operator g le(t) = e(t — 1). The power spectral density of
{y(t)} equals

®(e'?) = 6Z|Ho ()% (24.4)

We shall assume that the complex function [Hy(z)]™}, z € C, is analytic in |z| > 1
and continuous in |z| > 1. Then

[Ho(2) Zakz Bl gl > 1. (24.5)
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1

We shall impose a further smoothness condition on [Hy(z)]™', namely

> klad| < oo (24.6)
k7

By truncating the expansion (24.5) at k& = n, we obtain a n’* order autoregressive
(AR) approximation of (24.1),

AN@)y(@) =e(t), AN(q)=1+) agg ™. (24.7)

A crucial question is how large an order n must be chosen to obtain a useful
AR approximation. From (24.5) and (24.6) we know that the process (24.1)
can be arbitrarily well approximated by an AR model (in the mean square
sense) by taking the order n large enough. However, nothing is said about the
rate of convergence. Assume that Hy(z) is a rational function with zeros {z;},
|zi] < 1. The error in the AR approximation (24.7) is then of order ", where
0 = max; |zj|. Hence, zeros close to the unit circle imply a slow rate of convergence
and consequently a high model order n.

This motivates the investigation of alternative approximations which are less
sensitive to the location of the zeros. As discussed above the AR approximation
corresponds to a truncated series expansion of [Hy(2)]™! in the basis functions
{z7*}. An natural extension is to replace {z*} by more general orthonormal
rational functions {F%(z)} in order to get more efficient representations.

Over the last decades, there has been considerable interest in the systems,
signal processing and control literature in representing linear time-invariant
dynamic systems using an expansion in a rational orthonormal basis. The recent
monograph [2] gives an excellent overview of the field of orthogonal rational
functions, which can be viewed as generalizations of orthogonal polynomials. In
parallel to the efforts in applied mathematics a very similar theory has been
developed in the fields of signals, systems and control. See [1] for a thorough
presentation of this theory. The paper [8] provides an overview of orthogonal
rational functions using a transformation approach.

We will make use of the following mathematical notation. Let P denote the
transpose of a matrix, and P* the complex conjugate transpose. Let [E denote the
exterior of the unit disc: {z € C: |z| > 1}, and T the unit circle: {z€ C: |z| =1}.
By #(E) we mean the Hardy space of square integrable functions on T, analytic
in the region E. We denote the corresponding inner product for X (z), Y (z) € H»(E)
by

(X,Y) = / X () =5 f XT(1/2) ) (24.8)

Two functions Fi(z), F3(z) € Hz(E) are called orthonormal if (Fy, F5) = 0 and
(Fy, F1) = (F3, Fy) = 1.
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24.2 Orthonormal Rational Functions

First, we will review some basic facts for orthogonal all-pass transfer functions and
corresponding state space realizations. Consider a real, single-input single-output,
exponentially stable, all-pass transfer function H,(z), Hp(2)Hy(1/2) = 1, of order
m, specified by its poles {&;; |£j| <1, j =1...m}. Such a transfer function, often
called an inner function, can be represented by a Blaschke product

m 1— &*
Hy(z) =] Z_i:jz, &1 < 1. (24.9)

J=1

It can also be represented by an orthogonal state-space realization

x(t) ]
u(t) |’

T

AB =1 (24.10)

CD

A B
CD

A B
CD

x(t+ 1)
¥(?)

Such a realization can easily be obtained by change of state variables, and is by
no means unique. The special cases of a first order system and a second order
system are, however, of special importance:

VI—a2
ABL_ | e Vieao (24.11)
CD V1—a?2 —a
Hb(z)zl_az, —l1<a<l,
z—a
AB b V1 — b2 0
cpl™ cvV1—>52 —bc  V1—¢? = (24.12)
V1—02V1—-¢2 —bV1—¢2 —c

—c22+blc—1z+1
H = -1 1, -1 1.
b(z) 22+b(c—1)Z—C 5 <b< N <c<

An all-pass transfer function can be factorized as Hj(z) = Hp1(2) Hpa(z), where
Hp1(2) and Hpy(z) are lower order all-pass transfer functions with orthogonal
state-space realization (Aj, Bi, Ci, D1) and (Ag, Bg, Cs, D3), respectively. Denote
the corresponding state vectors by x1(¢) and x2(¢). It turns out that an orthogonal
state space realization of Hj(z) can be directly obtained by using the lumped
state vector x(¢) = [xT(¢) xI (¢)]. This observation is due to Mullis and Roberts,
see [7]. By recursively using the factorization results, an orthogonal state space
realization (A, B, C, D) of Hy(z) can be constructed by cascading orthogonal state
space realization of its first order all-pass factors with a real pole (24.11), and
its second order all-pass factors with two complex conjugated poles (24.12). The
corresponding network is illustrated in Figure 24.1.

Beside the cascading all-pass systems, it is also possible to construct orthogonal
filters by using feedback connections. This results in ladder representations.
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u(t) 0
= Hbl Hbz an —

’ x1(¢) ’ x2(t) X, (8)

Figure 24.1 Network of all-pass filters.

uq(t) y1(t)
Hy,

Hb2 Hb3

ya(2) us(t)

Figure 24.2 Two-port Feedback Network

The most famous being the Gray-Markel normalized ladder realization. Here
y(t) = [91(2) y2(t)]", and w(t) = [u1(¢) u2(2)]", and

Hb(z):[vl—ﬂ r HIO], 1<y<1, (24.13)

—y 1—y2|]02z71

which is all-pass, Hy(2)H bT (1/2) = I. The corresponding two-port representation
and feedback network are given in Figure 24.2. Notice that the feedback law
us(t) = y1(t) gives

1—az

Hbc(z)z—z_a, a=+1-y2

An obvious generalization is to use filters of the form

Hb(z):[\/l_yz 17/9/2][1 0 ] —1<y<1 (24.14)

—y 012__%2 “1<a<1

Feedback lattice filters are closely related to forward lattice filters. The idea is to
work with chain transfer functions, where the signal u;(¢) now is considered as
the first output and the signal y;(¢) becomes the second input. The corresponding
transfer function are now J-unitary instead of orthonormal. For example, transfer
function (24.14) becomes

J(z):lllyul 0], 1<y<l (24.15)

Vi—y2|y1]|0z1

This is closely related to Mason’s rule for network inversion, since one input
becomes an output and vice versa. Cascading chain transfer functions of the form
J(z) leads to the well-known lattice filter, which often is used to decorrelate
stochastic signals and estimation of AR models. Notice that the transfer functions
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will have finite impulse response. A natural generalization to obtain infinite
impulse filters is to use the chain transfer functions of the type

1 1 1 0 -1 1
I(e) = ——es | 1—az | ST (24.16)
V1i=y2 |y 1] |0 5=4 —-l<ax<1
Study the input-to-state transfer function
V(z) = (2 — A)7'B, (24.17)

for an orthogonal state space realization of an all-pass transfer function. Denote
the k™ canonical unit vector, e, = (0...1...0)7, where 1 is in position k. We then
have the following fundamental result: Assume that (24.9) and (24.10) hold. The
transfer functions {F,(z) = e} V(z), k = 1...m} are then orthonormal in #,(E).
The cascade realization gives

VISP l=$e
Fi(e) = —¢ H1 s (24.18)

which forms a complete set in 5 (E) if

[o¢]

> 14| = 0. (24.19)
Jj=1

24.3 Least Squares Estimation

A natural extension of a AR model is to use the model structure

[H(2)] " =14 fiFi(2), (24.20)
k=1

where {F}(z)} is a set of orthonormal rational functions with pre-specified poles.
This is nothing but a way to represent an ARMA model with fixed zeros, i.e.

(24.21)

where C.(z) is specified by the poles of {F.(z)}, i.e. the zeros of H(z). Consider

the filtered process
1
o(t) = ——y(2). 24.22
3elt) = G ¥® (24.22)

The problem of estimating a rational orthogonal model is completely equivalent
to estimating an AR model for the process {y.(¢)}. The obvious question is why
one should study a more complex model structure then the simple AR. There
are several answers. One is that this structure leads to much more robust
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filter implementations, and numerically better scaled estimation problems. This
structure also allows for simpler analysis as will be shown below.

Define the regression vector

o(t) = [-Fi(q)y(t) ... — Fa(q)y(@)]". (24.23)

Given observations {y(1)... y(N)}, the least squares estimate of the parameter
vector @ = (f1...f,)T is given by

Mz

N
0 =Ry'fv, Ry= %Z(ﬁ(t)ﬁoT(t ), [y = (24.24)

=1 t=1
Let R = E{Rn}, i.e. the covariance matrix of the regression vector.

The numerical properties of the least squares problem depend on the condition
number of R. The optimal case would be if R equals the identity matrix. This is
the case for orthonormal rations functions models if y(¢) equals white noise, which
of course is not of interest. For the AR case, Fj(z) = z7*, the covariance matrix
has a Toeplitz structure and a classical result is

min ®(e?) < eig{ R} < max ®(e'®), (24.25)
[0 [0

where ®(e'”) denotes the power spectral density of y(¢). It can be shown that the
same result holds for a general orthonormal rational function model, see [6]. The
covariance matrix is also of interest in order to determine the statistical properties

of the estimate since 2

Var{6} ~ ﬁ - (24.26)

where the expression is asymptotic in the number of data IV, and the bias due to
model errors is neglected.

The sensitivity of the parameter vector 8 as such is often of secondary interest.
A more invariant measure is the variance of the estimated frequency function

Var{[H (/)] 7'} ~ % [Fi(e?)...F,(e")| R F1(e'®) ... F,(e”)]". (24.27)

It is possible to derive a more explicit expression for the following cases:

For large model orders n we have

Var{[H(e)] 1} ~ 111271}0'(12 ’;{f)‘;]?' . (24.28)

From (24.18)

: 1— &
F iw\|2 __ 1
| k(e )| |elw—§k|2’
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where {£,} are the zeros of H(z). See e.g. [6].

If the zeros of Hy(z) is known to belong to a given set, we have the following
result. Assume that

Ho(2) = XZ((Z; H(z) = Cl(z)(gg’(z), (24.29)
where degree[H (z)] = n > degree[H(z)] = no. Then
Var{[H (@) 1) ~ L D FREE + S50 F) (e )F (24.30)

N |Ho(e')[?

Here {F?(z)} are the orthogonal basis functions constructed using the poles of
Hy(z), and the n — ng basis functions {F}(z)} are constructed from the zeros
C1(2). This result is a slight generalization of the AR variance expression given
in [5]. The idea of proof is rather simple. Rewrite the prediction error problem as

y(t) = 1= [H () )y(t) + () (24.31)

to obtain the artificial problem of estimating the transfer function of the system

(C(g) —A(g))Co(2)
COA @ e(t) + £(2), (24.32)

where e(¢) is a given white noise input signal with variance o2, £(¢) is white
measurement noise with variance 03, and y(¢) is the output signal. The transfer
function G(z) = (C(z) — A(2))/C1(2)A%(2) will have relative degree one with pre-
specified poles. The corresponding orthogonal basis functions can be chosen as
{Fr(z) = FP(2)}, k = 1...ng corresponding the the roots of Ay(z) = 0, and
Fjiny(2) = F}(2)Hy(2), j = 1...n — ng, where Hy(2) is the all-pass transfer
function with the same poles as Ho(z) and {F}(z)} are constructed from Ci(z).
Since e(t) is white noise with variance o2, the covariance matrix of the regression
vector for this estimation problem equals R = 021 and

L [FR ()P + X0 [F ()

y(t) =

Var{G (¢”)} N (24.33)
Now [H (€)' = [1 — G(e'®)][Ho(e'”)]! and thus
Var{[A(e)] ) = T (24.34)

which gives (24.30). By setting C;(z) = 2" ™ we obtain Theorem 5.1 in [5].

If the spectral density of y(¢) was known one could use basis functions that
are orthonormal for the weighted scalar product

dz

1
< B FY Sp= o jq{ FU(1/2)F2 (2)(2) 2. (24.35)
2ri Jr z
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This is very closely related to using a feedforward lattice model. Since R then
equals the unity matrix, we directly obtain
A o2 n .
Var{[H (e'*)] '} ~ FO |F(e) 2. (24.36)
k=1

Here we have neglected bias errors. Even if its easy to calculate the basis functions
F}’(2), it is more difficult to explicitly relate them to the poles and zeros of the
model and the system.

To conclude: We shown how the choice of zeros will influence the variance of
the estimator. The best choice is of course to take the true zeros of the process,
i.e. C(z) = Cy(2). The other extreme is to use a high order AR model with all zeros
at z = 0. Orthogonal rational function models give a compromise between these
extremes.

Next, we will list how some more results for AR estimation are generalized to
spectral estimation using orthogonal rational functions models. The asymptotic, as
the number of data tends to infinity, prediction error method estimate minimizes
the cost function

1 T

o |H ()| 2D (e'”)dw. (24.37)

Denote the corresponding minimum by o2. As we have shown the orthogonal
rational function model approach is theoretically equivalent to AR estimation of
the process

_ - A(2)
((0) = Gy HEIT =14 fiFi@) = & o
oo’ 20 =

It is well known that the AR estimate will converge to an stable filter as the
number of data tends to infinity. This means that [H(2)]™! = 1 + 4, F(2) will
converge to a stable and minimum phase transfer function.

It is also well known that the covariance function of the limiting AR estimate
perfectly fits the n first covariance values of the underlying process. Let r.(7) =
E{yc(t)y.(t+7)}, T =0,...n. Hence, we solve the following covariance matching
problem

r(T)Zl/”eino-.Zdw 7=0...n
‘ 2m o |A(e®)?
O A 2 0|2
_ E/_,r € e 1H () Pdo, T=0..n. (24.38)

24.4 The Covariance Extension Problem

Consider the covariance lags

r(t) =E{y(t+7)y(t)}, (24.39)
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and the corresponding spectral density

o T
o) = Y rr)er, r(r):% / D () doo.
k=—00 -

Assume an ARMA model H(z) = C(z)/A(z) with innovation variance o2, and let
Q(2) = A()A(1/2)/0% = qo + qu(z +27Y) ...+ qu(z" +27). (24.40)

Notice that @(z) > 0 on the unit circle, i.e. a positive function. An ARMA process
with degree constraint and covariances r(7), 7 = 0...n must satisfy

1 [ uclC(e?)?
- — T = =0,... 24.41
r(7) 2”/_”6 oGm0 =0 T=0..n (24.41)
But this is just the derivative of the cost-function:
1 /7 A -
V@ =[O rlg- 5 [ logQEMICE)do (2442
-7

with respect to ¢ = (qo...g,)". The main result of Byrnes, Lindquist and co-
workers is that V(q) is a convex function. Hence we have only need to solve
a convex optimization problem to find the solution of the covariance realization
problem! The first term

1 T

=5 | ()P ()dw (24.43)

[7(0)...

~

(n)lq

is just the AR prediction error cost function (which is quadric in A). The second
term

1 [~ ‘ -

- log Q(e'?)|C (') |*dw (24.44)

2r J_,
can be viewed a barrier function to impose the positivity constraint. We refer to
[4] for an excellent overview of the convex optimization approach to the rational
covariance extension problem.

A natural question is why should one be interested in perfect fit of the n first
covariances? It is well known that a fixed number of covariances is not a sufficient
statistics for an ARMA model. As shown in Byrnes et. al. [3] it is possible to extend
the covariance fitting problem to certain filter banks. Using a similar idea we will
finally sketch on an extensions of this problem to the prediction error framework.
As discussed in the previous section, the prediction error method approach gives
perfect fit to the first n + 1 covariances of y.(¢), and corresponds to what is
called the central solution. Using the method of Lindquist et. al. one could as
well determine an ARMA model C(z)/A(z) of order n which fits r.(7), by solving

1 i i0T |C(eiw)|2 _ _
rc(f)—%[”e de—o, T—O,n (2445)
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The same trick applies here, i.e. integration w.r.t. g gives the convex cost function

T . 222
V.(q) = [re(0)...r.(n)]qg — %/_ log Q(e‘w)de, (24.46)

which can be used to calculate the model H(z) = C(z)/A(z). The choice C(z) =
C.(z) gives back the prediction error solution, while using other C(z) allows for
different extensions. The first term is nothing but the standard prediction error,
and it correspond to

[re(0)...re(n)la =E{([H ()] "y(t)*}, [HEI" =1+ fiFi(z) (2447
k=1

with repect to (f1...f,). It seems more difficult to express the second term using
{Fr(2)}. It is, however, possible to represent

=1+ Zn: frFr(2). (24.48)

k=1

It would be of interest to investigate if this representation leads to better numer-
ical properties.

24.5 Conclusion and Future Work

Models are always approximations of true data generating process. The quality
of a model depends heavily on its intended use. If the objective is prediction, the
prediction error approach is optimal. If one is interested in spectral properties
in certain frequency band the answer is more difficult. The covariance extension
approach and its generalizations provide promising methods for this case. The
objective of this paper has been to discuss some relation between these two
approaches to spectral estimation, and to show that pre-specified zeros indeed
are a valuable tool to tune a spectral estimators.
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Abstract

Algorithms are derived that pass directly from the differential equation describing
the behavior of a finite-dimensional linear system to a balanced state representa-
tion.

A. Rantzer, C.I. Byrnes (Eds.): Directions in Mathematical Systems Theory and Optimization, LNCIS 286, pp. 345-357, 2003.
© Springer-Verlag Berlin Heidelberg 2003



346 J.C. Willems, P. Rapisarda

25.1 Introduction

The algorithms for model reduction are among the most useful achievements of
linear system theory. A low order model that incorporates the important features of
a high order one offers many advantages: it reduces the computational complexity,
it filters out irrelevant details, it smooths the data, etc. Two main classes of
algorithms for model reduction have been developed: (i) model reduction by
balancing, and (ii) model reduction in the Hankel norm (usually called AAK
model reduction). The implementation of these algorithms typically starts from
the finite-dimensional state space system

%x:Ax—i-Bu,y:Cx—l—Du,

commonly denoted as
A B
{ } . (25.1)
C D

In the context of model reduction, it is usually assumed that this system is minimal
(i.e., controllable and observable) and stable (i.e., the matrix A is assumed to be
Hurwitz, meaning that all its eigenvalues have negative real part).

However, a state space system is seldom the end product of a first principles
modeling procedure. Typically one obtains models involving a combination of
(many) algebraic equations, (high order) differential equations, transfer functions,
auxiliary variables, etc. Since model reduction procedures aim at systems of high
dynamic complexity, it may not be an easy matter to transform the first principles
model to state form. It is therefore important to develop algorithms that pass
directly from model classes different from state space models to reduced models,
without passing through a state representation.

There are, in fact, some interesting subtle algorithms that do exactly this for
AAK model reduction in Fuhrmann’s book [1]. These algorithms form the original
motivation and inspiration for the present article. Its purpose is to present an
algorithm for the construction of a balanced state representation directly from
the differential equation (or the transfer function) that governs the system. For
simplicity of exposition, we restrict attention in this paper to single-input/single-
output systems.

A few words about the notation. We use the standard notation R, R?, R**®2 for
the reals, the set of n-dimensional real vectors, the set of n; x nz-dimensional real

=1,...;

.....

column vectors. The ring of real one-variable polynomials in the indeterminate £ is
denoted by R[£], and the set of real two-variable polynomials in the indeterminates
¢, n is denoted by R[{, 7). Ry[¢] denotes the (n + 1)-dimensional real vector space
consisting of the real polynomials of degree less that or equal to n. £X¢(R,R)
denotes the set of maps f : R — R that are locally square integrable, i.e.,
such that f:f |f ()2 dt < oo for all ¢1,t2 € R; Lo(A,R) denotes the set of maps
f+ A — Rsuch that [|f|[7,4p = [4If({)° d¢ < co. €°(R,R) denotes the
set of infinitely differentiable maps from R to R, ¢*(R,R) := {w € ¢*(R,R) |
W|(—c0,0) has compact support}, and D(R,R) denotes the set of real distributions
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on R. Analogous notation is used for R replaced by the field of complex numbers C.
* denotes complex conjugation for elements of C, Hermitian conjugate (conjugate
transpose) for complex matrices, or, more generally, ‘dual’.

25.2 The System Equations

Our starting point is the continuous-time single-input/single-output finite-dimen-
sional linear time-invariant system described by the differential equation

p( )y = (L, (25.2)

relating the input z : R — R to the output y : R — R. The polynomials p, ¢ € R[&]
parametrize the system behavior, formally defined as

B = {(, ) € L5°(R,R) x £5°(R,R)
| (25.2) holds in the sense of distributions}.

In the sequel, we will identify the system (25.2) with its behavior B, ).

The system B, is said to be controllable if for all (u1, y1), (u2,y2) € B
there exists 7 > 0 and (u, y) € B4 such that (u1, y1)(t) = (v, y)(¢) for £ <0 and
that (ug, y2)(¢) = (w,y)(t + T) for ¢ > 0. It is well-known (see [5]) that the system
B (pq is controllable if and only if the polynomials p and g are co-prime (i.e.,
they have no common roots). It turns out that controllability is also equivalent
to the existence of an image representation for B, ,), meaning that the manifest
behavior of the latent variable system

d

w=p(S)y =al ) (25.3)

formally defined as

Jmpg) = {(u,y) € 2R, R) x £9¢(R,R) | there exists £ € D(R,R)
such that (25.3) holds in the sense of distributions}

is exactly equal to B, ). In (25.3), we refer to £ as the latent variable.

Assume throughout that p, g € R[] are co-prime, with degree(q) < degree(p)
=: n. Co-primeness of p and g ensures, in addition to controllability of B, g,
observability of the image representation Jm,,), meaning that, for every (u, y) €
IM(pg) = B(pg), the £ € D(R,R) such that u = p(£)l, y = q(£)¢, is unique.

In addition to expressing controllability, image representations are also useful
for state construction (see [6] for an in-depth discussion). For the case at hand, it
turns out that any set of polynomials {x1, xs,...,xy} that span R,_1[£] defines a
state representation of B, ,) with state

d d

X = (xl(i)f, .'Xiz(*)g, .. .,xnf_l(a)

dt dt 0,
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i.e., the manifest behavior of

d d d d

u= p(a)ﬁ,y = q(%)&x = col(xl(a)é, x2(a)€, ... ,xn/_l(%)é) (25.4)

satisfies the axiom of state (see [6] for a formal definition of the axiom of state).
The associated system matrices (25.1) are then obtained as a solution matrix

A
{ D} of the following system of linear equations in R, []:

C
$x1(8) x1(&)
$x2() x2($)
A B
: = : ) (25.5)
. C D .

Sxw () X (5)

q(&) p(&)
This state representation is minimal if and only if n’ = n and hence the polyno-
mials x1,%9,...,x, form a basis for R, ;[£]. Henceforth, we will concentrate on

the minimal case, and put n = n’. Note that in this case the solution of (25.5) is
unique.

The n-th order system (25.1), assumed minimal (i.e., controllable and observ-
able) and stable, is called balanced if there exist real numbers

01>2032>-203>0,
called the Hankel singular values, such that, with

¥ = diag(o1,09,...,04),
there holds

AX+3AT"+BB" =0
ATE4+XA+C'C =0.
Of course, in the context of the state construction through an image representa-

tion as explained above, being balanced becomes a property of the polynomials
X1,X2,...,%;. The central problem of this paper is:

Choose the polynomials x1, x9,...,x, so that
(25.5) defines a balanced state space system.

25.3 The Controllability and Observability
Gramians

In order to solve this problem, we need polynomial expressions for the controlla-
bility and observability gramians. These are actually quadratic differential forms
(QDF’s) (see [7] for an in-depth study of QDF’s). The real two-variable polynomial

D(f,n) = Xy ¢i,j§inj
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induces the map
w € C°(R,R) — I Lo, & ——w € ¢*(R,R).
’ B gt bt

This map is called a a quadratic differential form (QDF). Denote it as Q¢. In
view of the quadratic nature of this map, we will always assume that ®; ; = @,
i.e., that @ is symmetric, i.e., ® = ®*, with ®*({,7n) := ®(n,{).

The derivative %Qq(w) of the QDF Qq is again a QDF, Qy (w), with ¥ ({,n) =
(& + n)®(¢,n). It readily follows that a given QDF Q¢ is the derivative of
another QDF if and only if 9(®) = 0, where J : R[{,n] — R[&] is defined by
(D) (&) == ®(&,—¢), in which case the QDF @y such that Qo (w) = £ Qo (w) is

induced by ¥({,n) = (¢, 77)_ Note that this is a polynomial since 9(®) = 0.
c+n

Every QDF Q¢ can de written as the sum and difference of squares, i.e., there
exist ffr,fz*,...,f,:,fl_,fz_,...,f; € R[£] such that

Qo(w) = T4 £ (4 )WI2 Zealfe )wl2

Equivalently,

(&) =25 A () = Tz £ (O fic ().

If £ ... fi.fi.fy.....fo € R[] are linearly independent over R, then
n, +n_ is the rank and n; — n_ the signature of Q¢ (or ®). The QDF Q¢ is
said to be non-negative if Qo (w) > 0 for all w € €*(R,R). Equivalently, if and
only if the rank of @ is equal to its signature.

While it would be natural to consider the controllability and observability
gramians as QDF’s on B, ,), we will consider them as QDF’s acting on the latent
variable ¢ of the image representation (25.3). This entails no loss of generality,
since there is a one-to-one relation between ¢ in (25.3) and (u,y) € B, ).

The controllability gramian Qg (equivalently, K) is defined as follows. Let
{ € €*(R,R) and define Qk (¢) by

@x ()(0) := infimum / ()2 dt.

where the infimum is taken over all ¢ € ¢*(R,R) that join ¢ at ¢ = 0, i.e., such
that £(¢) = ¢'(¢) for t > 0.

The observability gramian Qw (equivalently, W) is defined as follows. Let
(€ €°(R,R) and define Qw(¢) by

< d
Qw(00) = [ a0 d.
0
where ¢ € (R, R) is such that
(1) (=000 = V'|-00.0)s
. d., d. .,
(i) (p(5)0a()0) € Bpa),

(i) p( L) (O)]g) = 0.
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Thus ¢ is a latent variable trajectory that continues ¢ at ¢ = 0 with an ¢ such
that u|(0,00) = P(%)¢|(0,c) = 0. This continuation must be sufficiently smooth so
that the resulting (u,y) = (p(£)¢,q(%)l') belongs to B, ), thus in particular
to £9°(R,R). This actually means that the (n — 1)-th derivative of ¢’ must be in
£he(R, R).

The computation of the two-variable polynomials K and W is one of the central
results of this paper.

THEOREM 25.1

Consider the system B, ;) with p, g € R[£], degree(q) < degree(p) =: n, while p,q
are co-prime and p Hurwitz (meaning that all its roots have negative real part).
The controllability gramian and the observability gramian are QDF’s. Denote
them by @k and Qw respectively, with K € R[{, 7] and W € R[{, 77]. They can be
computed as follows

_ p(&)p(m) —p(=)p(=n)
K({,n) = Frn , (25.6)
W(C.n) = p({)f () + fé(ipf()n) - q(C)q(n), (25.7)

with f € R,_1[£] the (unique) solution of the Bezout-type equation

(PEF (=€) + F(E)p(=¢) — a(§)a(=¢) = 0.] (25.8)
Moreover, both @k and Qw are nonnegative and have rank n. Finally, @k (¢) and
Qw(¢) only contain the derivatives ¢, %E, . j;:lé. O

The proof of this theorem is given in the appendix (section 25.6).

Note that the equation for f has a unique solution in R, ;[£] since p(&) and
p(—¢) are co-prime, a consequence of the fact that p is Hurwitz.

What we call the controllability gramian measures the difficulty it takes to
join the latent variable trajectory ¢ at ¢ = 0 by a trajectory ¢ that is zero in the
far past, as measured by

0 0
[ e di= [ s a

The observability gramian on the other hand measures the ease with which it is
possible to observe the effect of the latent variable trajectory ¢ as measured by

[ o de= [laceor

assuming that the input u = p(:%)¢'(t) is zero for ¢ > 0. Note the slight difference
with the classical terminology where the controllability gramian corresponds to
the ‘inverse’ of the QDF Qx.
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25.4 Balanced State Representation

The minimal state representation (25.4) with state polynomials (x1,x2,...,%,) is
balanced if

(i) for ¢; € €*(R,R) such that xj(%)ﬂi(O) = 0;; (d;; denotes the Kronecker
delta), we have
1

Rk (4:)(0)

i.e., the state components that are difficult to reach are also difficult to
observe, and

QW(fi)(O) =

(ii) the state components are ordered so that

0 < Qk(1)(0) < Qx(f2)(0) <--- < QK (£:)(0),

and hence

Qw(l1)(0) > Qw(f2)(0) > --- > Qw(4)(0) > 0.

The general state construction (25.4) and a suitable factorization of the control-
lability and observability gramians readily lead to a balanced state representation.

It is a standard result from linear algebra (see [2]|, chapter 9) that theorem
25.1 implies that there exist polynomials

bal , bal bal
(27, x )

1 X2 5. Xp

that form a basis for R, ;[£], and real numbers
01>09>--2>20,>0 (25.9)
(the oy’s are uniquely defined by K and W) such that
K(£.n) = Zhoyo w2 ($)x (m), (25.10)

W(¢,m) =2 10e (O (). (25.11)
This leads to the main result of this paper.

THEOREM 25.2

Define the polynomials (xbal xgal, ...,xP) € R, 1[£] and the real numbers oy >
O > -+ > 0, > 0 by equations (25.9, 25.10, 25.11). Then the oy’s are the Hankel
singular values of the system B, ,) and

_ d d bal _ bal d bal d bal 1
u_p(d )Ey q(dt)g _(xl (dt)z 2 (dt)g’xn (dt)g)

is a balanced state space representation of B, q%a The associated balanced system
bal

matrices are obtained as the solution matrix { } of the following system

Cbal D bal
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of linear equations in R,[&]:

Sah? (&) 2% ($)
bal bal
Sx3*(8) bl ghal x5 (&)
: = {Cbal Dbal : (25.12)
Sxp (&) % (8)
q($) p(¢)
O

The proof of this theorem is given in the appendix (section 25.6).
We summarize this algorithm:
DATA: p, q € R|&], co-prime, degree(q) < degree(p) := n, p Hurwitz.

COMPUTE:
(i) K € R[{,n] by (25.6),
(ii) £ € Ry 1[€] by (25.8) and W € RI, 0] by (25.7),
(iii) (xll’al,xgal,...,xbal) and 07 > 09 > --- > 0, > 0 by the expansions (25.9,

n

25.10, 25.11):

K(£.m) = Zhoyo ' () (), WL ) = Zpyoe 0 ($)w™ (),

Abal B bal

(iv) the balanced system matrices [Cbal Dbl

] by solving (25.12).
The result is a balanced state representation of B, .

The above algorithm shows how to obtain a balancing-reduced model. Assume
that we wish to keep the significant states

d d d
bal bal bal
lx l,... il
X1 (dt) (dt) ,xnmd(dt) ,
and neglect the insignificant ones
al d al d a d
xE“ii*l(dt)g’ xgreﬂm(*dt)f, oy l(a)@

Now, solve the following linear equations in the components of the matrices

[ Abalred] ----- Tred [ B‘_bah‘ed ] . [Cbalred ]J 1,...0peq Dbalred

----- Nred

Exbil(§) = i Abured ol (£) 4 phalredp )
modulo(a2 (&), 352 o(8), .. a2(£)
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Q(é:) — lelr:ed1 C;oalredxbal (5) + Dbalredp(é:)

J
modulo(xy?, 1(£). 2%, 12(£).. .., 22 (£)).

Abalred Bbalred
Then [Cbalre a4 pbalre d] is an n,.q-th order balancing-reduced state space model
for %(p,q)'

25.5 Comments

Our algorithms for obtaining the controllability and observability gramians and
balanced state representations, being polynomial based, offer a number of advan-
tages over the classical matrix based algorithms. In particular, they open up the
possibility to involve the know-how on Bezoutians, Bezout and Sylvester matrices
and equations, and bring ‘fast’ polynomial computations to bear on the problem
of model reduction.

Instead of computing the o,’s and the x2’s by the factorization of K, W given

by ( 25.9, 25.10, 25.11), we can also obtain the balanced state representation by
evaluating K and W at n points of the complex plane.

Let A1,2,--+, A, € C be distinct points of the complex plane. Organize them
into the diagonal matrix A = diag(41, g, -+, 4,), and define

Define further

Xp = [l (5) [0
¥ = diag(o1,09,...,0m).

There holds
Ky =X 271X\, Wy = XZX,.

It is easy to show that, since the A,’s are distinct and the xP2’s form a basis

for R, 1[&], X4 is non-singular. This implies that X, and X can be computed by
analyzing the regular pencil formed by the Hermitian matrices K, Wy.

Once X, is known, the balanced state representation is readily computed.
However, in order to do so, we need to evaluate K (or W) at one more set
of points of the complex plane. Let 4,11 € C be distinct from the Ay’s. Define
xP2(App1) = [42"(Ans1)]io1. o The vector x*(1;41) € C* can be computed by

solving the linear equation

K(ﬂ,j, Z’n+1)) = X/tzilxbal (An+1)«
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Define consecutively

Aext = diag(A, Ant1),
Xpo = [Xn & (Ani1)],
PAee = [PA P(Any1)],
Qree = [qn  q(Ani1)].

Since the Ay’s are distinct, and {xb2, x5l ... xPal p} forms a basis for R,[£],
X

{ Ae’“} is also non-singular. The balanced state representation then follows by
PAexi

solving

XAext Aext Abal B bal XAext
= | gbal  pbal : (25.13)
G Aext PAex

Note that the entries K, follow immediately from (25.6). However, in order
to compute the elements of W, from (25.7) it seems unavoidable to have to solve
(25.8) for f, at least, it is not clear if it is possible to evaluate the f(Ay)’s directly
from the p(Ay)’s and q(Ay)’s.

When we take for the A,’s, the roots of p, assumed distinct, then f is not needed,
and a very explicit expression for K and W is obtained. In this case

_ [p(=2)p(=45) 17"
KA——|: i

~ [a(a)gry) 77
WA__[ Ai + A5

Further, x"3(4,,1) is then obtained from the linear equation

2 (At o
- [p( l};zf)(pnﬂ - ]1:1 = X)X 1"Cbal(ﬂ'n-kl)'

.....

Equation (25.13) yields

ln+1l _ Abal)xbal(ﬂIHl)
p(ln—o—l)

Cbal — QAXK1 Dhal — &
qn

Abal — XAAXxl Bbal — (

with p, and g, the coefficients of £ of p and gq.

The balancing-reduced model is usually obtained by simply truncating the ma-
trices of the balanced model. That is in fact what we also did in our discussion
of the reduced model. However, in our algorithm, the system matrices of the bal-
anced model are obtained by solving linear equations in R,[£]. This suggests other
possibilities for obtaining the reduced system matrices. For example, rather that
solving equations (25.12) modulo (xki H,ngj‘éd +2,...,anl), one could obtain the
best least squares solution of these equations, perhaps subject to constraints, etc.
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Further, by combining these least squares ideas with those of section 25.5, it
may be possible to obtain balanced reductions that pay special attention to the
fit of the reduced order transfer function with the original transfer function at
certain privileged frequencies or selected points of the complex plane.

The algorithms discussed have obvious counterparts for discrete-time systems.
It is interesting to compare our algorithm for obtaining a balanced state repre-
sentation with the classical SVD-based algorithm of Kung [4]. Kung’s algorithm
starts from the Hankel matrix formed by the impulse response and requires the
computation of the SVD of an infinite matrix. In contrast, our algorithm requires
first finding (a least squares approximation of) the governing difference equation,
followed by finite polynomial algebra.

25.6 Appendix

Proof of theorem 25.1:

Define K by (25.6). Note that K it is symmetric (K = K*), and that the highest
degree in ¢ or 7 is n — 1. For every w € ¢*(R, R), there holds

d 4 d. o
7 @k (W) = |p()wl” = |p(=—Jwl™. (25.14)
Let ¢ € €*°(R,R) be given. We first prove that
mlnlmum/ £’|2 dt = Qx (£)(0),

where the minimum is taken over all ¢ € €*°(R,R) such that

! d ! dn_l !
and d d d~! a1
' _ ' ’ _
£(0) = £(0), 20(0) = S0(0), ..., T—£(0) = T £(0). (25.16)

Integrating (25.14), yields

0 0
| e dr=@e©) + [ b0 de

—00 —00

Therefore, the minimum is obtained by the solution of p(—%£)¢' = 0 that satisfies
the initial conditions (25.16). Note that it follows that @k (¢)(0) > 0. Moreover,
p(—%)ﬁ’(t) = O,p(%)ﬁ’(t) = 0 for £ < 0 implies ¢ (¢) = 0 for ¢ < 0, since p(£) and
p(—¢) are co-prime. Therefore the rank of Q is n.

Now use a smoothness argument to show that

1nﬁmum/ €/|2 dt = Qg (¢)(0),
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where the infimum is taken over all ¢ € ¢*(R,R) (instead of just having the limit
conditions (25.15)) such that ¢'(¢) = ¢(¢) for ¢ > 0 (hence ¢ and ¢ must be glued
at t =0 in a ¢*(R,R) way, instead of just by the initial conditions (25.16)). This
implies that @ is indeed the controllability gramian.

Next, consider W, defined by (25.7, 25.8). For every w € €*°(R,R) here holds

d d
2;Qw(w) = —la(o )w|2+2p( ALl f( Dw. (25.17)
Note further that W is symmetric (W = W*), and that the highest degree in {

or 7 is n — 1. Therefore, if ¢ € D(R,R) is such that p(%)¢(¢) = 0 for ¢ > 0 there
holds, by integrating (25.17) and using the fact that p is Hurwitz,

© d ! !

| latger at=ewe)o).
0

Let ¢ € €*(R,R) be given, and assume that

(1) g(—oo,()) = El|(—oo,0),
.. d d

(i) (P( )0, a(5)0) € By,

Then /'|(_. ) is actually a function, with

! d ! d ! dn71 ! dn71 !/
£(0) = £(0), Z(0) = ZH(0)..... Z=(0) = Z=L(0).

Therefore, if, in addition to (i) and (ii), (iii) holds: p(%)¢'(t) = 0 for ¢ > 0, we
obtain

| laGer at=aw o).

It follows that @w defines the observability gramian. That @ > 0 is immedi-
ate, and that its rank is n follows from the fact that p and ¢ are co-prime.

Proof of theorem 25.2:
Using (25.10,25.11), we obtain

Qi (f) = Zj_107 [ ( t)g|2,
and
Qw(£) = Zp_;0ulx!( t)€|2-
Hence, if ¢/; € €°(R,R) is such that x?al(%)ﬂi(O) = J;j, then
Qx (£:)(0) = 671, and Qw(4:)(0) = 0.

This shows that the x?2’s define a balanced state representation, as claimed. That
the oy’s are the Hankel SV’s of B, ) is a standard consequence of the theory of
balanced state representations.
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26.1 Introduction

A popular design method for linear discrete-time systems is linear-quadratic (LQ)
optimal control, whose foundations were laid in the studies by R. Kalman [1],
N.N. Krasovsky [2], A.M. Letov [3], A.L. Lur’e [4], (deterministic systems) and A.N.
Kolmogorov [5], N. Wiener [6], R.S. Bucy [7] (stochastic systems). This paper is
devoted to the similar problems obtained from infinite-horizon LQ-optimal control
by inserting quadratic constraints (generally nonconvex) into their statements.
The consideration of these constrained LQ-problems is very natural because many
requirements, often faced by a controller designer can be expressed in the form of
such quadratic constraints. At the same time the constraint LQ-problems may be
nonconvex. It is well known that the nonconvexity is a reason of many difficulties
for their solution. The Lagrange multiplier rule gives only necessary conditions
of optimality and may produce a lot of "superfluous solutions". We use here the
method proposed and justified by the author in the earlier papers [8]-[11] for
the solution of a special global optimization problems. This class includes many
constrained (generally, nonconvex) LQ-problems and, in particular, the problems
under consideration. This paper may be considered therefore as an illustration of
this method. It is worth noting, that the applicability of this method was extended
by A. S. Matveev [12]-[15]. The Appendix gives the statement of a well-known
algebraic lemma, essential for the proofs. This formulation taken from [16] is
by author’s knowlige somewhat more precise as compared with other works, for
example [17].

The main part of this paper was written during the author’s visit to the Royal
Institute of Technology, Department of Mathematics, Optimization and Systems
Theory, June 1997. It is supposed to connect the subject of this paper with our
joint results with Anders Lindquist [18]-[21] concerning universal regulators
design for the solving some LQ-optimization problems in the circumstances of
uncertainties. With great pleasure I remember warmly the creative, open and
friendly atmosphere of Anders Lindquist laboratory.

26.2 A Method for Solving Constrained
Linear-Quadratic Problems (Abstract Theory)
Let Z = {z} be a real Hilbert space with the scalar product (-, ) and

D;(z) = I(2) +2(gj.2) +¥;, (=0,...,v) (26.1)
be the given continuous quadratic functionals. Here g; € Z, dJ?(z) =(Gjz,2),G; =
G; are bounded self-ajoint operators. Let M be subspace in Z and L = M + z,,
z. € Z be a fixed plane (affine subspace) in Z. Let 9 be defined by

N={z€Z: d(z)>0,...,D,(2) >0}. (26.2)

We suppose that the constraints ®;(z) > 0 are regular: there exists z. € Z such
that

®q(z.)>0,...,D,(z,) > 0. (26.3)
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Consider the problem:
Minimize ®g(z) subjectto z€ LNN. (26.4)

Note that the functional ®((z) and the set 91 may be nonconvex, so we consider
in general case the problem of global optimization of nonconvex functional on
nonconvex set. (Certainly the case of convex ®( and 91 is allowed also.)

Let us form the Lagrangian function for our problem:

S(z,2) = Pg(2) —11D1(2) — ... — 7,D, (2). (26.5)

Here 7; > 0. We will write these inequalities as 7 > 0.

To solve the constrained problem (26.4) using the method [8]-[10] we must
take the following actions:

(I) Solve the problem:

Minimize S(r,z) subjectto z€ L. (26.6)

(This is the problem without "nonlinear" constraint z € 91.) More precisely at this
step we must only find the value

S%(7) = inf,c .S(1, 2). (26.7)
(II) Find any solution 7° = (79,...,7%) of "dual" problem
Maximize SO(T) subject to 71 >0,...,7, > 0. (26.8)

(III) Find all the solutions z(z°) of the problem (26.6) for 7 = 7°.
(IV) Among all the solutions z(z°) find those values 2° = 2(z°) which satisfy
the conditions
®;(z°) >0, 00;(z°)=0, j=1,..,v. (26.9)

Let {2°} be the resulting set. (This set may be empty, particularly if 7° or 2(z°)
do not exist.)

We will say that the rule (I)—(IV) is applicable to the considered constraint
problem (26.4) if the resulting set {2°} coincides exactly with the set of all solutions
of the problem (26.4).

Before formulation of the applicability conditions of this rule describe why it
is "good". The problem (26.6) is a "linear quadratic" problem: it contains only
linear constraints. The theory of many such problems is worked out in LQ-control
theory. So it is simple to solve. But here it is necessary to make a caveat: we need
a complete solution of this problem, we need to know in which cases S°(7) is finite,
in which cases infimum in (26.7) is achieved, and that is for the general case of
functional S(7,z). The corresponding quadratic form may be indefinite. But if we
were to forget these difficulties and consider only the standart LQ-problems, the
action (I) usually is reduced to the well studied problem.

The problem (26.8) is a finite dimensional convex problem. (The function S°(z)
is concave as an infimum of linear functions.) The theory of such problems is also
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well studied and the theory of convex programming has many efficient methods
to solve them.

So the method considered here reduces difficult problem of global (noncovex in
general case) optimization to two simpler problems. Now let us describe in which
cases this rule is applicable.

We will assume that the constraints ®;(z) > 0 are regular (see (26.3)).

THEOREM 26.1
For the case of one constraint (v = 1) the rule (I)-(IV) is applicable. O

This theorem follows simply from [8], although it is not formulated there. (It is
proved also in [10].)

THEOREM 26.2—[9]
Let v > 1 and let the forms ®}(z), [-®I(2)],...,[-DP%(2)] be convex for z € M.
Then the rule (I)—(IV) is applicable. O

(This theorem is related to the convex programming and may considered as a well
known.)
The following theorem is the most important for applications.

THEOREM 26.3—[9]—[11]

Assume that there exist linear bounded operators T}, : Z — Z, k = 1,2,..., such
that
(1) (Trz1,22) > 0as k— +oo (for any 21 € Z, 23 € Z),
(i) TpM C M,
(iii) ®9(Tyz) - ®%(2) as k — +oo (forany ze M, j=1,...,v).
Then the rule (I)-(IV) is applicable. O

If the assumptions of any of the theorem 26.1-26.3 hold then the following duality
relation is true:

inf, ¢ rnn®o(2) = maoxinfzeLS(r, z). (26.10)
(4
(If inf,c £S(7,2) = —oo for all 7 then we put max(—co) = —o0.) If 7 exists then

using the formula (26.7) we can rewrite (26.10) as
inf, ¢ ;n®o(2) = S°(7°). (26.11)

Let us now prove the following two simple prepositions which can sometimes
be useful.

THEOREM 26.4
Suppose that there exists a solution 7° = (z9,...,7%) > 0 of the dual problem

(26.8)!. Suppose also that for all 7 > 0 close to 7° the infimum

inf,e £S(,2) = S(r, 2()) (26.12)

1As recently proved by A.S. Matveev 70 exists if the regularity condition (26.3) holds. So this
assumption is met automatically and it may be dropped. We do not suppose in Theorem 26.4 and
Theorem 26.5 that the regularity condition holds.
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is achived in some point z(7) € L and there exist the derivatives

(‘iji?)ro G=1,....v) (26.13)

(one-sided if 7 = 0). Then the rule (I)~(IV) is applicable and 2° = 2°(z), that is
the conditions (26.9) are met. In addition, the duality relation (26.10) holds. O

THEOREM 26.5
Let

Go— > 1)G; =: G(z°) (26.14)

j=1
be the operator of the quadratic form part of S(z°, z). Suppose that for some § > 0
(G(%)z,2) > 5||2||* forall zeM. (26.15)

Then the rule (I)—(IV) is applicable and the solution of primary problem 2° = 2(z°)
is uniquely defined. (So we do not need to verify the conditions (26.9).) In addition,
the duality relation (26.10) holds. O

Proof of Theorem 26.4. If follows from (26.12) and (26.7)
S°(r) = S[r,2(7)] < S(r,2)  (Vz€ L) (26.16)

for all 7 > 0 close to 7°. Denote 2° = 2(7°). Any z € L has the form z = 2° + y,
y € M. Therefore

S%(7%) = 8(%,2%) < 8(z% 2" +y)  (VyeM). (26.17)

The functional S(z°,2° + y) is quadratic in y € M, so the Frechet derivative
08(7% 2% + ) /0y exists and (26.17) implies

08(7%,2° + )

5 ‘y:o —0. (26.18)
. - . - o 02(t)
Since z(7) € L, S(7, 2) is linear in 7 and quadratic in z and the derivative ( T, ) ,
j /T
. . dS°(z)\ _ 1dS(z,z(1)) .
exists then the derivative (Tﬁ)fo = {TLO exists and
_¢dS°(7)\  1dS(z,z2(r))]
K]_( de )70_[ de LO_
0S(t,2(1)) 98(7%,2° + ) dz(7)
{ 81']‘ LO + [ Oy L:O ( de )TOI (26.19)

Since S°(z%) > S%(7) for 7 > 0, we obtain

kj=0 if 77>0, k<0 if 7)=0. (26.20)
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On the other hand, it follows from (26.18), (26.19) and (26.5) that
Ki=—®;(2%, j=1,...,v. (26.21)
Therefore the conditions (26.9) hold and 2° € LN N.
Let us show that 20 is a solution of the problem (26.4). Let z € LN 91 and
7 > 0. Then (26.5) implies S(7,z) < ®y(z) and

infze LS(T, Z) S infzeLq)()(Z) S infze mmq)o (Z)

Therefore S°(z°) = m>aoxianeLS(T, z) < inf/nn®o(z). But (26.20), (26.21) imply
>

)®;(2%) = 0, S(7°) = @o(2°). Since 2° € LN N, we obtain the duality relation
(26.10) and the needed relation

(I)()(ZO) = infzeme(Do(Z).

Consider now an arbitrary solution 2° € LN N of the problem (26.8) and
establish that it is obtained by our rule. It means that 2° is a solution of the
problem (26.6) for 7 = 7°. We have ®((2°) = inf/n®(2). The duality relation
(26.10) implies

Dy(2°) = max inf,c 1S(7, 2) = inf,c £S(7°, 2). (26.22)
=

This shows that 2° is a solution of the problem (26.6) for 7 = 7°, as required.
Moreover, the relations (26.9) hold. In fact, (26.22) implies

@(2°) < 8(7%,2%) = Dy(2°) — iz’?cbj(zo),
j=1

But ) > 0, ®;(2°) > 0. Therefore 79®;(2°) = 0.
Proof of Theorem 26.5. From (26.1) and (26.5)

S(7,2) = (G(7)z,2) + 2(g9(7), 2) + 7(7), (26.23)

where G(T) = Gy _Z‘l, TJ'GJ', g(T) = go _Z‘l, Ti9;, 7/(1') =70 —Zg TiY;- Let z, € L,
then z€ Liffz=2,+y, y € M. For z € L we obtain

S(7,2) = (Q(7)y,y) +2(q(7), y) + x(7), (26.24)

where Q(7) = PG(t)P, P = P* is the orthoprojector on the subspace M and
Q(7),q(r) € M are linear functions of 7. By hypothesis of the Theorem 26.5

(G(7)y,y) = (Q(7)y,y) > S|ly|* forall yeM (26.25)
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and for 7 = 7°. Since Q(7) is continuous in 7 then Q(7) remains strictly positive
and for all 7 closed to 7°. Therefore Q(7)~! exists. We have for z € £ and 7 closed
to 70

S(1,2) =Ry + Q). (y + Q7'q)) + x(7) — (@ "¢, q), (26.26)

where @ = Q(7) > 0, ¢ = q(7). The infimum inf,c 1S(7,2) = inf, ¢4/ S(7,2. + y) is
achived in the point z = 2(7) = z. + y(7), y(r) = —Q(r) !q(r), and this point is
uniquely defined.

Since Q(7),q(r) depend linearly in 7, the derivative dz°(z)/dz; exists. So
the assumptions of Theorem 26.4 are satisfied. That completes the proof of the
Theorem 26.5.

Let us apply the general method described above to the solution of an LQ-
optimization problem which differs from well known ones because of the presence
of quadratic constraints.

26.3 Linear-Quadratic Deterministic
Infinite-Horizon
Constrained Optimization Problem

Problem statement. Let us consider the plant which described by usual equa-
tions
X1 =Ax;+ By, xo=a (t=0,1,2,...), (26.27)

where x; € R", u; € R™, A, B are the real constant matrices, the pair (A, B) is
controllable. We consider all the controllers which ensure the "stability conditions"

el =Y Joel® < oo, luell? =D uel® < o0 (26.28)
t=0 t=0
and the constraints
cpjzyj_Zgj(xt,ut)zo, j=12...,v. (26.29)
t=0

(o]
Among these controllers, or (it is the same) among all processes th” .
U t=

satisfying (26.27)—(26.29) we wish to find the controller (the process) which
minimizes the functional

Do =Y Golxr. ue). (26.30)
t=0

We will also consider the question if this optimal process may be yielded a
realizable linear stabilizing regulator.

In (26.29), (26.30) G;j(x,u) are given real quadratic forms in (x,z). The vector
a and the numbers y; are given. The practical interpretation of this problem is
evident and we omit it.
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This problem differs from the one well known because of the presence the
constraints (26.29).

Let us emphasize that the considered problem is a problem of global nonconvex
minimization because the functionals ®; can be nonconvex.

Suppose first for simplicity that the constraints (26.29) are regular: the ad-

missible process {{xt } } . exists such that ®; >0, j=1,...,v
Uy t=

[o¢]
Reduction to the abstract scheme. Let z = th }} . be a process with
Uy t=l

only one property: ||x;|| < oo, [|u:]] < 0o and Z = {z} be a Hilbert space of all such
processes with the usual scalar product:

[o¢]
(Z,2") = > _[(xhx)) + (uj,u])].
t=0
Let L be the affine space of all z € Z which satisfy the equations of the object

dynamics: x,,1 = Ax; + Bu;, xo = a. Obviously the corresponding subspace M C Z
is defined by the same equations with a = 0:

x¢41 = Ax; + Buy, x0 = 0. (26.31)
Let 91 be the set of all processes z € Z satisfying our constraints:
MN={z: &4(2)>0,...,0,(2) > 0}. (26.32)

We obtain a special case of the problem considered in [9, 10]: To minimize Gy(z)
subject to z € LN N.

Let us show that the conditions (i)—(iii) of Theorem 26.3 hold. This in turn
implies that the procedure (I)—(IV) is applicable for solving our problem. Let us

take T} to be shift operators: if z = {z}y°, z: = [xt}, then 2/ = Tz (= {2}3°)
Ut
means z, = 0 for ¢t = 0,...,k—1 and z, = z_; for t = k,k+ 1,... Obviously
T,: 7Z — 7Z and
(i) (Tx2',2") — 0 as k — oo for any 2/,2" € Z,;

(i) TxM C M;
[o¢] o0
(iii) cpg(Tkz) = ©%(z), where @) = > Go(xr.us), DI = = Gj(x ),
t=0 t=0
j=1...
[o¢] o0 [o¢] o0
(In fact |(T47.2")| = | Y- (&0 2| < D sl - |01 < (sl Do 12417) = 0
t=k t=Fk t=k

t=
as k — oo. The properties (ii),(iii) are clearly met.)

Application the procedure (I)-(IV). By our rule we have to solve first the
problem (26.6) without constraints. The Lagrangian is:

S(z,2) Z 7,® ®(7,2) — Z TV (26.33)
j=1
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where 7 = ||7;]|'_;, 7; > 0 are parameters to be find later and

o0

®(1,2) =Y G(t.xnuw), G(T.x,u) = Golx,u) + Z 7;Gj(x,u). (26.34)
Jj=1

t=

The step (I) of our procedure requires us to solve the following auxiliary
problem: Find
S%(7) = inf,c ,S(7, 2). (26.35)

This is the usual LQ-problem without quadratic constraints: because of (26.33)
we have to minimize the quadratic functional ®(7, z) under constraints (26.27),
(26.28). There are many results concerning various aspects of this problem.
Contrary to the majority of these results, we need a complete solution: We have
to know in which cases inf,c /S(7, z) is attained and we have to know the value
of So(7) for all 7; > 0 and others. The complete solution of this problem (without
quadratic constraints) follows simply from the results presented in Appendix.
The results of this Appendix taken from [22] are now "almost known" and may
be known. In each case they are closely related to the known ones and they are
well known in their essence. However the author can not give the appropriate
references in which this result and the complete solution are represented.
The step (II) of our procedure requires us to find

7% = argmax S°(7).
7>0

The step (III) requires us to find the solution z = z(z°) of the problem (26.35)
for 7 = 7% If the assumptions of Theorem 26.4 hold then z(z°) is a solution
of our primary constraint problem. (In this case we do not need the reqularity
assumption.) Otherwise, according to the step (IV) we have to choose from all
the solutions 2(z°) those 2° which satisfy the conditions ®@;(2°) > 0, 7®;(2°) =0,
j = 1,...,v. By Theorem 26.3 these z° and only they are the solutions of our
primary constraint problem. If such z° does not exist then infimum is not attained
in our primary constraint problem. In this case we shall construct the optimizing
sequences of the regulators. Let us proceed as described.

Solution of the auxiliary problem without quadratic constraints.

Recall that this is the problem of minimizing the functional ®(7,z) in (26.34)
(or equivalently the functional S(z, z)) subject to constraints (26.27), (26.28).

Let us introduce the notation:

Ay =AL,—A, §(A)=detd;, Q,=051)A;" (26.36)
Following Appendix consider the identity

(Ax + Bu)"P(1)(Ax + bu) —x"P(1)x + G(7,x,u) =
k() (u — K(r)x)]>? (Vx€R", VucR™). (26.37)

Here P(r) = P(r)*, x(r) = x(7)*, K(7) are the real n x n, m x m and m x n
matrices to be find. The identity (26.37) may be transformed into the well-known
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Lur’e-Riccati equation for the matrix P(r). Let us define "the frequency matrix"
I(z,A) =TI(z,A)* (for A € C, |A| = 1) by the identity

G(r,%,u)=u'Ti(r,\)u (¥ =A;'Bu, detA; #0, Vu € C™). (26.38)

We can use Theorem 26.14 from Appendix. Consider two domains in 7-space
corresponding to WFC and SFC (see the terminology in Appendix):

D={r:17;>0,1II(r,A) > 0, for any A, || =1, 6(4) # 0} (26.39)

D' ={r:7,>0, TI(1,A) >0, VA, |A| =1, 6(A) £0 and
lim [S(A)2TI(z,4) > 0 if A — A;, Y A;, [Aj] =1, 8(4;) =0}).  (26.40)

The last condition in (26.40) means that for any root A; of the polynomial
O0(A) = det(AI, — A) such that |[1;| = 1 the inequality Ahn,? |[6()|TT(z,A) > O
holds. This condition is absent if §(4) has no roots 4; with |lj| = 1. Note that if

0(A) has a root 4;, [4;| = 1, then A, is the singular point of II(1). It is easy to
show that the set D° can also be defined by the following conditions:

D°={r:17;>0,3e=¢(r)>0: G(r,%u) > e(|x]* + |u*),

VZEC", 4 €C™, A€C, |A|=1such that A% = A% + Ba}  (26.41)

Obviously D° C D. Using the terminology of Appendix we can say that D and D°
are sets, where WFC and SFC hold correspondingly.

LEMMA 26.1
If ¢ D then S°(7) = inf,c /S(7, 2) = —c0. O
Proof. For 7 ¢ D the WFC fails, 2z € M exists with ®(7,2) <0, inf,c D(7,2) =
—oo. It follows from (26.33) that S°(z) = inf,c £S(7,2) = —oco. The Lemma is
proved.

Note that real solution P(7) = P(7)*, K(r), x(r) = x(7)* does not exist if
7 & D (see Appendix). Therefore S°(7) = —oo for all 7 > 0 if D is empty. By
duality relation (26.10) we obtain for our primary constraint problem:

infp®’(2) = —c0 if D=0@. (26.42)

Let 7 € D, i.e. WFC holds. By discrete KYP-Lemma (see Appendix) there exist
real matrices P(7) = P(r)*, K(7), k(r) = x(7)* > 0, such that the identity (26.37)
holds and

det[Al, — (A+BK)]|#0 for [A]>1. (26.43)

Suppose that the given quadratic forms in (26.29) are:

Gj gj
g; Ij

Gitww) =[]

X : * *

u



Constrained Infinite-Horizon Linear-Quadratic Control 369

It follows from (26.34), that

Gexw) = [*] [G“{ g(”] Hi 26.45)

where
v v v
G(T) :Go-f—ZTjGJ', g(r) :go—i—ZTJ-gj, F(T) :1"0+ij1"]-. (2646)
j=1 j=1 j=1

The identity (26.37) may be rewriten as the following Lur’e-Riccati equations

A*PA—P+ G = K*x?K
B*PA + g* = —k?K (26.47)
B*PB +T = x2

Using Theorem 26.14 (Appendix), we obtain inf,c ;®(7, z) = a*P(7)a. Therefore,
keeping in mind (26.33) and (26.35),

14
S°(r) = a*P(7)a — Z tjy; if 7€ D. (26.48)
j=1

But it is possible that in this case inf,¢ £S(7, z) = S°(7) is not attained (the optimal
process does not exist).

Let 7 € D° ie. SFC holds. By Theorem 26.14 (Appendix), there exist real
matrices P(t) = P(7)*, K(1), x(7) = x(7)* > 0 (and P(7), K(7), x(7) are uniquely
defined), such that the identity (26.37) holds and

det[AI, — (A+ BK)] #0 for |A| > 1. (26.49)

(We call these matrices a "strictly stabilizing" solution.) There are various methods
for determining the matrices P(r), K(7), x(r); for the case m = 1 one of them is
represented in Appendix (it is convenient if the system contains the unknown
parameters to be find), general case is considered in [22]. By Theorem 26.14
(Appendix) in this case the optimal process in the auxiliary problem exists and is
defined by the regulator

Consequently in this case the optimal process is defined uniquely. This finishes
the action (I) of our rule.

The solution of the primary constraint problem. Continue to apply our
rule. Accordingly to the action (II) we must find the value

70 = argmax S°(7). (26.51)
teD

As we notes above the function S°(7) (defined by (26.48)) is a convex function,
because we see from (26.35) that S°(7) is the infimum of the linear (in 7) functions.
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So the problem to find 7° is a well known problem of finite dimension convex
programming. There are many methods to solve it (see [22] and others).

Suppose that 7° is determined. According to the formulas (26.11) and (26.48)
in our primary constraint problem, the infimum of ®y(z) = Go(z) is finite and

14
infan®o = a*P(z%)a — Y 1V7;. (26.52)
j=1

To find the solution of our primary problem according to the step (III), we have to
find all the solutions z = 2(z°) of the auxiliary problem for 7 = 7°. Consider first

the case 7° € D°. As shown earlier, the optimal process z(7°) = { [xt } }Ooo exists,
Uy t=

is defined uniquely and is determined by the regulator u; = K(7°)x;. Instead of

applying the step (IV), let us use the Theorem 26.5. As SFC holds for 7° € D°

we conclude by Theorem 26.15 (Appendix) that the functional ®(7°, 2) is strongly

positive on the subspace

M:{z:{{zt}}w EZ: x441 = Axy + Buy, xo=0}.

(A e=0

By Theorem 26.5 we do not need in the step (IV) and the process z(z°) is the
solution (unique) of our primary constraint problem. Recall that in this case we
do not need the assumption that the constraints ®; > 0 are regular.

Consider now the case of 7° € D\D? and assume that the constraints ®; > 0
are regular. Because WFC holds and SFC does not hold, the matrix A + BK(7°)
has all the roots in the disk |1| < 1 and (necessarily) part of them lie on the circle

|A| = 1. By Theorem 26.14 (Appendix) the optimal process z(7°) = th } }joo

U =
exists (and is defined by the same regulator u;, = K(7°)x;) if the initial vector
xo = a belongs to the stable subspace of the matrix A + BK(7°) and does not
exist in otherwise. Suppose that xo = a belongs to this stable subspace. In the
step (IV) we must consider the conditions ®; > 0, T?tl)j =0, =1,...,v for
this obtained process. If these conditions hold then this process is optimal for our
primary constraint problem. If they do not hold then the infimum is not attained
in our primary constraint problem.

If xp = a does not belong to the stable subspace of A + BK(7°) then by
Theorem 26.14 (Appendix) the auxiliary problem has no solutions (the set {z(z°)}
is empty) and the infimum is not attained in our primary constraint problem.

So we obtain the solution of our constraint problem for all cases.

Note that if 7° € D\D° and xy = a belongs to the stable subspace and we
get the solution u = K(7°)x then this solution is not satisfactory from practice
point of view. In fact firstly the regulator u = K(7°)x is parametrically unstable
(the matrix A + BK (7°) becomes unstable after small perturbations of the system
coefficients and the stability condition (26.28) fails). Secondly, this regulator does
not give the optimal process after suitable arbitrary small perturbations of the
initial state xo = a.

Let us summarize the main results obtained.
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THEOREM 26.6
If D is empty then in the primary constraint problem inf®, = —co. O

THEOREM 26.7

If D is not empty then for 7 € D there exist real matrices P(r) = P(7)*, K(1),
k(7) = k(7)* satisfying to the identity (26.37) (or equivalently to the Lur’e-Riccati
equations (26.47)), such that k¥ > 0, det[Al, — A— BK(7)] #0 as |A| > 1 and in
the primary constraint problem

inf®y = a*P(t%)a — Z 2y, (26.53)

where
0 = = argmax |a [ T)a — Z TJ}/J} (26.54)
O

THEOREM 26.8
If D° is not empty and 7° € D°, where 7° is defined by (26.54), then the optimal

X o0
process { [ ! } } . exists for our primary constraint problem. It is defined uniquely
Uz t

and it is given by the stabilizing regulator u, = K(z°)x,. Here K(7°) together
with P(7%) = P(%)*, k(%) = x(z°)* are defined by the identity (26.37) (or
equivalently by Lur’e-Riccati equations (26.47)) and by the conditions x > 0,
det[A, — A — BK(7°)] #0 as 1| > 1. O

Note that in this theorem we do not need the regularity assumption of the
constraints G; <y;,j=1,...,v

THEOREM 26.9

If D is not empty and 7° € D\D?, then for our primary constraint problem either
the optimal process does not exist or it exists and it is given by the parametrical
nonstable regulator u; = K (7°%)x; and it can not exist after some arbitrary small
perturbation of the initial state or of the system parameters. O

In the theorem 26.8, 26.9 7° is defined by (26.53) and K (7), P(7), k(7) are matrices
defined in Theorem 26.7.

Let us repeat shortly the procedure for solving the primary problem. We have
the nonconvex (in general) global problem of minimizing the functional (26.30)
subject to constraints (26.27), (26.28), (26.29).

Let 7 = ||7;]|’_;, 7; > 0 and

G(r,x,u) = goxu+ZTngxu

j=1
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To solve this problem we must:

1°. Determine I1(7, 1) by the formulas (26.38).

2%, Determine the domains D and D° by (26.39), (26.40).

3%, Determine the "stabilizing" solution P(7) = P(7)*, k(1) = x(7)*, K(r) of the
identity (26.37) (or Lur’e-Riccati equations (26.47)), such that all eigenvalues of
A+ BK(7) liein || < 1.

14
4°. Put S°(r) = a*P(1)a — er}/j and determine 7° = argmal))(SO(T). (If the
TE
j=1
constraints are regular 7° do exists.)
50. If 7% € D° then the chosen optimal process is determined by the stabilizing
regulator u, = K (7°)x;, the optimal process is unique and

infy >0 ®o = S°(7°). (26.55)
6°. If 7° € D\ D then (26.55) remains true but either the optimal process does not

exists or it exists but it is parametrical unstable in the above mentioned sense.

26.4 Linear-Quadratic Stochastic Infinite-Horizon
Optimization Problem with White-Noise
Disturbance

Problem statement. Let us consider the plant described by the equation
Xi+1 = Axt + But + CUH_]_ (t = ..., —2, —1, 0, 1, 2, .. .), (2656)

where x; € R*, u; € R™, v; € R), A, B, C are the real constant matrices, the pair
(A, B) is controllable, v; is a normed white-noise disturbance

EUt = O, EUtU: = Il . 5ts- (2657)

Until otherwise specified, we assume that (x;,u;) is a stationary process. It must
satisfy the quadratic constraints

<Dj=j/j—Egj(xt,ut)20, j=1,...,V. (2658)
We wish to minimize the quadratic functional
@y = E Go(xs, uy) (26.59)

subject to the constraints (26.56), (26.58). Here G;(x,u) are the real quadratic
forms

Gj 9
9; T

{z} i=01,...,v (26.60)

Gj(x,u) = {ii]

and Gj = GJ, Fj = l“j.
The minimization must take place over all admissible regulators. As before
it is convenient for us to consider instead of the class of admissible regulators
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the class Z of admissible processes, i.e. of the processes determined by admissible

+00
regulators. Let Z be the set of all stationary processes z = { {xt } } which can
U —0

be represented in the following form:

M [Xt:g}vs, X ()] €12(0,00), |U(t)] €15(0,00).  (26.61)

Ut

Here X (¢), U(t) are real deterministic n x n and n x m matrices and | X (¢)| €
15(0,00). As usually this means:

IX@OI =Y 1X (@) < oo.
t=0

X

It is easy to verify that [ ! } is a stationary process. The definition (26.61) means

Ut

Xt

that the value { } depends on v, linearly and that it can not depend on "future"

Ut

+o00
values of the disturbance. We call the process z = {[xt}} admissible if
Uy —00

z € 7 and it satisfies the equation (26.56). Every implementable linear stabilizing
regulator D(o)u; = N(0)x; (where D(A), N(A) are the matrix polynomials and o
is forward-shift operator) together with (26.56) determines the admissible process.
In this sense the class of admissible processes includes all processes determined
by linear stabilizing regulators.

Thus our problem is to minimize the functional (26.59) subject to constraints
(26.56), (26.58), (26.61). Certainly we also wish to find implementable stabilizing
regulator which yields the optimal process. (Because of its stabilizability, any
process in a closed-loop system will differ from this stationary process at the
process decreasing to zero. Therefore this regulator will be optimal in the similar
problem in which the sign of mathematical expectation E(...) in the formulas
(26.58), (26.59) is replaced by lim; .. E(...).)

It is evidently that many practically important problems may be reduced to
the mentioned above mathematical formulation.

Note that the considered problem can be reduced to the deterministic problem
of Section 26.3. But it is more interesting to solve this problem independently of
Section 26.3 to clear the application of the general method.

Reduction to the abstract scheme.

According to our definition Z is the real Hilbert space of all stationary processes
z={z}1, z; € R"" which have the representation

=Y Z(t—sh,  |Z(t)] € 12(0,0), (26.62)
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where Z(t) is (n+m) x ! matrix function. (We will write (26.62) as z~ Z(t).) The
scalar product in Z is defined in the usual way: if 2/ = {2/}, 2’ = {2/} then

(2,") =E[(&)'Z] (= const)

If according to (26.62) 2/ ~ Z'(¢), 2" ~ Z"(¢), then clearly

Ztr[Z 2" (t)"].

(It is necessary to use the formula (¢,2") = Etr[z;(z])].) The functionals ®;,

+00
Jj=0,1,...,v defined by (26.58), (26.59) are the quadratic in z = { [xt } } € Z.

Uy —0
Thus our problem is a special case of the general problem described in Section 26.2.

Note that this problem differs from the well known one, because of the presence
the quadratic constraints (26.58). The functional ®; can be nonconvex, so we have
a special nonconvex (in general) global minimization problem.

Let us apply the method described in Section 26.2 and show that the conditions
(i)—(iil) of Theorem 26.3 are satisfied. This in turn imples that our method is
applicable.

Let us define T}, as the shift operators: if 2 = {z,}1, z = {2, }1 then 2/ = T}z
means that z, = z,_;. Let 2 ~ Z'(t), 2" ~ Z"(¢). Then Tpz' ~ Z.(¢), where
Zr(0)=0,...,Zp(k—1) =0, Z(k) = Z'(0), Zr(k+ 1) = Z'(1), ... and by (26.63)

(Tw2, 2" Ztr[zk 02" (¢ Ztr[Z R)Z"(t)"].

Hence
o0

(T2, 2" Z |2-Z|Z”(t)|2 —0 ask— oo.
t=0 t=t

Consequently the condition (i) is satisfied. It is obvious that the equation x;.1 =
Ax; + Bu, is invariant under shifts, i.e. T, C M and (ii) holds. The quadratic
forms (D? of the quadratic functionals ®; are ®) = E Go(xs, us), CD? = —E G;(xt, wt),
J =1,...,v and they are invariant under shifts. So (iii) holds too. By Theorem 26.3
the procedure (I)—(IV) is applicable.

Application of the procedure (I)-(IV).

Let us form the Lagrangian of the problem:

k
S(r.2) =@ — Y 7@, = E{z;G(1)z — Zrm, (26.63)

Jj=1

where z ={z},71 >0,...,7, > 0 and
. LA ~ G o
T)=G0+ZTjGj’ Gj: Jj 9j
j=1

(26.64)
g; T
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Step (I) of our procedure requires solving the problem (26.6), that is
Minimize E {z;‘@(r)zt} subject to {z;} € £, (26.65)

where L is defined by (26.56) and, more precisely, to find
N k
8%(r) = inf, e (E{ZG(T)z:} — > 1j7;.
j=1

It is standart L @-problem, if we ignore for now that we need a complete solution.
(We have to find cases in which infimum is finite, in which it is attained or not
and to find all the corresponding optimal regulators if its exist.) So now we have
obtained the auxiliary problem without quadratic constraints.

Solution of the auxiliary problem without quadratic constraints.

The complete solution of this problem (the problem (26.56)—(26.60), (26.65))
is given by the similar to the solution of auxiliary problem in Section 26.3 and we
omit the details. First we have to determine the function I1(A) for our case (see
Appendix). The identity (26.87) (Appendix) in our case takes the form:

X X

(Ax + Bu)*P(Ax + Bu) — x*Px + [ Té(r) [ ] = |k(u— Kox)®.  (26.66)

u u

Let P = P(tr) = P(7)*, Ko = Ko(7), k = k(1) = k(7)* be the "stabilizing" solution
of this identity. (Recall, this means that A(r) = A + BK(7) has all eigenvalues in
[A] <1 (not <11))

The matrix IT1(1) = I1(4, 7), defined in Appendix, takes the form:

M(4,7) = [AEIB ré(r) [A?B} (26.67)
From (26.64)
k k
. ' AEIB * Gj g; Ale . -
n(z,r)_;g[ a o1 [ . }_zljrjnj(z).

Here |A| =1, Ay = AL, — A, 6(A) = det (A1, — A) # 0. Let us consider the weak
and the strong frequency conditions (WFC and SFC):

(WFC) T(4,7) >0 (VA: Al =1, 8(4) #£0),

sFC) { M(A,7)>0 (VA: |A|=1, 6(4)#0),

I6(A)PII(A,7) >0 (VA: [A] =1, 8(A) =0).

(The second condition is understood as a limit and it is absent if §(1) # 0, V 4,
|A| = 1.) Define the sets D and D° in the 7-space:

D={r:7>0, (WFC) holds} (26.68)
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D°={r:7>0, (SFC) holds} (26.69)
As before (see Lemma 26.1, Section 26.3) we obtain

S°%t) = —00 if 7¢&D. (26.70)

Note that the solution P, Ky, x of the identity (26.67) does not exist in this
case. If D = O, then S°(7) = —oo for all 7 > 0. By duality relations (26.10),
inf®y = —co. Let D # . Like the Section 26.3 we obtain

k
S%(r) = tr[P(1)Q] — Zfﬂ/j if 7eD. (26.71)

=1

So we have determined S°(7) and have completed the step (I) of our procedure.
According to the step (II), we have to find 7° > 0 which is a certain solution of
finite-dimensional convex problem:

k
Maximize S°(z) =tr[P(r)Q] — Y 7;7; subjectto 7€ D. (26.72)
j=1

The solution 7° exists. Two cases are possible: 7° € D° and 7° € D\D°.

Consider the case 7° € D°. It will be easier now to use the Theorem 26.5.
Because the SFC holds the functional ®(z) = E {2} G(7°)z} is strictly positive on
M. By Theorem 26.5 the procedure (I)-(IV) is applicable, the value 2° = 2(7°) is
determined uniquely and we do not need the step (IV). The process 2° = 2(7°) is
the optimal process in our constrained optimization problem and it is determined
by the regulator

u; = Ko(7°)x;. (26.73)

This is answer in our problem for the case of 7° € D°.
Consider the case of 7° € D\D° and the step (III) of our procedure. In this

case the matrix A(z°) = A + BK(z°) has all eigenvalues in || < 1 and part of
them lies on the circle |1| = 1. For any admissible process and for any 7 > 0 it
follows from (26.66)

E{z/G(7)z} = tr {P(7)Q} + B |x(7) (w — Ko(7)x,)[%. (26.74)

Therefore (see (26.63))

k
S(7%2) = tr {P(:°)Q} + E |x (%) (u; — Ko(7)x;)|* — Z TiY; (26.75)

Jj=1

and (see (26.71))

k
inf,e ;S(2%,2) = tr {P(:°)Q} — Y " 7Vy;.
j=1
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Therefore inf,c /S%(z,2) is attained if and only if the regulator u, = K(7°)x,
performs an admissible process. Let us substitute (26.60) in (26.56) in the
equation u; = K (°)x; and use the orthogonality properties E v,v} = J;;. We obtain

X(t+1)=AX(@t)+BU(({), X(0)=C, U(t)=Ko(t")X(2).

The condition |X (¢)| € la, |U(¢)| € Iz, is fulfiled if and only if the columns of

C belong to stable subspace of the matrix A(z°). Suppose this condition holds.
According to the action (IV) of our procedure we must verify the condition (26.9),
that is

E Go(xeu) <7 7[y; —EGolanu)] =0, j=1,... .k (26.76)
If it holds then the controller
u; = Ko(7%)x; (26.77)

gives a solution of our problem. (But this solution is parametrically unstable.) In
opposite case by Theorem 26.3 the problem under consideration has no solution.
Formulation of result.
Let I1(A, 7) is defined by (26.67) and the sets D and D° are defined by (26.68),
(26.69).

THEOREM 26.10
If D = & then in the primary problem (26.61) inf®, = —oc. O

Let D # . For t € D there exists a "stabilizing solution" — the matrices
P(7), Ko(7), x(r) which satisfy the identity (26.67):

(Ax + Bu)'P(r)(Ax + Bu) — x* P(t)x + m*a(f) HE

|5 (7) (u — Ko(7)x)|? (26.78)

(or equivalently the Lur’e-Riccati equations (26.47) with K(7) = K((7)), such that
all eigenvalues of the matrix A(7) = A + BK,(z) lie in |A] < 1.

Define S°(7) by (26.71). Let 7° > 0 be any solution of the following finite-
dimensional convex optimization problem:

S°(z%) > 8°%z) forall >0, r€D. (26.79)
(The solution 79 exists.)
THEOREM 26.11
If 7° € DO then there exists (and it is unique) the optimal process in our constraint
optimization problem and it is determined by the regulator

ur = Ko(7°)x;. (26.80)

O
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THEOREM 26.12

If 7° € D\D° then the optimal process in our constrained optimization problem
exists if and only if the columns of the matrix C belong to a strictly stable subspace
of the matrix A(7%) = A + BK((z°) and the conditions (26.76) hold. In this case
optimal process is determined by the regulator u; = Ko(7°)x;. (This regulator is
parametrically unstable.) O

THEOREM 26.13
For infp, >o®¢ the following formula takes place:

k
infe, 5o®o = tr [C*P(7°)C] — Z 70y,
j=1

26.5 Appendix. (Discrete KYP-Lemma.) The
Frequency-Domain Method to Solve Discrete
Lur’e-Riccati Equations

Consider the following inequality for an unknown real n x n matrix P = P*:
(Ax + Bu)"P(Ax + Bu) —x"Px + G(x,u) >0 (Vx, Vu). (26.81)

Here x € R”, u € R™, A, B are real n x n and n x m matrices, the pair (A, B) is a
controllable, G(x,u) is a given real quadratic form in x,u, the inequality (26.81)
has to be satisfied for every x € R”, u € R™. If n = m = 1, then (26.81) reduces to a
quadratic inequality for real number P. The inequality (26.81) has a real solution
P = P~ only if its coefficients satisfy some relations to be found. The well known
KYP-lemma (frequency-domain theorem) defines these conditions. We formulate
this lemma below for the convenience of our readers, following [16]. It differs in
details from other formulations.

Let x € C", u € C™ be complex vectors and G(x,z) be the Hermitian extention
of G(x,u). If
G(x,u) =x"Gx + 2x"gu + u'Tu, (26.82)

where G = G*, g, T =T'* are real n x n, n x m and m x m matrices and (...)*
means the transposition, then

G(x,u) =x"Gx +2Re(x"gu) + u'Tu, (26.83)
where (...)" means Hermitian conjugation.
Let us define the Hermitian matrix IT1(4) = I[I(1)* (for 1 € C, |A] = 1) by the

relation

G(F.@) = TI(A)i for AZ = A% + B, |A] = 1, det (AL, — A) #0.  (26.84)
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As before, let us use the notation:

Ay =L, —A, (for A€C) &(A)=detAd;, Q,=05(1)A;% (26.85)
Clearly,
-1 * —1
(1) = AvB| |G o) ATB (AEC, || =1, (1) #0) (26.86)
I, gx T I,

Let us introduce the conditions which we will call respectively the weak and
the strong frequency-domain conditions (WFC and SFC). WFC is defined by

(WFC) T(4) >0 for A€C, |A =1 &(1)#0,

If 6(4) # 0 for |A| = 1 (it means that IT(4) is defined for all 4, |1] = 1) then SFC
is the following condition:

(SFC) I1(A) >0 for A€C, |i=1
If 6(A) has the roots 4, |1;| = 1, then SFC is given by

II(A) >0 for 2€C, |A|=1,6(4)#0 and

SFC
(SFC) Jim I6(A)PTI(A) >0 for 4;: |4;| =1, §(4;) =0.

Note that (in general case) (SFC) can also be defined as follows:
Je>0:G(x,u)>e(|xP+uP)forallx eC", ueC™, 1€C,
(SFC)
such that Ax = Ax+ Bu, |A|=1.

Very often m = 1 and 6(1) # 0 for |A| = 1. In this "scalar" case TI(4) is a
real function defined on the circle |A] = 1 and the WFC and the SFC mean that
[1(e'®) > 0 or I1(e'?) > 0 respectively for 0 < 6 < 2r.

THEOREM 26.14—DISCRETE KYP-LEMMA

Let (A, B) be a controllable pair. The inequality (26.81) has a real solution P = P*
if and only if the WFC holds. Furthermore, then there exist real matrices P = P*,
K, k¥ = x* of the dimensions n X n, n x m, m x m respectively satisfying the
following identity:

(Ax+Bu)'P(Ax+Bu)—x"Px+ G(x,u) =|k(u—Kx)* (Vx€R", VueR™). (26.87)
and such that
k>0, det[Al, —(A+BK)]#0 for [A|>1 (26.88)

If the SFC holds then there exist P = P*, K, k = k*, such that (26.87), (26.88)
hold and the second inequality in (26.88) is true for |[A| > 1. Then matrices P, K,
are defined uniquely. O

We shall call the solution P, K, x the stabilizing solution. In the later case (if the
SFC holds) we shall call P, K, k the strictly stabilizing solution. Note that (26.87)
can have other (nonstabilizing) solutions.
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The proof can be found in [16] where the most general theorem is formulated
and proved. Note that if the SFC holds then the last assertion of Theorem 26.14
remains true if the assumption of controllability of (A, B) is replaced by the weaker
condition that (A, B) is stabilizable.

The identity (26.87) can be rewritten as well known Lur’e-Riccati equations

A*PA—P+G = K*k*K
B*PA + g* = —x?K (26.89)
B*PB +T = x2

There are many methods of solving the Lur’e-Riccati equations. Let us for-
mulate for the "scalar" case m = 1 the frequency-domain method of determining
P, K, k. This method is close to the method of Kalman and Szegé [23] and follows
from [16], where it is described for any m > 1.

THEOREM 26.15
Let m = 1, (A, B) be a controllable pair and let the WFC be true. The real matrices
P = P*, K and the real number x can be determined in the following way.

(I) Determine T1(4) and @(A) = |det (A1, — A)|*TI(A) for |A| = 1. The function
¢@(A) is the quasypolynomial

P(A) =" +.. 4o +...+ o A7" (26.90)

with real coefficients ¢; = ¢_;, and therefore ¢(1) can be extended for all 1 € C,
A # 0 by this formula.

(IT) Determine the polynomial y/(1) = w, A" +...+ o (with real coefficients y;
and y, > 0) from the factorization relation ¢(1) = yw(A)w(A71) (VA €C, 1 #0).
Put ¥ = y,,.

(III) Determine the 1 x n matrix K from the identity

det[Al, — (A + BK)| =k 'w(1) (VA€Q). (26.91)

(IV) Determine the real matrix P = P* from the identity (26.87). The solution
exists and it is unique. O

The polynomial ¥ (1| may be determined by a well known method. Note that ¢(1)
is a real symmetric quasypolynomial, so its roots are symmetric with respect to
the real axes and the unit circle. We can separate them into two symmetric groups.
Let us take the roots of one group as a roots of polynomial w(1). If ¢, = 0 then
the number of roots in each group is g < n, in this case we complement them with
n — q roots equal to zero. So we obtain y(1) such that ¢(1) = y(1)w(A17!) and
vn #0.

If this group containes only roots in the disk |[A| < 1 (in the open disk |1| < 1)
we obtain the stabilising solutoin (the strictly stabilising solution). The equation
(26.91) is transformed into a system oflinear equations for the coefficients of the
matrix K. In fact it can be rewritten as

§(A)—K@,B ="+ %m—l FR— %
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We have
QB =21""g_1+ ...+ qo.

Here the vectors g; are linearly independent because of the controllability of
(A, B). So the 1 x n matrix K is determined (uniquely) from the equations

§—Kg="2,  j=01..n-1
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